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ABSTRACT 


This}Manual  includes  /compilation  of  methods  of  solution  for  thermal  stress  pro¬ 
blems  of  tfe  types  freqiy^ntly  encountered  by  aircraft  designers.  Sofie/^f  th^  methods 
represent  original  work  done  at  Republic  Aviation  Corporation  and  others  wsf/e  obtained 
from  general  literature.  Whf^re  feaq/M^le,  graphs  and  formulas  a*4  presented  from 
which  the  user  m^  obtain  answers  directly,  l^ese  are  presented  in  non-dimensional 
form  to  extend  tht^  applicability .  ^  othqjr  castes,  tables  furnished  which  describe 
methods  of  solutig^  Liberal  use  is  made  of  illustrative  problems  and  examples. 

\Within  t|/e  limitations  of  linear  elastic  theory,  ^  following  problems  s^e  treated 
in  deteH: 

(1) tftatically  determinate  beams  J 

(2) Sedundant  beams  and  fr^es^j 

(3) i^vete4or  bolted  joints, J 

(4) |JlateSf2 

(5) ^xially  symmetric  shells 

For  more  complex  linear  problems,  a  general  method  of  attack  is  presented  which 
reduces  the  thermal  stress  problem  to  an  equivalent  mechanical  loading  problem.  This 
approach  permits  utilization  of  the  great  variety  of  analytical  methods  which  have  been 
developed  for  stress  analysis  of  structures  imder  purely  mechanical  loads.  A  brief  re¬ 
view  of  some  of  these  methods  is  included  with  pertinent  remarks  on  their  applicability  to 
thermal  stress  problems. 

hi  many  cases  of  practical  interest,  thermal  effects  introduce  non-linearity  by  causing 
large  deflections,  by  affecting  the  mechanical  properties  of  the  material,  or  by  introducing 
creep.  Solutions  for  these  problems  are  quite  limited.  However,  they  are  discussed  in  some 
detail  and  a  generalized  stress-strain-time-temperature  relationship  is  postulated  which  is 
applied  to  buckling  of  columns  and  plates. 


PUBLICATION  REVIEW 
This  report  has  been  reviewed  and  is  approved. 

FOR  THE  COMMANDER: 


WiLLiiO^i  c. 

Colonel,  USixF 

Chief,  Flight  l/yneaiics  LeboratOQT 


WADD  TR  60-517 


TABLE  OF  CONTENTS* 


Page 

Abstract 

iii 

List  of  Illustrations 

X 

Notes  cm  Using  the  Mamial 

xviii 

Introduction 

xix 

Paragraph 

Page 

SECTION  1  -  THEORETICAL  CONSIDERATIONS 

1.0 

Table  of  Contents 

1.1 

1 

Theoretical  C<Hisiderati<ms 

1.2 

1.1 

Strain 

1.3 

1. 1.1 

Compatibility 

1.6 

1.2 

Traction  and  Stress 

1.7 

1. 2.1 

Stress  Equations  of  Equilibrium  In  Cartesian  Coordinates 

1.9 

1.3 

Boundary  Conditions 

1. 11 

1.4 

Stress-Strain  Relationship 

1. 12 

1.5 

Uniqueness 

1. 15 

1.6 

Special  Orthogonal  Coordinate  ^sterns 

1. 15 

1.7 

Energy  Principles 

1. 18 

1. 7.1 

Principle  of  Virtual  Work 

1. 18 

1.7.2 

Variaticmal  Principles 

1. 19 

1.8 

References 

1. 27 

*  This  Table  of  Contents  lists  the  prefatory  material,  sections,  and  sub-sections  of  the 
Manual.  Par^raphs  with  numbers  of  more  than  three  tiers  are  omitted.  However, 
each  section  has  its  own  complete  table  of  contents. 


WADD  TR  60-517 


Iv 


Paragraph 


2 

2.1 

2.1.1 

2.1.2 

2.1.3 

2.1.4 

2.1.5 

2.1.6 

2.1.7 

2.1.8 
2.2 
2.2.1 
2.2.2 

2.2.3 

2.3 


3 

3.1 

3.2 

3.2.1 

3.2.2 

3.2.3 

3.3 


TABLE  OF  CONTENTS  (Cont'd) 


SECTION  2  -  STRUCTURAL  TECHNIQUES 
Table  of  Contents 
Structural  Techniques 
Linear  Structures 
Virtual  Work  Techniques 

Strain  Energy  in  Terms  of  Internal  Loads  and  Deformations 

Application  of  Virtual  Force  Technique  -  Flexibility  Coefficient 

Applications  of  Virtual  Displacement  Techniques 

Properties  of  Influence  Coefficients  Matrix 

Equivalent  Thermal  Load 

Plane  Stress  and  Plane  Strain  Problem 

St.  Venant's  Principle 

Non-Linear  Structures 

Incremental  Linear  Solutions 

hiverse  Solution 

Approximate  Solutions 

References 


SECTION  3  -  MATERIAL  CONCEPTS 
Table  of  Contents 
Material  Concepts 
Deformation  Mechanism 

Stress- Temperature- Time-Strain  Relationship 

Uniaxial  Stress-Strain  Relationship 

Experimental  Determination  of  the  Material  Constants 

Complex  Loading 

References 


WADD  TR  60-517 


Page 


2.0 

2.1 

2.3 

2.5 

2.5 

2.9 

2.11 

2.16 

2.19 

2.21 

2.23 

2.25 

2.26 
2.27 

2.27 

2.28 
2.29 


3.0 

3.1 

3.2 

3.4 

3.5 

3.6 
3.9 
3.14 


4.1.1 

4.1.2 

4.2 

4.2.1 

4.2.2 

4.2.3 

4.2.4 

4.2.5 

4.2.6 

4.2.7 
4.3 


5 

5.1 

5.1.1 

5.1.2 

5.1.3 

5.1.4 

5.1.5 


TABLE  OF  CONTENTS  (Cont'd) 

SECTION  4  -  THERMO-ELASTIC  ANALYSIS  OF  BEAMS 
Table  of  Contents 

Thermo-Elastic  Analysis  of  Beams 

Thermo-Elastic  Analysis  of  Statically  Determinate 
(IMrestrained)  Beams 

General  Solution 

Evaluation  of  Mtegrals 

Statically  hideterminate  (Externally  Restrained)  Beams 
Beam  Deflections  (with  illustrative  problem) 

Fixed  End  Reactions 

General  Solution  of  Statically  Indeterminate  Beams 

Mechanics  of  Solution  by  the  Flexibility  Method 

Mechanics  of  Solution  by  the  Stifbiess  (Slope-Deflection) 
Method 

Selection  of  Method  of  Analysis 

Curved  Beams 

References 

SECTION  5  -  THERMO-ELASTIC  ANALYSIS  OF  JOINTS 
Table  of  Contents 
Thermo- Elastic  Analysis  of  Joints 
Hie  One-Dimensional  Problem 
The  Joint  Equations 

The  ^>ecial  Case  of  Constant  Bay  Properties 
Constant  Bay  Properties  -  Rigid  Sheets 
Constant  Bay  Properties  -  Rigid  Attachments 
The  hifluence  of  "Slop"  on  tiie  Load  Distribution 


^ge_ 

4 

-i 

4.0 

> 

4.1 

4.4 

E 

4.6 

•/) 

1 

4.7 

i 

4.11 

1 

?! 

'4 

4.58 

1 

4.58 

4.63 

■j 

4.86 

1 

4.88 

1 

4.92 

1 

>T 

■1 

4.95 

1 

4.105 

! 

4.117 

1 

5.0 

1 

5.1 

% 

5.2 

1 

5.4 

. 

5.5 

5.8 

■1 

a 

5.24 

I  s 

I 

5.28 

S) 

5.30 

1 

§ 

WADD  TR  60-517 


vi 


TABLE  OF  CONTENTS  (Cont'd) 


The  Two-Dimensional  (Bowing)  Problem 


5.2.1 


The  Joint  Equations 

Determination  of  the  Attachment- Hole  Flexibility  Factor 
References 


SECTION  6  -  THERMO- ELASTIC  ANALYSIS  OF  PLATES 


Table  of  Contents 


Thermo-Elastic  Analysis  of  Plates 
Theory  of  Deformation  of  Plates 


6.1.1 


Definition  of  a  Plate 


6.1.2 


6.1.3 


Assumptions  for  Linear  Plate  Theory 
Three  Kinds  of  Plate  Problems 


6.1.4 


6.2.1 


6.2.2 


Fundamental  Equations  of  Thermo-Elastic  Plate  Theory 
Bending  of  Plates 

Bending  of  Rectangular  Plates  with  Linear  Gradient  Through 
the  Thickness 

Bending  of  Circular  Plates  with  Linear  Temperature  Gradient 
Through  the  Thickness 


6.2.3 


Circular  Plates  -  Temperature  Difference  as  a  Function  of  the 
Radial  Coordinate 


6.2.4 


Approximate  Solution  of  Free  Plate  with  Arbitrary  Temperature 
Variation  Hirough  the  Iliickness  Only 

Slab  Problems  -  Plates 


6.3.1 


Thermal  Stresses  in  Rings-  Asymmetrical  Temperature 
Distribution 


6.3.2 


6.3.3 


Thermal  Stresses  in  Solid  Circular  Plates  Due  to  Asymmetrical 
Temperature  Distribution 

Circular  Disk  with  Concentric  Hole  Subject  to  a  Power  Law 
Temperature  Distribution 


WADD  TR  60-517 


TABLE  OF  CONTENTS  (Ctont'd) 


6.3.4 


Circular  Plate  -  Central  Hot  ^t 


References 


SECTION  7  -  THERMO-ELASTIC  ANALYSIS  OF  SHELLS 
Table  of  Contents 


Thermo- Elastic  Analysis  of  Shells 
Truncated  Conical  Shells 


7.1.1 


Radial  Loading  Perpendicular  to  the  Cone  Axis 


7.1.2 


Meridional  Loading  -  Membrane  Analysis 


7.1.3 


Meridional  Temperature  Variation 


Approximate  Solution  for  Non-Conical  Axisymmetric  Shells 
Cylindrical  ^ells 


7.3.1 


Cylindrical  Shells  with  Axisymmetric  Loading  and  Meridional 
Temperature  Variation 


Cylindrical  Shells  with  Temperature  Gradient  Throu^  the 
Thickness 

References 


SECTION  8  -  STRUCTURAL  ASSEMBLIES 


Table  of  Contents 

Structural  Assemblies 

Shells  of  Revolution  with  Bulkheads 

Determination  of  hiteraction  Forces  and  Moments 


8.2.1 


Solution  for  the  Interior  Bulkhead 


8.2.2 


Solution  for  the  External  Bulkhead 


WADD  TR  60-517 


TABLE  OF  CONTENTS  (Ctont'd) 


Paragraph 

SECTION  9  -  STABILITY  OF  STRUCTURES 

Table  of  Contents 

Page 

9.0 

9.1 

9 

Stability  of  Structures 

9.2 

9.1 

Stability  Criteria 

9.4 

9.1.1 

Stability  by  Eigenvectors 

9.7 

9.1.2 

Stability  by  Virtual  Work 

9.14 

9.1.3 

Properties  of  Eigenvectors  (Deflection  Modes)  and  Eigenvalues 
(Critical  Loads) 

9.15 

9.1.4 

Approximate  Methods  of  Determining  Stability 

9.18 

9.1.5 

Shear  Energies 

9.26 

9.1.6 

Hasticity  and  Eccentricity 

9.29 

9.1.7 

Temperature 

9.31 

9.2 

Non-Dimensional  Buckling  Curves 

9.32 

9.2.1 

Non-Dimensional  Stability 

9.32 

9.3 

Curved  Plates  and  Shells 

9.48 

9.4 

References 

9.50 

WADD  TR  60-517 


ix 


'A- 


I 


k 


Figure 


L.  1-1 


1.  1-2 
1.  2-1 
1.2-2 
1.  2. 1-1 
1.3-1 
1.7.  1-1 
1.7.2.  2-1 
1.7.  2.3-1 
1.7.  2.4-1 


2.  1.  1.1-1 
2.1. 1.2-1 
2. 1.  2-1 
2.  1.3.  2-1 
2.  1.3.  2-2 
2. 1.  4.3-1 


3.  1-1 
3.2.  1-1 
3.  2. 1-2 
3.  2. 1-3 
3.  2. 1-4 
3.  2.2. 1-1 
3.  2.  2.  2-1 


3.  2.  2.  2-2 


3.2.  2.S-1 
3. 2.  2. 4-1 


LIST  OF  ILLUSTRATIONS 


SECTION  1  -  THEORETICAL  CONSIDERATIONS 


Displacement  of  a  Structure  Under  Mechanical  and/or  Thermal 
Loads 


Types  of  Strain 

Tractions  at  the  Point  Q  Acting  on  the  Plane  with  Normal  n 
Stress  Components 

Stress  Components  on  Rectangular  Parallelepiped 

Specification  of  Surface  Tractions 

Elastic  Body  with  Applied  Forces 

Variation  of  Extremizing  Function 

Elastically  Propped  Cantilever  Beam 

Beam  with  '^hree  Supports 


SECTION  2  -  STRUCTURAL  TECHNIQUES 
Body  Under  Lead 

Vertically  Loaded  Beam  in  Equilibrium 
Beam  Under  Load 
Superposition  of  Flexibilities 
Equivalent  Structures  in  Series 
Stiffness  Coefficients  for  a  Double  Beam 


SECTION  3  -  MATERIAL  CONCEPTS 
Deforn  ation  and  Energy  Potential  Under  Shearing  Action 
Non-Dimensional  Sttess-Strain  Curves 
Non-Dimensional  Secant  Modulus  Curves 
Non-Dimensional  Tangent  Modulus  Curves 
Non-Dimensional  Tangent-Secant  Modulus  Ra*<o  i'.;'’rves 
Short  Time  Stress-Strain  Curve 


Determination  of  Material  Constants  from  Short  Time  Stress- 
Strain  Data 


Determination  of  Material  Constants  from  Constant  Creep 
Rate  Data 


Creep  Curve 

Variation  of  Material  Parameters  with  Temperature 


WADD  TR  60-517 


Page 


1.4 


1.6 

1.8 

1.9 

1. 10 
1. 12 
1.18 
1.22 
1.24 
1.27 


2.6 
2.8 
2.9 
2. 12 
2.  13 
2. 19 


3.5 
3.7 
3.7 
3.7 
3  7 
3.9 
3.11 


3. 12 


3.13 

3. 14 


’  1 

i  I 


u 


LIST  OF  ILLUSTRATIONS  (Cfflit*  d) 


Figure 

Page 

3.  2. 3. 1-1 

Principal  Directions  and  Octahedral  Planes 

3. 16 

3.  2.  3.  2-1 

Uniaxial  Stress-Strain  Curve 

3. 18 

3.  2. 3,  2-2 

Hydrostatic  Stress-Strain  Curve 

3. 18 

3.2.3.  2-S 

Octahedral  Stress-Strain  Curve 

3.  18 

3.  2.  3.  2-4 

Biaxial  Stress-Strain  Curve 

SECTION  4  -  THERMO-ELASTIC  ANALYSIS  OF  BEAMS 

3. 18 

4. 1. 1-1 

Elastic  Area  Cross  Section 

4.8 

4.1.2. 1-1 

Finite  Sum  Method  -  Element  Breakdown  of  Cross  Section 

4. 12 

4. 1.  2. 1-2 

Finite  Sum  Method 

4. 15 

4.  1.  2. 1-3 

Stress  Distribution  for  Problem  of  Figure  4. 1.  2. 1-2 

4. 18 

4. 1.  2.  2-1 

Sandwich  Beam  Cross  Section 

4.20 

4. 1.2. 3-1 

Typical  Configurations  of  Elastic  Cross  Section  Areas 

4.  22 

4. 1.  2.3-2 

Determination  of  Average  ckT  Profile  for  Bending  About  UU 
Principal  Axis 

4.22 

4. 1.2.3. 1-1 

aT  Profile 

4.  23 

4. 1.  2. 3. 1-2 

aT  Values  at  Five  Equally  Spaced  Points 

4.  24 

4. 1.  2. 3.1-3 

Polynomial  orT  Piv/files  of  Illustrative  Problem 

4.27 

4. 1.2. 3. 2-1 

Continuous  Cross  Section  with  Monotonic  Elastic  Width 

Variation 

4.  28 

4. 1.2. 3.  2-2 

Monotonic  Geometric  Shapes  Defined  by  Parameters  p  and  K 

4.29 

4. 1.  2. 3. 3-1 

Elongation,  for  Continuous  Geometrj'  of  the  Form 

Eb  =  E^b^  (1  +/3  s^),  with  K  =  1  (Straight  Sides) 

4.32 

4. 1.2. 3. 3-2 

Curvature  ,<5,1  for  Continuous  Geometry  of  the  Form 

Eb  =  E^b^  (1  +  8  s  ),  with  K  =  1  (Straight  Sides) 

4.33 

4. 1.  2. 3. 3-3 

Elastic  Cross  Section 

4.  34 

4. 1.2. 3. 3-4 

Thermal  Stresses  for  Polynomial  aT  Distributions 

4.  39 

4. 1.  2. 3. 3-5 

Decomposition  of  Total  aT  Profile  into  Symmetrical  -'nd 

Anti  symmetrical  Components 

4.41 

4. 1.  2. 3. 3-6 

Symmetric  Elastic  Cross  Section  with  Unsymmetric  aT 

Profile 

4.  43 

4. 1.2. 3. 3-7 

Thermal  Stresses  for  the  Beam  of  Figure  4. 1. 2. 3. 3-6 

4.45 

WADD  TR  60-517 


xi 


9 

I 

I 

$ 

I 


'i 

} 


4.  1.  2.  3.  4-3 
4.  1.2.  3.  4-4 

4.  1.2.  3.4-5(a) 

4.  1.  2.  3.  4-5(b) 

4.  1.2.  3.4-6 
4.  2. 1-1 


4.  2.  1-2 
4.  2.  2.  1-  1 

4.  2.  2.  2-1 
4.  2.  2.3-1 

4.  2.  2.3-2 

4.  2.  2. 3-3 

4.  2.  2.  3-4 
4.  2.  2.  3-5 

4.  2.  2. 3-6 

4.  2. 4-1 
4.  2.5-1 
4.  2.6. 1-1 
4.  2. 6. 1-2 
4.  2.6. 1-3 
4.  2.  7-1 
4.  2. 7-2 
4. 2.  7.  2-1 


Multi-Rectangular  Section  with  a  Bending  Axis  of  Symnietry 

Approximate  Representation  of  a  Zee  by  a  Two  Rectangle 
Symmetrical  Geometry 

Elongation  (y^  )  Versus  Width  Parameter  (e) 
i-i  s 

Curvature  (6  .  )  Versus  Width  Parameter  (e) 
i-f  3. 

Bi-Metallic  Box  Beam  with  Symmetrical  Geometry- 

Curvature  Wj.(x)  and  Elongation  Due  to 

Combined  Mechanical  and  Thermal  Loading  as  a  Fimction  of 
Distance  Along  the  Span 

Indeterminate  Beam  Deflections 

Sign  Convention  for  Combining  Fixed  End  Reactions  of  Beams  to 
Determine  Resultant  Fixed  End  Reactions  at  a  Joint 

Mechanical  and  Thermal  Loads  Acting  on  Cantilever  Beam 

Fixed  End  Reaction  for  Constant  El;  Transverse  End  Load  (P^) 

Fixed  End  Reaction  for  Constant  El;  End  Moment  (M^) 

Fixed  End  Reactions  for  Linear  l/EI;  Transverse  End  Load 
(P^),  (c  =  1,  1/  =  1) 

Fixed  End  Reactions  for  Linear  1/EI;  End  Moment  (M  ), 

(c  =  l,  i/=l)  ° 

Fixed  End  Reaction  for  Parabolic  1/EI;  Transvere  End  Load 
(P^l,  (c  =  2,  i/  =  l) 

Fixed  End  Reaction  for  Parabolic  1/EI;  End  Moment  (M  ), 

(c  =  2,  i/=l)  ° 

Flexibility  Method 

Stiffness  Method 

Beam  with  Degrees  of  Freedom 

Temperature  and  Load  on  Beam 

Solution 

Sign  Convention 

Determination  of  Virtual  Forces  m,  f,  p 
Elastic  Center  Method 


4.51 
4.  53 

4.54 

4.55 

4.56 
4.59 


4.61 

4.64 

4.66 

4.70 

4.71 

4. 72 

4.  73 
4.  74 


4.90 

4.93 

4.97 

4.98 


LIST  OF  ILLUSTRATIONS  (Coni'  d) 


Figure 

Page 

4.2. 7. 3-1 

Resolution  of  Force  into  Symmetrical  and  Antisymmetrical 
Components 

4. 113 

4.  2.  7.3-2 

Frame  Problem 

4.114 

SECTION  5  -  THERMO-ELASTIC  ANALYSIS  OF  JOINTS 

5-1 

Mechanical  Joint 

5.2 

5. 1-1 

Splice  Strap  for  a  Rigid  Beam  Flange 

5.4 

5.  1. 1-1 

One-Dimensional  Joint  Equilibrium 

5.5 

5. 1. 1-2 

One-Dimensional  Compatibility 

5.6 

5. 1. 1-3 

Deformation  of  the  Joint  Due  to  Axial  Stretching  of  the  Sheets 

5.7 

5. 1. 1-4 

Deformation  of  the  Joint  Due  to  Local  Distortions  of  the  Holes 
and  Attachments 

5.8 

5. 1. 2-l(a) 

Joint  Coefficients  for  Constant  Bay  Properties  (A^j^  vs.  Z) 

5.10 

5. 1.  2-l(b) 

Joint  Coefficients  for  Constant  Bay  Properties  (Bjj^  vs.  Z) 

5.11 

5. 1.  2- 1(c) 

Joint  Coefficients  for  Constant  Bay  Properties  (Agj^  vs.  Z) 

5.12 

5. 1.  2- 1(d) 

Joint  Coefficients  for  Constant  Bay  Properties  (Bgjj  vs.  Z) 

5. 13 

5. 1.  2-l(e) 

Joint  Coefficients  for  Constant  Bay  Properties  (Agj^  vs.  Z) 

5. 14 

5. 1.  2-l(f) 

Joint  Coefficients  for  Constant  Bay  Properties  (B^^j  vs.  Z) 

5.15 

5. 1.  2- 1(g) 

Joint  Coefficients  for  Constant  Bay  Properties  (A^  vs.  Z) 

5.16 

5. 1.  2-l(fa) 

Joint  Coefficients  for  Constant  Bay  Properties  (B^j^  vs.  Z) 

5.17 

5. 1.  2-l(i) 

Joint  Coefficients  for  Constant  E-ry  Properties  (Agj^  vs.  Z) 

5. 18 

5. 1.  2-l(j) 

Joint  Coefficients  for  Constant  Bay  Properties  (Bgjj  vs.  Z) 

5. 19 

5.  1.  2-2 

Joint  with  Constant  Bay  Properties 

5.21 

5.  1.  2-3 

Alternate  Top  and  Bottom  Sheet  Designation 

5.  22 

5. 1,  3-1 

Rigid  Sheet  Solution 

5.26 

5. 1.  3-2 

Attachment  Loads  Due  to  Thermal  Loading  when  the  Joint 

Has  Constant  Bay  Properties 

5.  27 

5. 1.5-1 

Attachment  in  an  Oversize  Hole 

5.30 

5. 1.5-2 

Attachment  Displacements  Due  to  Slop  -  Positive  Loads 

5.31 

5. 1.5-3 

Scarfed  Splice 

5.34 

5.  2.  l-l(a) 

Joint  in  Unbowed  Configuration 

5.37 

5.  2.  l-l(b) 

Bowing  of  Joint  Due  to  Combined  Effects  of  Non-Uniform 
Temperature  Distribution  and  Mechanical  Loading 

0.37 

5.3-1 

Attachment-Hole  vs.  Deflection  Curve 

5.39 

WADD  TR  60-517 


xiii 


LIST  OF  ILLUSTRATIONS  (Conf  d) 


Figure 

SECTION  6  -  THERMO-ELASTIC  ANALYSIS  OF  PLATES 

P^ 

6.1.  2-1 

Cross  Section  of  Plate  Before  and  After  Deformation 

6.5 

6. 1.4-1 

Positive  Directions  of  Forces  and  Moments 

6.8 

6. 1.4-2 

Clamped  Circular  Plate  with  Linear  Gradient  Through 

Thiclmess 

6.  11 

6.  2. 1-1 

Plate  Geometry  Showing  a  Positive  Linear  Thermal  Gradient 
Through  the  Thickness 

6.  13 

6.2. 1. 3-1 

Deflection  (w)  vs.  Position  (x)  for  y  Parameters 

6. 15 

6.2. 1.3-2 

Bending  Moment  (M^)  vs.  Position  (x)  for  y  Parameters 

6. 16 

6.2. 1.3-3 

Bending  Moment  (M^)  vs.  Position  (x)  for  y  Parameters 

6. 16 

6.  2.  2-1 

Plate  Geometry 

6. 17 

6.2.3. 1-1 

Non-Dimensional  Deflection 

6.20 

6.2. 3. 1-2 

Non-Dimensional  Radial  Moment 

6.21 

6.2.3. 1-3 

Non-Dimensional  Tangential  Moment 

6.22 

6.  2. 4-1 

Plate  with  Arbitrary  Planfonn  and  Constant  Thickness 

6.  26 

6.  3.  2-1 

Radial  Stress  Distribution  in  a  Disk  when  a  Temperature 
Distribution  T  =  T^  (r/b)^  cos  nG  (n  =  0, 1, 2, 3)  is  Maintained 

6.36 

6. 3.  2-2 

Hoop-Stress  Distribution  in  Disk  when  Temperature  Distribution 

T  =  T^  (rA))^  cos  nG  (n  =  0,1, 2,3)  is  Maintained 

6.37 

6. 3. 2-3 

Shear-Stress  Distribution  in  Disk  when  Temperature  Distribution 

T  =  T^  (r/b)^  cos  nG  (n  =  1,2,3)  is  Maintained 

6.38 

6. 3.  2-4 

Radial  and  HooprStress  Distribution  for  the  Axisymetric 

xr 

Temperature  Case,  T  =  (r/b) 

6.39 

6. 3. 3-1 

Temperature  Profiles  for  n  =  1/3,  1/2,  1,  2  and  3 

6.45 

6. 3. 3-2 

Radial  Variation  of  Radial  Stress  for  a  Disk  with  a  Hole  (a/b  =  0, 

0. 4,  0. 8;  n  =  1/3,  1  and  3 

6.45 

6. 3. 3-3 

Variation  of  Maximum  Radial  Stress  with  n  and  a/b  for  a  Disk 
with  a  Hole 

6.45 

6. 3. 3-4 

Variation  of  Tangential  Stress  at  Inner  Boundary  with  n  and  a/b 
for  a  Disk  with  a  Hole 

6.45 

6. 3. 3-5 

Variation  of  Tangential  Stress  at  Outer  Boundary  with  n  and 
a/b  for  Disk  with  a  Hole 

6.46 

6. 3. 3-6 

Variation  of  Radial  and  Tangential  Stress  at  Center  and  Boundary 
with  n  for  a  Solid  Disk 

6.  46 

LIST  OF  ILLUSTRATIONS  (Conf  d) 


■I 

$ 

I 


& 


Figure 

Page 

6.  3.  3-7 

Variation  of  Radial  and  Tangential  Stress  at  Inner  Boundary 
of  Disk  with  n  and  a/b  for  a  Disk  on  a  Shaft 

6.46 

6. 3. 3-8 

Variation  of  Tangential  Stress  at  Outer  Boundary  of  Disk  with 
n  and  a/b  for  a  Disk  on  a  Shaft 

6.46 

6. 3. 4-1 

Plate  and  Hot  Spot 

6.49 

6. 3. 4-2(a) 

Radial  Displacement  at  Boimdary  of  Hot  Spot  {v  =  0. 3) 

6.51 

6. 3. 4-2(b) 

Radial  Displacement  at  Outer  Boundary  of  Plate  (v  =  0. 3) 

6.52 

6. 3. 4-3 

Stresses  in  Plate  {v  =  0.3) 

6.53 

6. 3.  4-4 

Variation  of  Stress  Difference  with  b/a  (i/  =  0. 3) 

6.54 

6. 3.  4-5 

Variation  of  Maximum  Stress  Difference  with  t  for  b/a 

Large.  Maximum  Occurs  at  r  =  a. 

SECTION  7  -  THERMO-ELASTIC  OF  SHELLS 

6.55 

7. 1-1 

Truncated  Conical  Shell  Geometry 

7.3 

7. 1.  l-l(a) 

Conical  Shell  with  Axisymmetric  but  Otherwise  Arbitrary 

Loading 

7.4 

7. 1.  l-l(b) 

Radial  and  Meridional  Load  Components  P.  and  P  , 

Respectively  ^ 

7.4 

7. 1. 1. 1-1 

Conical  Shell  -  Hooprings  and  Meridional  Beam  Strips 

7.5 

7. 1. 1.  l-2(a) 

Non-Dimensional  Particular  Solution  of  Eq.  (2)  for  the 

Radial  Deflection  of  a  Conical  Shell,  K  =  0, 1,2 

7.10 

7. 1. 1.  l-2(b) 

Non-Dimensional  Particular  Solution  of  Eq.  (2)  for  the 

Radial  Deflection  of  a  Conical  Shell,  K  =  3, 4 

7.11 

7. 1. 1. 2-1 

Self-Equilibrating  Loads  and  Moments  %  and  ^  at  a  Conical 

Shell  Edge 

7. 13 

7. 1. 1.2-2 

Edge  Loading  Functions 

7. 15 

7. 1. 1.2-3 

Conical  Shell  Under  Uniform  Radial  Loading 

7. 16 

7. 1. 1. 2-4(a) 

Edge  Forces  and  Moments  Corresponding  to  the  Particular 
Solution 

7.19 

7. 1. 1. 2-4(b) 

Edge  Loading  Equal  in  Magnitude  but  Opposite  in  Direction  to 
the  Particular  Solution  Edge  Loading 

7. 19 

7. 1. 1.  2-5 

Meridional  Moment  and  Radial  Load  Measured  from  Base  of' 
the  Shell  Shown  in  Figure  7. 1. 1. 2-4 

7.21 

7. 1.  2-1 

Meridional  Loading  on  a  Conical  Shell 

7.22 

7. 1.  2-2 

Conical  Shell  Under  Vertical  Loading 

7.23 

7. 1.3-1 

Reduction  of  Thermal  Problem  to  Equivalent  Mechanical 

Loading  Problem 

7.27 

7. 2-1 

Approximation  of  a  Non-Coniv  al  Shell  by  a  Series  of  Conical 
Sections 

7.29 

WADD  TR  60- 

-517  XV 

;a 

i 

I 

fi 

.X 


fi 

Vi 

I 


I 

I 

I 


4 

5 

I 


I 


I 


ip 

1 


SECTION  8  -  STRUCTURAL  ASSEMBLIES 


8. 1-1 

Deflections,  Loads  and  Moments  at  a  Shell  and  Bulkhead 
Junction 

8.4 

8. 1.2 

Edge  Rotation  of  Solid  Circular  Bulkhead  Due  to  Uniform 
Pressure  Loading 

8.5 

8.2-1 

Long  Cylinder  with  Interior  and  End  Bulkheads 

8.7 

8.  2. 1-1 

Interior  Bulkhead 

8.8 

8.  2. 2-1 

External  Bulkhead 

8.9 

SECTION  9  -  STABILITY  OF  STRUCTURES 

9. 1- 1  Stability  of  Columns 

9. 1. 1. 1- 1  Loads  on  Plate 

9. 1. 1. 2- 1  Pin-Ended  Column 


LIST  OF  ILLUSTRATIONS  (C<mt’d) 


Fljpire 

Page 

9. 1. 1.  2-2 

Eigenvectors  and  Eigenvalues  of  Column 

9.13 

9.1. 4. 1.2-1 

Virtual  Force  on  Pin-Ended  Column 

9. 19 

9. 1.  4.  2-1 

Pin-Ended  Column  with  Variable  Stiffness 

9. 23 

9. 1. 4. 2-2 

Clamped  Column 

9. 24 

9. 1.5-1 

Shear  and  Torsional  Load  on  a  Pin-Ended  Column 

9.27 

9. 1.  7-1 

Deflection  and  Load  in  ;.  Restrained  Column 

9.33 

9. 2.  l-l(a) 

Stability  of  Simple  Free  Flange,  Shear  Panel,  or  Shells 

9.35 

9.  2.  l-l(b) 

Stability  of  Simple  Free  Flange,  Shear  Panel,  or  Shells 

9.36 

9-  2.  l-2(a) 

Stability  of  Column  or  Plate  Column 

9.37 

9.  2.  l-2(b) 

Stability  of  Column  or  Plate  Column 

9. 38 

9. 2.  l-3(a) 

Stability  of  Simple-Simple  Plate 

9.39 

9. 2.  l-3(b) 

Stability  of  Simple-Simple  Plate 

9.40 

9.  2. 1-4 

Stability  of  Clamped-Free  Plate 

9.41 

9.  2. 1-5 

Stability  of  Clamped-Clamped  Plate 

9. 42 

9.  2, 1-6 

Sheet  Stringer  Cross  Section 

9.45 

9.  2. 1-7 

Sandwich  Panel 

9.47 

9;  3-1 

Cylinder  in  Compression 

9.50 

WADD  TR  60-517 


xvii 


NOTES  ON  USING  THE  MANUAL 


This  Manual  consists  of  nine  basic  sections,  divided  into  numbered  sub-sections 
and  paragraphs.  For  simplicity  in  cross-referencing  material  in  the  text,  all  portions 
of  the  Manual  designated  with  a  two-tier  number  (i.e.  ,1.1)  are  considered  sub-sections, 
and  all  portions  designated  by  numbers  of  three  or  more  tiers  (i.e. ,  1.1.1  or  1.1.1. 1) 
are  considered  paragraphs. 

Throughout  the  .  lanual,  the  numbered  paragraphs  (or  sub-sections)  have  been 
used  as  the  basis  for  numbering  figures,  tables,  and  equations,  with  new  sequences 
beginning  with  each  numbered  paragraph.  Figure  and  ^le  numbers  consist  of  an  appro¬ 
priate  paragraph  number,  followed  by  a  sequence  number  for  the  particular  figure  oi“ 
table.  For  convenience  the  paragraph  designations  have  been  omitted  from  the  equation 
numbers.  When  an  equation  from  another  paragraph  is  cited  in  the  text,  the  number  of 
the  paragraph  in  which  that  equation  occurs  is  also  cited.  When  a  paragraph  number  is 
not  given  in  conjunction  with  the  citation  of  an  equation,  it  is  to  be  assumed  that  the 
equation  is  included  in  the  paragraph  in  which  the  citation  occurs. 

References  are  listed  at  the  end  of  those  sections  which  have  more  than  one 
reference.  In  addition,each  section  contains  its  own  complete  table  of  contents  and  list 
of  symbols. 
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Aerodynamic  heating  of  bodies  moving  at  supersonic  and  hypersonic  speeds  results 
in  non-uniform  temperature  rises.  High  velocity  airplanes  and  missiles  are  thus  sub¬ 
jected  to  transient  and  steady  state  non-uniform  temperature  distributions  which  produce 
thermal  stresses,  hi  its  broadest  sense,  the  therm^  problem  encompasses  both  the 
fields  of  mechanics  and  thermodynamics  of  non-rigid  bodies.  This  Manual  is  not  concerned 
with  the  solution  of  the  thermodynamic  problem.  The  purpose  of  the  Manual  is  to  provide 
analytical  techniques  for  the  determination  of  deformations  and  stresses  in  structures  sub¬ 
jected  to  mechanical  loads  and  prescribed  temperature  distributions. 

hi  order  to  render  problems  amenable  to  engineering  application,  simplifying  assump¬ 
tions  and  idealizations  are  made.  These  are  enumerated  in  the  appropriate  sections  of  the 
Manual.  Ihe  subject  matter  is  oriented  toward  the  engineer  rather  than  the  mathematician 
in  that  detailed  derivations  of  techniques  and  formulas  are  not  emphasized,  histead,  more 
space  is  devoted  to  application  and  qualitative  discussions.  Mathematical  derivations  can 
be  found  in  the  references  listed  at  the  end  of  each  section. 

Ihe  choice  of  subject  material  was  primarily  dictated  by  those  problems  which  are 
tractable  analytically  and  which  occur  most  frequently  in  practice.  However,  in  many 
instances,  suggestions  are  made  for  the  extension  of  techniques  to  more  complex  problems. 
Most  of  the  problems  treated  are  linear  elastic,  in  which  the  stiffiiess  may  vary  pointwise 
over  the  structure  but  does  not  vary  with  load.  Furthermore,  in  the  more  difficult  problems 
(e.g. ,  plates  and  shells),  it  is  assumed  that  temperature  variations  do  not  affect  the  stiff¬ 
nesses  significantly.  Non-linear  problems  are,  for  the  most  part,  discussed  qualitatively. 

Brief  summaries  of  the  nine  sections  of  the  Manual  follow. 

Sections  1  and  2  of  the  Manual  briefly  discuss  the  theoretical  considerations  and  funda¬ 
mental  techniques  which  underlie  the  structural  applications.  Section  1  presents  the  essen¬ 
tial  ideas  of  strain  and  stress,  the  concepts  of  equilibrium  and  compatibility,  and  discusses 
the  important  energy  theorems.  General  techniques  (e.g. ,  virtual  work,  virtual  displace¬ 
ments,  flexibility  and  stiffness  methods)  are  covered  in  Section  2.  It  is  recommended  that 
standard  texts  and  the  references  listed  at  the  ends  of  the  sections  be  consulted  for  a  more 
complete  development  of  these  subjects. 

Elevated  temperature  environments  generally  cause  the  non-linear  behavior  of 
engineering  materials  to  become  more  pronounced,  and  the  designer  is  forced  to  reassess 
the  interacting  effects  of  stress,  temperature,  and  time  upon  structural  materials.  Section  3 
discusses  the  deformation  mechanism  and  postulates  a  stress-strain-temperature-time  re¬ 
lationship  which  takes  these  non-linear  effects  into  account.  Methods  of  determining  the 
necessary  material  parameters  from  simple  test  data  are  indicated. 

Section  4  presents  the  thermo-elastic  analysis  of  beams .  Since  beam  analysis  is  a 
frequently  occuring  structural  problem,  much  space  is  devoted  to  the  presentation  of  approxi¬ 
mate  time-saving  techniques .  The  deformations  and  stresses  in  unrestrained  beam  cross 
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sections  are  discussed  in  detail.  Temperature  distributions  are  represented  by  pol3momials, 
cross  sectional  geometries  are  expressed  parametrically,  and  non-dimensional  solutions  are 
developed.  Ilie  common  form  of  tabular  solutions  is  also  included.  General  techniques  are 
then  presented  for  the  solution  of  indeterminate  beam  systems.  Tlie  concept  of  equivalent 
fixed  end  reactions  is  employed  in  reducing  the  thermal  problem  to  a  mechanical  loading 
problem. 

Section  5  deals  with  the  thermo-elastic  analysis  of  joints  subjected  to  mechanical 
loads  and  temperature.  The  loads  in  the  attachments  are  presented  in  non-dimensional 
graphical  form.  The  flexibility  of  the  plate  material  and  of  the  hole-pin  combination  are  con¬ 
sidered  in  the  solutions.  Ihe  effects  of  rigid  pins,  rigid  sheets  and  "slop"  are  evaluated. 

The  problem  is  initially  presented  for  a  joint  which  does  not  bend  and  then  is  modified  to 
indicate  the  change  in  the  non-dimensional  parameters  with  bending. 

Section  6  is  concerned  with  the  determination  of  thermal  stresses  and  deflections  in 
plates  due  to  temperatures  which  vaiy  through  both  the  plate  plane  and  the  plate  thickness. 

The  major  problem  areas  considered  are 

(1)  The  bending  of  ciruclar  and  rectangular  plates. 

(2)  The  axisymmetrical  and  asymmetrical  slab  problem  (plane  stress  and  plane  strain) 
for  circular  plates  and  rings. 

Sections  7  and  8  present  the  thermo-elastic  analysis  for  the  stresses  and  deformations 
of  axisymmetric  shells  subjected  to  axisymmetric  loads  and  temperatures.  Solutions 
are  given  for  the  conical  shells  which  can  approximate  the  solutions  |for  other  structural 
shapes.  Solutions  for  the  compatibility  forces  which  are  generated  at  boundaries  of  conical 
segments,  edges,  or  bulkheads  are  included  to  complete  the  analysis. 

Section  9  deals  with  the  instability  of  structures.  Approximate  metiiods  are  emphasized 
in  order  to  include  the  effects  of  temperature  on  sti^ess  and  plastic  behavior.  Use  is  nude 
of  non-dimensional  buckling  curves  to  reduce  the  amount  of  data  required  by  instability  pro¬ 
blem  soluticms. 


Manuscript  released  by  the  authors  September  1960  for  publication  as  a  WADD  Technical 
Report. 
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SECTION  1  -  THEORETICAL  CONSIDERATIONS 


Hie  general  problem  considered  Is  the  determination  of  the  stresses  and  deformations 
in  a  structure  when  subjected  to  a  given  load-temperature  distribution.  The  problem  can  be 
exceedingly  complex  and  it  is  essential  that  the  engineer  have  some  concept  of  the  structure' s 
behavior.  Many  difficult  problems  can  be  approximated  by  neglecting  parameters  which  are 
of  small  significance.  The  significance  of  a  parameter  can  only  be  estimated  if  the  .behavior 
of  the  structure  is  known.  The  introduction  of  temperature  Into  the  problem  may  complicate 
the  solution  but  it  does  not  alter  the  structural  techniques.  It  is,  therefore,  mandatory  that 
the  engineer  become  cognizant  of  the  structural  principles  before  he  attempts  to  solve  the 
thermal  problen  . 


When  a  structure  is  subjected  to  mechanical  and  thermal  stimuli,  it  responds  by  de¬ 
forming  and  storing  energy.  The  deformation  is  characterized  by  a  "strain  distribution"  with 
an  accompanying  "stress  and  energy  density  distribution".  The  determination  of  these  distri¬ 
butions  requires  an  imderstanding  of  the  concepts  of  strain  and  compatibility,  stress  and  equil¬ 
ibrium,  boundary  conditions,  uniqueness  of  solutions,  and  the  stationary  characteristics  of 
the  energy  forms.  These  concepts  are  briefly  discussed  in  this  section. 


The  following  symbols  are  used  throughout  this  section: 

^  Length  of  beam 

n  Itait  vector  normal  to  surface 

n^  Cosine  of  angle  between  normal  to  the  surface  and  i  axis 

j  Cylindrical  or  spherical  coordinate 

t  Traction  vector 

u  Displacement  vector  with  components  u^ ,  Ug.  Ug 

X,  y,  z  Distances  along  the  coordinate  axes 

B  Body 

E  Young' s  modulus 

Eg  Secant  modulus 

F,  Body  force  per  imit  of  volume  acting  in  i  direction 

G  Shear  modulus 

K  ^ring  constant 

L  I^tential  energy 

L*  Complementary  potential  energy 

P  Point  in  a  body;  Concentrated  load 

Q  Point  in  a  body 

R  Region  of  body;  Reaction 

S  Surface 

T  Temperature 

U  Strain  energy 

U*  Complementary  strain  energy 

Uy  Strain  energy  per  imit  volume 

Complementary  strain  energy  per  imit  volume 

V  Volume 

W  Loss  in  potential  energy  of  the  surface  tractions  and  body  forces 

Loss  in  potential  energy  where  the  tractions  are  prescribed 
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'^n 

X.Y.Z 


Loss  in  potential  energy  where  the  displacements  are  precribed 
Traction  in  x,y,  z  directions 

Coefficient  of  linear  expansion 

Operator  indicating  a  small  change 

Deflection  ^ 

i=j :  Extensioual  strain  in  the  1™  direction 

ij^j :  Shearing  strain.  Half  the  angle  change  between  two  initially  perpendicular 

lines  in  the  i  and  j  directions. 

Cylindrical  or  spherical  coordinate 

O’  +  a  +  a 
XX  yy  zz 

Poisson's  ratio 

Stress 

Stress  components  acting  on  plane  perpendicular  to  i  direction  and  in  the  j 
direction 

^erical  coordinate 
Rotation 


Subscripts 

i.j 

n 

x.y.z 
r,  e,tli 


Dummy  subscripts 

Acting  on  plane  perpendicular  to  n  direction 
Referring  to  x,y,z  directions 
Referring  to  r,  0,  ^  directions.  8u^ 

symbol  for  differentiation;  e.g. ,  u^  j  = 


'  Displaced  position 

1,1  STRAIN 

A  body  is  said  to  be  strained  when  the  relative  positions  of  points  in  me  body  are 
altered.  The  changes  in  the  relative  positions  of  points  are  called  deformations,  and  the 
st-idy  of  deformations  is  the  province  of  the  analysis  of  strain. 

Although  all  material  bodies  are  to  some  extent  deformable,  it  is  useful  to  introduce 
♦ae  ideal  case  of  a  rigid  body,  i.e. ,  one  which  does  not  deform.  A  rigid  body  is  one  for  which 
the  distance  between  every  pair  of  points  remains  the  same  throughout  its  history. 

Let  the  non-rigid  body  B,  in  the  undeformed  state,  occur  some  region  R  referred 
to  an  orthogonal  set  of  Cartesian  axes  O-x^  Xg  (Figure  1.1-1)  fixed  in  space.  Let 

P  (Xj^,  Xg,  Xg)  represent  a  typical  point  P.  In  the  strained  state,  the  points  of  B  will  occupy 

some  region  R'  and  the  point  P  (x^,  Xg,  Xg)  will  displace  to  the  point  P'  (x^,  x^,  x^.  "nie 
displacement  u  is  a  vector  and  is  givwi  by 


u  =  (u., ,  u„,  u„)  =  (x'  -  Xt  ,  X' 


Xg,  X^  -  Xg)  . 
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1.1  (Cont'd) 
Furthermore, 


(“i  i)=  I  (“i  <  +  “«  i)  +  |  ^“l.J  "“j,P 


‘l.J'  -  2  n.j  ■  “j.i 
is  an  algebraic  identity. 

Introduce  the  symbols 
€ 


ij 


"I  <"i.i*“j.i> 


and 


(2) 


"ij '  i  '"i.j  -  “i.i’ 


so  that  the  relative  displacement  of  the  neighboring  points  is 
3 


Uj  (X)  -Uj  (0)  =  ^  [e  +  U)  ] 

J=1 


0 


x^  +  .  . 


The  quantities  are  symmetrical  in  the  indices,  i.  e. ,  and  are  known  as  the 

compments  of  strain  (Reference  1-1). 

aui 

Ex^ple 2l  -u  ,  =  -— —  is  the  longitudinal  component  of  strain  in  the  x.  dlrec- 

014  1 

tlon,  (Figure  1.  l-2(a))  j  =  is  the  longitudinal  or  extensional  component  of  strain  in 

the  x^  direction. 


Example  2:  e.  _  = 
12 


10X2 


au, 


2 

ax. 


is  half  the  change  in  the  angle  between  two 


line  elements  which  were  originally  at  right  angles  to  each  other  and  is  referred  to  as  the 
shearing  component  of  strain  in  the  x^-Xg  plane  (Figure  1.  l-2(b)). 

The  quantities  are  skew  symmetrical,  i.e. ,  “jj  =  “  ^’^d  are  known  as  the 

components  of  rotation  because  they  can  be  shown  to  represent  components  of  a  rigid  body  rota¬ 
tion  (Reference  1-1). 

At  each  point  of  the  body,  there  exists  a  set  of  three  mutually  orthogonal  directions  for 
which  the  shearing  strains  are  zero.  These  directions  are  called  the  principal  axes  of  strain 
and  the  corresponding  extensional  strains  are  the  principal  strains.  The  principal  axes  of 
strain  remain  perpendicular  to  each  other  after  the  deformation,  and  an  elemental  rectangular 
parallelepiped  with  edges  parallel  to  the  principal  axes  remains  a  rectangular  parallelepiped 
after  deformation.  In  general,  it  will  have  also  undergone  a  small  rotation  (Reference  1-2). 
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dydz 
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XX 

ah 

yy 

8xfy 

dy^ 

T 

3x2 

a^ 

o  yz  _ 

ah 

yy 

^y8z  ■ 

T 

ay^ 

X 

a^€ 

XX 

2 

8z8x  ■ 

ax^ 

T" 

az2 

(2) 


The  above  compatibility  equations  (valid  for  both  thermal  and  mechanical  problems) 
also  ensure  the  determination  of  &e  relative  displacements  from  Eq.  (1). 


If  the  body  Is  multiply  connected  (has  internal  cavities),  then  additional  conditions 
are  necessary  to  ensure  single-valued  displacements.  These  conditions  specify  that  the  limit¬ 
ing  values  of  the  displacements  at  imaginary  cuts  which  make  the  body  simply  connected,  be 
the  same  when  a  cut  is  approached  from  either  side. 


1. 2  TRACTION  AND  STRESS 


The  internal  forces  in  a  body  are  usually  described  in  terms  of  the  "stress  states" 
throughout  the  body.  Consider  some  point  Q  lying  on  the  surface  S  of  the  bo<fy  shown  in 
Figure  1. 2-1.  Let  the  unit  normal  vector  to  the  surface  at  the  goint  Q  be  designated  by”?, 
and  the  force  acting  on  6  S,  which  encompasses  the  point,  by  6  P^.  Then  the  traction  acting 

across  the  surface  S  at  the  point  Q  is  defined  as 


tn  = 


Lim 


5S— 0 


6S 


(1) 
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1.  2  (Cont*  d) 


FIGURE  1,  2-2  STRESS  COMPONENTS 


1.  2. 1  Stress  Equations  of  Equilibrium  in  Cartesian  Coordinates 

The  equilibrium  equations  state  that  the  sum  of  the  forces  acting  on  a  differential  ele¬ 
ment  of  mateidal  are  in  static  or  dynamic  equilibrium. 

Figure  1.  2. 1-1  illustrates  an  elemental  rectangular  parallelepiped  with  edges  parallel 
to  the  X,  y  and  z  axes.  In  addition  to  the  stresses  acting  on  the  faces,  there  may  exist  body 
forces  dxdydz,  where  is  the  body  force  per  unit  of  volume.  In  most  practical  ap¬ 
plications,  the  body  forces  are  due  either  to  the  weight  of  the  bo^  in  a  static  problem  or 
D’  Alembert  inertia  forces  in  a  dynamic  problem. 

Equilibrium  of  forces  in  the  x  direction  requires  that: 


+  F  =  0 

X 


Similarly,  for  the  y  and  z  directions. 
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1.2.1  (Cont’d) 


Conservation  of  angular  momentum  (equilibrium  of  moments)  leads  to  equality  of  cross-shears, 
or 


O’  =  o 
xy  yx 


o  =  o 
yz  zy 


(lb) 


o  =  o 
zx  xz 


Consequently,  the  significant  number  of  stress  components  is  reduced  from  nine  to  six.  The 
equations  of  equilibrium  in  other  than  Cartesian  coordinates  take  different  forms  (Section  1. 6). 


1.3  BOUNDARY  CONDITIONS 


In  order  to  have  a  complete  solution,  something  must  be  known  about  each  point  on  the 
bounding  surface  of  a  structure.  Either  the  surface  tractions  (applied  stresses)  must  be  known 
or  the  displacements  must  be  specified  (e.  g. ,  zero  displacements  at  a  support)  or  a  known 
relationship  between  the  tractions  and  displacements  must  be  prescribed  (e.  g. ,  flexible  sup¬ 
port  of  known  stiffness). 


The  prescribed  traction  components  in  the  directions  of  the  chosen  coordinate  axes  may 
be  e^qpressed  in  terms  of  the  surface  stresses  by  means  of  the  equilibrium  equations 


X=o  n+o  n+cr  n„ 
XX  X  yx  y  zx  z 


Y  =  a  n+o  n+cr  n 
xy  X  yy  y  zy  z 


(1) 


Z=o’  n+cr  n+cr  n 
xz  X  yz  y  zz  z 


where  X  =  component  of  traction  in  the  x  direction,  etc.  (Figure  1.  3-1),  n^  =  cos  (n,x)  =cosine 


of  the  angle  between  the  normal  to  the  surface  and  the  x  axis. 
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1-  3  (Conf  d) 
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FIGURE  1,3-1  SPECIFICATION  OF  SURFACE  TRACTIONS 


1.4  STRESS-STRAIN  RELATIONSHIP 


The  complete  solution  of  a  problem  in  elasticity  requires  the  determination  of  six 
stress  components,  three  displacement  components  and  six  strain  components  at  each  point 
of  a  body.  Fifteen  independent  equations  are  required  for  the  evaluation  of  these  quantities. 
Nine  of  these  equations  have  already  been  presented,  namely  the  six  strain  displacement  re¬ 
lations  (Eqs.  (2)  of  Sub-section  1. 1,  which  ensure  that  the  compatibility  equations  are  sat¬ 
isfied  when  the  displacements  are  single-valued)  and  the  three  equilibrium  equations  (Eqs. 
(1)  of  Paragraph  1.2. 1),  Both  of  these  sets  of  equations  are  independent  of  the  material 
properties  of  the  body. 
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The  remaining  six  equations  are  obtained  from  a  stress-strain  relationship  between 
the  six  stresses  and  six  strains.  It  is  through  this  relationship,  which  is  a  property  of  the 
material,  that  the  effects  of  plasticity,  temperature,  creep,  etc. ,  come  into  play. 

If  the  material  is  isotropic  and  linearly  elastic,  then  the  stress-strain  relationship 
can  be  expressed  as 

Mi  *  T  ♦  V]  *  “T 

1+z/  (  \ 

Mj  =  -V  "ij  (i.j.k  =  1.2.3), 

where  E  =  elastic  modulus, 

V  =  Poisson' s  ratio 

a  =  linear  coefficient  of  thermal  expansion 
T  =  Temperature  above  room  temperature  as  a  datum. 

The  shear  modulus  is  defined  by 

“  ■ 

Because  of  the  isotropy  of  the  material,  the  expansions  due  to  temperature  cause  no 
shearing  strains.  The  linear  elastic-stress-strain  relations  for  an  isotropic  material  are  of 
the  form  of  Eq.  (la)  for  any  orthogonal  coordinate  system  (rectangular  or  curvilinear).  For 
example,  in  a  rectangular  coordinate  system, 

i,j,k  =  1,2,3  =  x,y,z 

while  for  a  cylindrical  coordinate  system, 

i,j,k  =  1,2,3  =  r,  e,  z 

The  linear  stress-strain  relationships  of  Eq.  (la)  can  be  modified  to  provide  stress- 
strain  relationships  for  materials  which  are  not  linear  elastic  by  employing  an  equivalent 

secant  modulus  Eg  =  ^  Unfortunately,  Eg  will  not  be  constant  and 

direct  solution  of  problems  may  be  extremely  difficult.  A  progressive  solution  may  be  pos¬ 
sible  by  solving  the  problem  for  small  increments  of  load-time  histories  where  it  is  assumed 
that  the  modulus  is  constant  in  each  interval,  evaluating  new  constant  moduli  for  the  next 
increment,  and  continuing  the  process  imtil  the  final  load-time  history  is  applied.  This  tech¬ 
nique  must  assume  the  sense  of  the  incremental  stress  since  a  material  may  have  different 
moduli  dependent  on  the  direction  of  loading. 

Hie  strain-compatibility  equations  can  now  be  converted  to  stress-compatibility  equa¬ 
tions  through  the  stress-strain  relationships.  Hius  for  a  linear-elastic  stress-strain  relation¬ 
ship  with  temperature,  Eqs,  (2)  of  ParagrapA  1.1.1  become 

+  +  oE  V^T  +  -^^1  =0 


(l+V) 


ff  + 

yy 


■X.  ruV 

r  1+v 

dK 

+  (XSit 

[  1-v 

V  1  + 

ax'^  ■ 

a^® 

+  orE  1 

'  1+  V 

2  . 

r,2„.  a  T 

.  1-  V 

V  T  +  - ^ 
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1+  V 


V^T  + 


dz 

3^® 


3  T 
3z^ 


=  0 


3^T 


‘^xz"  ^  ^  3X3Z 

3^0 


=  0 


(1+v)  V  a  + 


(1+v)  V“  0y^  + 


xy  dxdy 
3^® 


dydz 


*  W' " 


(2) 

cont’d 


where 


®  =  a  +  a  +  a 
XX  yy  zz 


or,  in  shorthand  notation, 

(UV)  V^y  +  e.ytorE  [^J  ^  V^t^T.y] 

where 


=  0  , 


1  =  0,  i  j 
J  =  1,  i  =  j  . 


The  stress  compatibility  equations  can  be  employed  to  show  that  the  only  time  the 

thermal  stresses  are  identically  zero  in  an  imrestrained  linear-elastic  body  is  when  the 

temperature  is  a  linear  function  of  the  rectangular  (x,y,z)  coordinates.  Assume  all  stress 

components  a  . .  a  are  zero.  Then  certainly  the  equilibrium  equations  are  satisfied 

XX  yz 

throughout  the  interior  of  the  body  and  on  the  surface.  Equations  (2)  reduce  to 


1  +v 

1  -V 

V^T  +  ^  =  0 
dK 

1  +V 

V^T+i?!  =  0 

1  -V 

1+1/ 

V^T  +  —  ■=  0 

1-1/ 

cz 

3^T 
cbz  dz 


0 


(3) 


3^T  =  0 
ty  32 
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O*-)  ^\z'^ 

o*-*  V"  si  *«':&-'> 


<*"■')  V"  £|-* 


1»£_  v^T  t 

- 


=  0 


where 


=  <T  +  ff  +  tr 
XX  yy  zz 


or,  in  shorthand  notation, 


(W)  V^y.S.y.OE  [^,  ^  V't.T.y  ] 


=  0  , 


where 


1  =0,i^  j 

J  =  1,  i  =  j  . 


(2) 

cont*  d 


The  stress  compatibility  equations  can  be  employed  to  show  that  the  only  time  the 
thermal  stresses  are  identically  zero  in  an  unrestrained  linear-elastic  body  is  when  the 
temperature  is  a  linear  function  of  the  rectangular  (x,y,z)  coordinates.  Assume  all  stress 
components  O’  , _ _  o  are  zero.  Then  certainly  the  equilibrium  equations  are  satisfied 

XX  3^^ 

throughout  the  interior  of  the  body  and  on  the  surface.  Equations  (2)  reduce  to 


1  +V 

1  -V 

3,2 

1  +V 

1  —  ?✓ 

!>r‘ 

1  +1/ 

V^T  +-^ 

1  -V 

az2 

9^T 
dx.  3: 


0 


a^T 

3c  9y 


0 


(3) 


9^T  =  0 

cy  az 
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which  yields  the  condition 


ax^  ay^  az^ 


a^T  ^  a^T  ^  a^T 
ax  ^  3y  az  ax  ay 


(4) 


Equations  (4)  have  the  unique  solution  that  T  must  be  of  the  form 


T  =  Ax+By+Cz+D 


(5) 


where  A,  B,  C,  D  are  constants;  i.e. ,  T  is  at  most  a  linear  function  of  the  rectangular 
coordinates  x,  y,  and  z . 

NOTE:  If  T  =  At  for  an  luirestrained  circular  plate  where  r  is  the  radial  coordinate  measured 
from  the  center,  there  will  be  thermal  stresses.  This  follows  because  T  is  linear  in  r  but  not 
in  X  and  y  where 

/7  ^  2 

r  =  v*  *  y 

1.5  UNIQUENESS 

Ihe  strain  displacement  relations,  equilibrium  equations,  and  linear  stress-strain  re¬ 
lations  provide  a  set  of  equations  from  which  the  stresses,  strains,  and  displacements  are  to  be 
determined  at  each  point  of  a  linear  elastic  body.  From  this  set  of  equations,  together  with 
appropriate  boundary  conditions,  it  can  be  proven  not  only  that  there  exists  a  solution  to  the 
linear  elasticity  problem  but  also  that  the  solution  is  unique . 

In  a  simple  form  (see  Reference  1-1  for  a  more  complete  discussion),  Kirchhoff '  s 
Uniqueness  Theorem  can  be  stated  as  follows:  If  the  initial  displacements,  velocities,  body 
forces  and  temperatures  are  specified  throughout  the  volume,  and  if  the  compatibility  con¬ 
ditions  discussed  in  Paragraph  1.1.1  are  satisfied  and  the  appropriate  boundary  conditions 
(Sub-section  1.3)  are  specified  over  the  entire  surface,  there  exists  only  one  form  of  equili¬ 
brium  in  the  sense  that  the  distribution  of  stresses  and  strains  is  determined  uniquely. 

The  above  theorem  applies  to  elasticity  problems  with  infinitesimal  strains  and  dis¬ 
placements.  If  the  strains  and  displacements  are  finite,  the  solution  may  not  be  unique  as  in 
problems  concerning  elastic  stability  (Section  9),  where  different  equilibrium  configurations 
are  possible.  The  uniqueness  of  the  solution  for  infinitesimal  strains  suggests  the  utilization 
of  the  incremental  method  for  closer  approximations  of  the  non-linear  problem.  Consideration 
should  be  given  to  changes  in  stiffness,  geometry,  etc. ,  with  load-temperature  history. 

1.6  SPECIAL  ORTHOGONAL  COORDINATE  SYSTEMS 

The  representation  of  the  stress-strain  relationships,  strain-displacement  equations 
and  the  equilibrium  equations  depends  upon  the  system  of  reference  employed.  It  is  often 
convenient  to  select  a  coordinate  system  which  will  simplify  the  boundary  conditions  and  re¬ 
quired  solution.  The  three  most  useful  orthogonal  coordinate  systems  are  the  rectangular, 
cylindrical  and  the  spherical.  For  linear  elastic,  isotropic  bodies,  the  stress-strain  relation¬ 
ships  (Eq.  (la)  of  Sub-section  1.4)  are  of  the  same  form  for  all  orthogonal  coordinate  systems. 
The  strain-displacement  equations  and  equilibrium  equations  have  already  been  presented  in 
rectangular  coordinates.  The  cylindrical  and  spherical  counterparts  are  shown  in  Tables  1.6-1 
and  -2.  These  expressions  are  simplified  if  the  three  dimensional  problem  reduces  to  a  two  or 
one  dimensional  problem. 
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1.7  ENERGY  PRINCIPLES 


'Hie  behaviour  of  a  structure  can  be  described  by  means  of  energy  principles 
which  yield  relationships  between  the  stresses,  strains,  displacements  and  forces 
when  adequate  conditions  (boundary,  temperature-load-time  history,  material  proper¬ 
ties,  etc.)  are  defined.  Tliese  principles  can  be  derived  from  the  "I>rlnciple  of  Virtual 
Work"  which  is  a  restatement  of  conservation  of  energy. 

1.7.1  Principle  of  Virtual  Work 

"If  a  body  is  in  equilibrium  under  the  action  of  prescribed  bo<fy  and  surface 
forces,  the  work  done  by  these  forces  in  a  small  additional  displacement,  the  virtual 
displacement  5u,  is  equal  to  the  change  in  the  internal  strain  energy,  second  order 
terms  in  the  increments  of  strain  being  neglected. "  The  strain  energy  is  defined  in 
Paragraph  1.7.2. 1. 

A  qualitative  argniment  supporting  this  theorem  is  as  follows; 

The  body  "B"  with  surface  S  (Figure  1.7. 1-1)  is  in  equilibrium  under  the  action 
of  the  applied  external  force,  body  forces,  and  internal  stress  systems,  represented 


FIGURE  1. 7, 1-1  ELASTIC  BODY  WITH  APPLIED  FORCES 


symbolically  by  "t",  "F"  and  "<t",  respectively.  If  an  incremental,  self-equllibratlng 
external  force  system  "6 1"  is  imposed,  there  result  corresponding  internal  stresses 
5  or,  strains  de  and  continuous  displacements  5u.  From  conservation  of  energy. 


/  tdudS  +  r  F5udV+  (terms  of  order  6u5t) 

•'s  •'b 

=  f  <x6€  dV  +  (terms  of  order  6(t6€  )  . 
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Neglecting  second  order  terms, 


/t(5udS+  /  F6udV=  /  odedV, 

’’s  •'b  •'b 


which  is  the  mathematical  statement  of  the  theorem. 


A  consequence  of  the  theorem  of  virtual  work  is  the  Reciprocal  Theorem  of  Betti 
and  Rayleigh:  If  an  elastic  body  Is  subjected  to  two  systems  of  body  and  surface  forces, 
then  the  work  that  would  be  done  by  the  first  system  t.,  (surface  tractions  and  body 

forces,  respectively!  in  acting  through  the  displacements  u.’  due  to  the  second  system  of 

forces,  is  equal  to  the  work  that  would  be  done  by  the  second  system  t’,  in  acting  through 

the  displacements  m  due  to  the  first  system  of  forces.  In  symbols, the  theorem  becomes; 

/  t,uMS+  /  F,u.'dV=  /  t.'u.dS  +  f  Flu.dV  .  (2i 

I  1  •'b  ^  ^  *^S  ^  ^  *'b  ^  * 

where  the  repeated  subscript  i  implies  summation. 

An  alternate  form  of  the  re  tiprocal  theorem  is 


/t,U',dS  *  /f,U|C1V  =  /dy  ^'ydV  . 


s  ‘  ‘  B  ‘  ‘  B 

where  the  unprlmed  quantities  correspond  to  surface  tractions,  body  forces,  and  stresses 
of  the  first  system  and  the  primed  quantities  to  the  displacements  and  strains  of  the  second 
system.  It  is  important  to  note  that  the  forces  and  stresses  of  the  first  system  can  be  un¬ 
related  to  the  displacements  and  strains  of  the  second  system,  and  may  include  thermal 
effects,  llie  only  requirements  are  that  the  force-stress  system  be  In  equilibrium  and  the 
strain  displacement  system  be  compatible.  This  feature  of  the  reciprocal  theorem  makes 
it  extremely  useful  in  the  solution  of  statically  indeterminate  problems  (Paragraph  2.1.1). 

REMARK:  Hie  virtual  work  and  reciprocal  theorems  are  quite  general  and  are  not  restricted 
to  elastic  problems. 

1.7.2  Variational  Principles 

The  solution  of  three  dimensional  problems  in  the  theory  of  elasticity  r'^presents 
in  many  cases  an  almost  Impossible  task  even  for  the  Isothermal  or  mechanical  problem. 

For  isotropic  and  homogeneous  bodies,  the  literature  contains  only  approximate  solutions 
which  are  based  upon  simplifying  assumptions.  One  very  powerful  method  of  attack  which 
will  yield  approximate  solutions  is  based  upon  that  branch  of  mathematics  which  is  known 
as  the  calculus  of  variations.  The  application  of  the  calculus  of  variations  to  the  field  of 
elasticity  and  thermoelasticity  depends  upon  the  following  variational  principles : 

(1)  The  principle  of  minimum  potentisd  energy,  and 

(2)  Ibe  principle  of  minimum  complementary  energy  (sometimes  called  comple¬ 
mentary  potential  energy). 

Tbese  in  turn  follow  from  the  principle  of  virtual  work  which  was  discussed  in  Paragraph 
1.7.1. 
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Before  discussing  the  variational  principles,  in  detail,  it  will  be  desirable  to  first 
define  the  energy  terms  employed  and  the  mathematical  operations  which  are  essential  to 
their  proper  application. 

1.7. 2.1  Definitions  of  Terms 

Potential  Energy  of  Surface  Tractions  and  Body  Forces;  The  loss  in  potential 
energy  of  the  surface  tractions  t^  and  body  forces  is  defined  by 


where  the  tractions  t^  have  the  dimensions  of  force  per  unit  of  area  and  the  body  forces 
have  the  dimensions  of  force  per  unit  of  volume.  The  displacements  u^,  and  hence  the  poten¬ 
tial  energy,  are  measured  from  a  datum  defined  by  the  undeformed  position  of  the  body. 

Strain  Energy;  The  strain  energy  density  in  a  deformable  body  is  defined  as  the 
work  done  per  unit  of  volume  by  the  internal  stresses  when  the  stresses  and  corresponding 
strains  vary  from  zero  to  their  terminal  values.  The  strain  energy  density  may  be  expressed 
in  terms  of  the  stresses  and  strains  as 

U„  =  f  od€  ,  (2) 

•'o 

where,  in  Cartesian  coordinates, 

ode  -  <T  d€  +  O'  d€  +  o  dc  +  2o'_  de 

XX  XX  yy  yy  zz  zz  xy  xy 

(3) 

+  20-  d€  +2a  de  =o'..  de,, 
yz  yz  zx  zx  xj  ij  ' 


Similarly 


wn 


Vie  strain  energy  of  the  body  Is  then 


I"' 


In  most  problems  it  is  convenient  to  express  the  strain  energy  in  terms  of  Internal  forces 
and  displacements  rather  than  stresses  and  strains.  Appropriate  expressions  are  given  in 
Section  2, 

Potential  Energy:  The  potential  energy  L  of  a  body  is  defined  as 
L  =  U  -  Wj,  ,  (5a 

where  U  is  given  by  Eq.  (4)  and  is  the  loss  in  potential  energy  of  the  body  forces  over  the 
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total  volume  (assuming  the  body  forces  to  be  prescribed  throughout  the  volume)  and  of  the 
surface  tractions  over  that  portion  of  the  surface  where  the  tractions  are  prescribed. 


That  is, 


*t  =^*3  W''  *  r 


where  denotes  that  portion  of  the  surface  where  the  traction  and  not  the  displacements  are 

prescribed.  This  statement  is  amplified  in  Paragraph  1.7. 2. 3  where  the  principle  of  minimum 
potential  energy  is  discussed.  Note  that  an  elastic  support  may  be  considered  to  be  part  of  the 
structure  so  that  displacements  or  tractions  may  still  be  prescribed  on  the  boundary’ . 


defined  as 


Complementary  Potential  Energy:  The  complementary  potential  energy  L*  is 


L*  =  U*  -  W 
u 

where  U*  is  the  complementary  strain  energy  of  the  body  and  (assuming  the  body  forces  to 
be  prescribed  throughout  the  body)  is  the  loss  in  potential  energy  of  the  surface  traction 

over  that  portion  of  the  surface,  S  where  the  displacement  and  not  the  traction  is  pre¬ 
scribed. 


That  is, 


=  f  t.u.dS  . 
u  Jo  1  I 


1.7. 2. 2  Variational  Techniques 

Stationary  Values;  Application  of  minimum  energy  principles  involves  the  defini¬ 
tion  of  stationary  values  for  functions  or,  more  generally,  functionals  (integrals  of  functions). 
A  stationary  condition  is  necessary  in  order  that  an  extremum  (maximum  or  minimum) 
exist.  In  the  case  of  a  function  f  (x. ,  x„,  .  .  .  ,  x  ),  the  conditions  for  a  stationary  value 

at  a  point  P  are 


ha  the  case  of  functionals,  the  problem  is  more  complex.  For  example,  given  the  functional 


i(y)  = 
J^Q 


F  (x,y,y')  dx,  where  F  is  a  given  explicit  function  of  x,y,y* ,  the  question  may 


be  asked,  what  is  the  function  y  (x)  (if  it  exists)  which  makes  I(y)  stationary  where  y(Xj.)  and 
y(Xj^)  are  prescribed?  Ibe  aim  of  the  calculus  of  variation  is  to  solve  problems  such  as  this. 

A  typical  procedure  is  shown  as  follows: 
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Consider  the  integral 


I  =  J  ^  F  (X,  y,  y*.  y")dx  . 


and  seek  the  function  y  =  y  (x)  which  makes  I  stationary  where  y  and  y’  are  prescribed  at 
X  and  X. .  The  existence  of  such  a  function  is  assumed  and  the  effect  on  I  is  examined  of  a 
variation  in  y  by  a  small  amount  6y  where  &y  -  5y’  =  0  at  x  =  x^  and  x  =  x^^  (Figure  1. 7. 2.2-1). 


(vyo> 


Extremizing 

Functimi 


(Xl-yj) 


FIGURE  1.  7.  2. 2-1  VARIATION  OF  EXTREMIZING  FUNCTION 


R I  is  an  extremizing  function,  then 


The  left  hand  side  is  called  the  first  variation  of  the  integral  I. 

In  order  to  eliminate  the  variations  5y'  and  6y"  from  Eq.  (2),  the  second  and 
third  terms  are  integrated  by  parts ; 


f,  ay  to  -  [  S  e,  ]  i  .  J  i  j,*, 


*0  \ 
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p  f..  ^  [  i..  H?-[ii-‘^];;‘ 

^  *0  0 

*P4<f..>*^<^  • 

•'  »0  *■  ^ 

Because  of  the  assumed  boundaiy  conditions,  the  bracketed  terms  In  (3a)  and  (3b)  vanish  so 
diat 


AT  -  r*^-  r  ^  A  M  4.  ^  1  -  n 

“  J  ,  L  ^  ■  dx  ^  ^2  asr*‘  J  ***  ~  ®  • 


(4) 


The  above  int^pral  must  vanish  for  all  admissible  5y,  which  requires  diat  the  expression  in 
the  bracket  of  Eq.  (4)  be  zero,  i.e. , 


8F  d  ,aF,  .  d‘ 
^  dx^ 


^  =0 


(5) 


This  differential  equation  is  known  as  the  Euler  differential  equatiim  from  which  the  function 
y  can  be  determined. 

1.7. 2. 3  Minimum  Pptential  Energy 

The  functional  called  potential  energy  was  defined  in  Paragraph  1 . 7 . 2. 1 .  We  now 
state  the  following  important  theorem  for  elastic  bodies: 

Theorem  of  Minimum  Potential  Energy:  Of  all  compatible  displacements  for  a 
stable  structure  satisfying  given  displacement  boundary  conditions,  those  which  satisfy  the 
equilibrium  equaticms  make  the  potential  energy,  L,  a  minimum.  The  converse  theorem,  vhich 
is  the  one  used  most  often,  is  as  follows: 

"Of  all  die  displacements  satisfying  the  boundary  conditions,  those  which  make  the 
potential  energy  a  minimum  satisfy  the  equilibrium  equations."  The  proofs  of  these  theorems 
and  the  other  theorems  discussed  may  be  found  in  Reference  1-1. 

Since  the  potential  energy  (  L  =  U  -  W^)  is  a  minimum  for  the  true  equilibrium 
state,  it  must  also  be  stationttiy,  i.e. , 

«  L  =  6  (  U  -  Wj)  =  0  ,  aa) 


where  the  quantities  U  and  are  defined  in  Paragraph  1.7. 2.1.  Equation  (1)  is  stated  quite 

simply;  however,  a  full  understanding  of  its  meaning  requires  further  explanation.  According  to 
Klrchhoff's  IMqueness  Theorem,  either  the  displacements  or  the  tractions  (but  not  both)  must  be 
prescribed  at  each  point  of  the  boundary  of  the  body.  Variations  of  the  potential  energy,  Eq.  (la). 
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are  effected  varying  the  displacements  only  over  those  portions  of  the  bocfy  where  the 
tractions  are  prescribed.  The  displacement  variation  must  vanish  over  those  portions  of  the 
boundary  where  the  displacements  are  prescribed.  As  a  consequence,  if  the  displacements 
are  given  over  the  entire  surface  and  there  are  no  body  forces  (W^  =  0),  then  Eq.  (la) 
becomes 


6U  =  0  .  ab) 

This  is,  in  effect,  a  stationary  (minimtun)  strain  energy  principle: 

If  there  are  no  body  forces  present  then,  of  all  the  arbitrary  sets  of  continuous 
displacements  which  satisfy  the  compatibility  equations  and  the  specified  displacement  con¬ 
ditions  over  the  entire  boimdary,  those  displacements  which  satisfy  equilibrium  make  the 
strain  energy  a  local  minimum  with  respect  to  neighboring  displacements. 

(Remark;  Since  variations  of  the  potential  energy  are  expressed  in  terms  of  the  displace  - 
ments,  the  strain  energy  must  be  given  in  terms  of  displacements. ) 


Example;  The  following  elementary  problem  illustrates  the  application  of  the  ^ 

principle  of  minimum  potential  energy.  ,  I 

'  I 

•u 

A  cantilever  beam  of  flexural  rigidify  El  is  propped  by  an  elastic  spring  with  | 

spring  constant  K  (force/unit  of  deflection).  Find  the  end  deflection  A  due  to  an  applied  | 

load  P.  I 

'i 


FIGURE  1. 7. 2. 3-1  ELASTICALLY  PROPPED  CANTILEVER  BEAM 


The  internal  (strain)  energy  for  the  beam-spring  system,  e^qoressed  in  terms  of 
the  end  displacement  is 

3EIA^  KA^ 

U  = - 5-  +  —5 —  (see  any  elementary  text  on  strength  of  materials). 

2JL^  ^ 

According  to  the  theorem,  the  loss  in  potential  energy  of  the  external  loads  W.  is  taken 
only  over  those  portions  of  the  body  where  the  forces  are  prescribed.  In  this  problem  the 
only  prescribed  force  is  the  end  load  P.  Thus, 
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so  that 


W^  =  PA, 


L  =  U  -  W. 


-(f  ^K)f^P.. 


It  follows  from  Eq.  (la)  that 


«L  .  a  44  .  [(^  +  k)  4  -  P  I  44  =  0. 

The  factord  A  Is  arbitraiy  and,  therefore,  the  bracketed  term  is  zero,  i.e. , 


Note  that 

-d^L-  (5A)^  =  d^L  =  +  k)  {6A)^  >0, 

dA"^  '  jI  ' 

which  establishes  a  minimum. 

1. 7. 2. 4  Minimum  Complementary  Energy 

Another  Important  variational  principle  relates  to  the  complementary  energy 
functional  (L*  =  U*  -  W^)  defined  in  Paragraph  1. 7. 2. 1. 

The  Theorem  of  Minimum  Complementary  Energy:  "Of  all  states  of  stress  in  a 
stable  structure  satisfying  equilibrium  and  given  traction  boundary  conditions,  that  state 
which  satisfies  compatibility  requirements  makes  the  complementary  energy  L*  a 
minimum. " 

Since  the  complementary  energy  is  a  minimiun  for  the  compatible  state,  it  must 
also  be  stationary,  i.e. , 

6L*  =  6  (  U*  -  )  =  0  ,  (la) 

where  the  quantities  U*  and  are  as  defined  in  Paragraph  1. 7. 2. 1. 

The  strain  energy,  in  this  case,  is  expressed  in  terms  of  the  stresses  or  forces, 
and  variations  of  the  complementary  energy  are  effected  by  varying  the  stresses  such  that 
tractions  vary  only  over  those  portions  of  the  surface  where  the  displacements  are  prescribed. 
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The  stress  variation  must  vanish  over  those  portions  of  the  boundary  where  the  tractions  are 
prescribed.  Consequently,  if  the  tractions  are  given  over  the  entire  surface  (  W  =  0  )  then 
Eq.  (la)  becomes  “ 

6  U*  =  0  .  (lb) 

Equation  (lb)  is  known  as  The  Minimum  Strain  Energy  Theorem,  which  states: 

"Of  all  arbitrary  stress  states  which  satisfy  equilibrium  and  the  specified  tractions 
over  the  entire  boundary,  that  state  which  satisfies  compatibility  makes  the  complementary 
strain  energy  a  minimum. "  When  a  problem  is  linearly  elastic  U*  =  U. 

Example:  The  theorem  of  minimum  complementary  energy  will  now  be  demon¬ 
strated  for  the  case  of  a  beam  on  three  supports. 

A  beam  (constant  El)  is  leaded  and  supported  as  shown  in  Figure  1. 7.  2.  4-1.  It 
is  assumed  that  there  is  no  displacement  at  the  supports .  The  support  reactions  are  to  be 
determined. 

Solution:  This  is  a  statically  indeterminate  beam  of  1  degree  of  indeterminancy.  Let  2R 

represent  the  center  reaction.  Because  of  symmetry,  the  other  two  reactions  are  equal  to 
W-R.  External  equilibrium  of  the  structure  is  satisfied  for  all  values  of  R.  However,  there 
is  only  one  value  of  R  which  will  also  satisfy  compatibility  conditions,  i.e. ,  that  the  slope  is 
continuous,  and  the  displacement  is  zero  at  the  middle  support. 

Since  the  loads  are  prescribed  everywhere  except  at  the  supports,  force  variations, 
according  to  the  theorem,  are  permitted  only  at  the  supports  where  displacements  are  prescribed 
as  zero  (W  =  0  ).  Thus  the  complementary  strain  energy,  expressed  in  terms  of  the  forces 
must  be  a  Minimum  with  respect  to  variations  in  R,  i.  e, ,  6  U*  =  0,  6  >  0. 


where 


or 


Considering  only  bending  energy,  the  complementary  strain  energy 

.2Jt  „2  „2 


M  =  (W  -  R)  X 
Rx 


Wjfc 

2 


0  <  X  <  X/2 
i/2<x<  I  , 


r  -i 
2 


U*  =  2 


/. 


(W-R)^ 

2EI 


x^  dx  + 


/; 


^  (W  -  Rxl^dx 


2EI 


WAOD  TR  60-517 


1.26 


1. 7. 2. 4  (Cont*  d) 

-f  i  r]  SR.O  . 


FIGURE  1. 7. 2. 4-1  BEAM  WITH  THREE  SUPPORTS 
Since  dR  is  arbitrary,  the  bracketed  expression  is  zero,  which  yields 


R  = 


11 

16 


W 


The  two  end  reactions  are,  therefore, 
W-R  =  Aw  , 
and  the  center  reaction  is 


2R  =  ^  W  . 

Note  also  that 

'  s  [  n  *  4  ]  » «  • 
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The  solution  of  the  structural  equations  can  be  performed  in  many  ways.  The  tech¬ 
nique  selected  depends  upon  the  type  of  problem,  the  type  of  boundary  conditions,  the  com¬ 
plexity  and  the  required  accuracy,  etc.  Ihe  problem  is  simplified  if  the  structure  is  linear 
and  permits  the  addition  of  simple  solutions  to  obtain  the  fin^  solution. 

Hie  following  symbols  are  used  throughout  this  section: 


Degrees  of  freedom  of  a  structure 

Internal  axial  load  in  beam  due  to  a  imit  load  at  "i" 

Deflection  at  "i"  due  to  a  unit  load  at  "j"  with  respect  to  a  datum  at  "r" 

Modulus  of  rupture  factor  =  M^j^, 

Internal  moment  in  beam  due  to  a  unit  load  at  "i" 

Unit  normal  to  bounding  surface 
Direction  cosines  of  normal  with  x,y,z  axes 

Internal  torque  in  beam  due  to  a  unit  load  at  "i" 

Distance  from  origin  in  polar  coordinates;  distance  from  shear  center 
Generalized  displacement 

Arbitrary  displacement  satisfying  compatibility 

Displacement  in  x,y,z  direction 

Internal  transverse  shear  due  to  unit  load  at  "i" 

Coordinates  in  x,y,z  directions 

Distance  in  beam  cross  section  from  neutral  axis 


L 

M 

P 

Q 

T 

U 


U* 


V 

W 

6W  =(5W 
6W'  =  6W* 


Area 

Effective  transverse  shear  area 

Linear  modulus  of  material 

Surface  or  body  force  acting  in  x^  direction 

Arbitrary  force  ^stem  satlstying  equilibrium 

linear  shear  modulus 

Moment  of  inertia  of  cross  section 

Load  at  "j"  due  to  a  unit  (virtual)  displacement  at  "i" 


Length  of  beam 


Internal  moment  due  to  applied  loads 
Internal  axial  load  due  to  applied  loads 
hitemal  torque  load  due  to  applied  load 


Temperature 

internal  strain  energy  = cr..  de..  dV 
~  0  ij  ij 

Complementary  strain  energy  ~  dOy  dV 


Transverse  shear  load;  volume;  potential  for  a  conservative  force  system 

Loss  in  potential  energy  of  surface  tractions  and  body  forces 

Change  in  potential  due  to  a  virtual  displacement 

Change  in  complementary  potential  due  to  a  virtual  force  system 
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AE 

El 

JG 


Axial  stif&iess  of  cross  section  =  /e^  dA 

Transverse  shear  stiffness  of  cross  section  =  /g_  dA„ 

f  2  o  V 

Bending  stiffiaess  of  cross  section  =  J^aY 

f  2 

Torsional  stiffiaess  of  cross  section  =  J  dA 


a 

Y 

6 


^xx^yy’^zz 

^xy’^yz’^zx 

e 


/Cj^and 

\ 

V 

a 

or 

xy 

T 


9 

V 


Linear  coefficient  of  thermal  expansion 

Average  shear  strain  -  transverse  shear  displacement  per  imit  length 
hicremental  operator 
Krcnecker  delta  =  1  if  i  =  j 
0  if  W  j 

Deflection  at  "i" 

Strain 

Exteusional  strains 
Shear  strains 

Axial  strain  of  cross  section  due  to  applied  loads  and  temperature,  respectively 

Polar  coordinate  -  angle  between  r  and  x  axis 
Rotation  at  "1" 

Curvature  of  cross  section  due  to  applied  loads  and  temperature,  respectively 

Transformation  matrix  converting  applied  loads  to  loads  on  the  substructures 

Poisson' s  ratio 

Stress 

Stress  on  plane  perpendicular  to  x  axis  and  in  y  direction 

Torsion  -  change  in  twist  of  cross  section  per  unit  length 
Airy  function 
Gradient  operator 


Subscripts 


Uib,  i,  j 

i.j 


A 

B 

M 

Q 

s 

T 

V 


Pertaining  to  degrees  of  freedom  a,  b,  i,  J 
Pertaining  to  Xj,  Xj  directions 

Pertaining  to  datum  structure 

Pertaining  to  axial  energy,  stresses  or  strains;  allowable 
Body 

Pertaining  to  bending  energy;  deformation  due  to  mechanical  loads 
Pertaining  to  torsional  energy,  stresses  or  strains 
Surface;  secant  modulus 
Deformation  due  to  temperature 

Pertaining  to  transverse  shear  energy,  stresses  or  strains 


Superscripts 

1,  2  Substructure 

’  Pertaining  to  a  rotational  degree  of  freedom  (e.g. ,  b’ ) 
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2.1  LINEAR  STRUCTURES 

If  the  structural  response  to  mechanical  and  thermal  loads  is  directly  proportion¬ 
al  to  these  loads  and  independent  of  past  history,  the  structure  is  said  to  be  linear  elastic. 

For  a  linear  elastic  structure,  it  is  possible  to  solve  the  general  structural  problem  by  the 
solution  of  a  few  unit- type  problems,  and  to  add  diese  solutions  to  obtain  the  final  complete 
solution.  The  technique  is  that  each  unit  solution  shall  satisfy  equilibrium  and  compatibility 
and,  when  superposed  upon  each  other,  satisfy  the  given  boundary  conditions.  Thus,  it  is 
possible  to  remove  boundary  conditions  and  solve  for  the  new  structure  and  superpose  self- 
equilibrating  force  systems  which  will  have  the  net  effect  of  satisfying  the  boundary  conditions 
(flexibility  method).  It  is  also  possible  to  divide  the  structure  into  smaller  sub-structures, 
solve  each  sub-structure  and  impose  compatibility  conditions  to  satisfy  the  boundary  condi¬ 
tions  of  the  over-all  structure  and  the  sub- structures  (stiffness  method).  These  techniques 
are  illustrated  in  the  flexibility  and  stiffness  coefficient  methods  of  Sub-section  4. 3  and  are 
derivable  from  the  "Principle  of  Virtual  Work"  discussed  in  Pc  -agraph  1. 7. 1. 

No  structure  is  truly  linear  elastic  with  respect  to  thermal  stimulation  since  the 
stiffness  of  the  structure  will  change  with  temperature.  The  structure  can  be  treated  as 
linear  elastic,  for  approximate  solutions,  where  the  changes  in  temperature  or  stresses 
are  not  severe  enough  to  significantly  chmige  the  stiffness  of  the  material  and  where  the 
strains  are  small  and  geometry  changes  can  be  ignored. 

2.1.1  Virtual  Work  Techniques 


As  a  consequence  of  the  reciprocal  theorem  (Paragraph  1.7.1),  the  loss  in  poten¬ 
tial  energy  of  the  body  and  surface  forces  acting  on  a  structure  in  its  true  equilibrium  state, 
due  to  a  compatible  set  of  arbitrary  virtual  displacements  (not  necessarily  satisfying  any 
displacement  boundary  conditions),  is  equal  to  the  gain  in  strain  energy.  In  equation  form. 


6U=  dW=  6W^, 
where  =  fadedV 

Jb 


6W  =  J  Fj6UjdV+  J*  tjdUjdS 

B  S 


a) 


In  addition,  the  loss  of  complementary  potential  energy  of  the  body  and  surface  forces  acting, 
on  a  structure  in  its  true  equilibrium  state,  due  to  a  self-equilibrating  set  of  arbitrary  virtu^ 
forces  or  stresses  (not  necessarily  satisfying  traction  boundary  conditions)  is  equal  to  the  gain 
in  complementary  strain  energy,  i.  e. , 

6U*=6W*=  6Wjj,  (2) 

where  /• 

6U*  =  /  €6odV 

•'b 

6W*  =  J  Uj5FjdV+  Is  UjfitjdS  . 

An  inequality  results  if  the  structure  is  not  in  its  true  equilibrium  state. 


2.1. 1.1  Virtual  Forces 

Figure  2. 1. 1,  l-l(a)  shows  a  body  in  equilibrium  under  the  force  systems  Fj  and  Fj^. 
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J 

2. 1.1.1  (Cont'd)  ^ 

Determine  the  displacement  in  some  chosen  direction  of  point  i.  To  do  tliis,  apply  a  unit 
force  6Fj  =  1,  acting  at  the  point  in  the  chosen  direction  (Figure  2. 1. 1.  l-l(b),  and  react 

this  force  by  6F^.  This  force  ystem  is  in  equilibrium  and  thus  satisfies  the  requirements 

of  a  virtual  force  system.  From  Eq.  (2)  of  Paragraph  2. 1. 1, 

6U*  =  6W*  =  1  •  u.  ‘  5F  •  u  (la)  ^ 

1  r  r 

If  the  reaction  points  of  5f^  are  chosen  as  the  datum  with  respect  to  which  the  defleciion  is  i 

to  be  measured,  then  u  =  0  and 

r  ; 

r  ! 

6U*  =  u.  =  /  edffdV  (lb) 

1  •'B  ; 

'fhe  deflection  can  always  be  measured  with  respect  to  a  datum  defined  by  the 
reaction  points  for  the  applied  virtual  load.  Statically  determinate  virtual  reactions  at 
points  which  are  reactions  for  the  actual  statically  indeterminate  structure  will  always 
yield  deflections  with  respect  to  the  structural  datum  with  a  minimum  amount  of  calcula¬ 
tion.  A  rigid  body  correction  must  be  made  to  determine  the  deflection  of  a  point  with 
respect  to  a  structural  datum  if  the  chosen  datum  is  not  the  same  as  the  structural  datum. 

The  rigid  body  correction  is  the  displacement  of  the  chosen  datum  with  respect  to  the 
structural  datum. 

2. 1. 1. 2  Virtual  Displacements 


To  determine  a  load  F.  which  is  in  equilibrium  with  the  force  systems  F,  and  F. 

1  J  K 

r Figure  2.  1.  1. 1- 1(c)],  a  displacement  (Su^.  =  1  is  imposed  in  the  direction  of  F.  with  corres¬ 
ponding  arbitrary  but  compatible  deformations  throughout  the  body.  This  displacement  sys¬ 
tem  satisfies  the  requirements  of  a  virtual  displacement  system.  From  Eq.  (1)  of  Paragraph 
2.1.1, 

6U=  aW=  F.  •  1  F.  6u.  +  F.  6u. 

1  ]  J  K  K 

If  the  displacement  system  is  chosen  in  such  a  manner  that 


6Uj  =  6U|^  =  0, 

then 

6U=  F.  =  /  o-ae  dV  .  (lb) 

1  •'B 

The  virtual  displacement  principle  can  also  yield  an  alternate  statement  of  the  equili¬ 
brium  equations.  To  illustrate  this,  consider  the  beam  of  Figure  2. 1. 1.  2-1  to  be  subjected 
to  a  rigid  body  virtual  displacement  in  the  vertical  direction, 

au  =  1  . 


Since  no  straining  occurs  in  a  rigid  body  displacement, 

eu=  /aa€dV  =  0, 


and 


B 


aw=  lF.au  =  au  ^  Fj 


i=l 


i=l 
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2.1.2 


Strain  Energy  in  Terms  of  Internal  Loads  and  Deformations 

It  is  most  often  convenient  to  express  the  strain  energy  of  the  body  in  terms  of  in¬ 
ternal  forces  and  the  deformations  of  these  forces  rather  than  as  stresses  and  strains.  Con¬ 
sider  a  body  in  equilibrium  and  compatibility  under  a  given  set  of  loads  and  a  temperature 
distribution.  Cut  the  body  into  elemental  volumes  and  apply  tractions  at  the  cuts  which  are 
equal  to  those  stresses  which  existed  in  the  body  before  it  was  cut.  These  tractions  are 
exactly  those  necessary  to  insure  a  perfect  fit  between  the  elemental  volumes.  It  can  be 
shown  by  the  Divergence  Theorem  that  the  strain  energy  expressed  bv  these  internal  forces 
acting  through  the  displacement  of  the  cuts  is  equal  to  the  work  done  by  the  body  and  surface 
forces  acting  through  their  displacement,  and  that  the  complementary  strain  energy  is  equal 
to  the  complementary  work  of  the  body  and  surface  forces. 

Figure  2. 1.2-1  illustrates  a  beam  subjected  to  temperature  and  mechanical  loads. 
The  equivalent  internal  loads  and  the  deformation  of  the  cross  section  are  defined  by  an 


-Principal  Axis 


^r  Shear  Center 


Elastic  Area 
P  Center  (C.G. ) 


^  Section  B-B 

X 

FIGURE  2. 1.2-1  BEAM  UNDER  LOAD 

axial  load  P  and  an  axial  deformation  per  unit  length  of  a  bending  moment  M  and 

a  change  in  slope  per  unit  length  (curvature)  of  +  K.^,;  a  twisting  moment  Q  and  a  change 

in  twist  per  unit  length  (torsion)  of  t  ;  a  transverse  shear  load  V  and  a  relative  shear  dis¬ 
placement  per  unit  length  (shear  strain)  of  y.  Ihe  subscript  M  implies  the  deformation  as¬ 
sociated  with  the  mechanical  load  and  the  subscript  T  implies  deformations  associated  with 
temperature. 

Assuming  linear  strains  over  the  beam  cross  section,  let 

€  =  Axial  strain 

A 


Cq  =  Torsional  shearing  .strain 


:y  =  Transverse  shearing  strain  (may  be  nonlinear) 
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2.1.2  (Cont'd) 

These  strains  may  be  expressed  in  terms  of  the  internal  deformations  by  the  relations 


t 

■« 

'1 


€  *  =  €«  +  +  {  K^  +  K^)  y 


M 


a) 


/g« 


^  dA  =  (A^G)  y 
Similarly  let 


ff.  =  Axial  stress 
A 


Oq  =  Torsional  shearing  stress 
o^  =  Transverse  shear  stress. 

Ibese  internal  stresses  can  be  expressed  in  terms  of  the  internal  loads  by  the  relations 
‘^A  =  [^M  ^ 

GgOr 


^T  ^  ■"  '^T^  y  “ 


‘"q  S 


(2a) 


fa,,  dA  =  /Gc 


JG 

dA  =  V 


where 


“  EA 


_a_ 

JG 


^T 


/  Eg  q-T  dA 


‘M= 


EA 

M 


.7  =-^ 


AyG 


(2b) 


Kt 


El 

/Eg  y  oT  dA 


El 


and 


El  =  /Egy^dA 

1a=  /EgdA 


JG  =  /  Ggr^  dA  (for  circular  sections  (xily)  (2c) 

AyG=  /  Gg  dAy 

0  =  /  Eg  y  dA  . 

Evaluating  the  strain  energy /y  odedV  and  the  complementary  strain  energy  /y  cdadV 
results  in 


u*  =  u*  .  Uj*  -  u  *  .  u  * 
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:3 


J 


(3a) 


2. 1.3.1  (Cont'd) 
beam-like  structure,  results  in 


f-  =  / 

*0  [ae 


f.f, 

-Jj-  H 

m.m, 

.  -  J  t 

AE 

El 

JG  A^G 

The  deflection  of  the  structure  can  be  obtained  by  employing  Eq.  (5)  of  Paragraph 

2.1.2  or  by  adding  the  effects  of  each  load  times  the  corresponding  flexibility  coefficient, 

^  ~  ^ij  •  wt^®re  repeated  indices  indicate  summation. 

When  the  structure  is  linear  elastic,  the  values  of  AE,  El,  JG,  and  A^G  do  not 
change  with  load  or  temperature  stimuli  and  linear  simultaneous  equations  can  ne  set  up 
to  solve  for  the  desired  quantities  (see  Paragraph  4.2.4). 

2. 1.3. 2  Addition  of  Flexibility  Coefficients 

Equation  (1)  of  Paragraph  2. 1.3. 1  can  be  visualized  as  a  group  of  springs  in  series. 

The  energy  content  of  a  spring  is  directly  proportional  to  its  flexibility  and  toe  approximation 

of  ignoring  all  energies  but  toe  bending  energy  is  equivalent  to  assuming  0  =  =  ~  q. 

The  flexUjility  of  a  structure  can  be  analyzed  by  superposing  the  flexibilities  of  structures  ^ 
where  all  flexibilities  except  one  are  assumed  zero  as  shown  in  Figure  2. 1.3. 2-1. 

^WWWWVVWWWWVWNAAAAAAAAA/WWWWyWW^ 

n  AXIAL  BENDING  TWIST  SHEAR 

rL  f.f. 

f..p  =  Jq  dx  +  0  +0  +  0  Axial  Energy 

AE 

XLm.m. 

^  dx  +  0  +  0  Bending  Energy 

I  El 
0 


dx  + 


0 

•'o  JG 
0 


Axial  Energy 
Bending  Energy 
Twisting  Energy 


i.Lv  V 

J  "  ^  dx  Shear  Energy 
•'O  A  G 

V 

f.,„  Total  Energy 


FIGURE  2. 1.3. 2-1  SUPERPOSITION  OF  FLEXIBILITIES 

A  structure  (e.g. ,  a  cantilever)  can  be  analyzed  by  the  solutions  of  individual  portions 
(springs)  which  are  then  placed  together  by  satisfying  compatibility  and  equilibrium  at  each  of  the 
common  contacts.  This  is  also  equivalent  to  analyzing  the  over-all  structure  where  all  flexibi¬ 
lities  but  one  portion  are  identically  zero  and  adding  toe  solutions  as  shown  in  Figure  2. 1.3. 2-2, 
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2.  1.3.2  (Cont’d) 


1 _ 

^.-1 

> 

y 

•  a 

3 

[ 

ir 

i  a 

t 

1  M 

I 

v_y  “ 

(a)  Actual  Structure 

y 

i«  y 

—  ^ 
y 

r7\ 

u  C 

y 

l“b 


+F. 
a  b 


L) 


h 


? 


M, 


w 

(FbL^-Mj^) 

(b)  Series  Components  of  Actual  Structure 


b 

V_v_ 


FIGURE  2. 1.3. 2-2  EQUUMLENT  STRUCTURES  IN  SERIES 
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43 


I 


4 

I 

I 

■a 

I 

-1 

I 

* 

I 

1 


1 


I 


,1 


I 

i 


-1 


* 


I* 

131 

33 


I 


2. 1.3.  2  (Coit’d) 

fii  Figure  2.1.3.2-2<a)  and  -2  (b)  the  actual  structure  is  shown  to  be  equivalent 
to  two  substmctures  1  and  2  connected  in  series.  Substructure  1  has  the  same  displacement 
datum  as  the  actual  structure,  with  end  loads  equal  and  opposite  to  the  reactions  of  sub¬ 
structure  2.  Substructure  2  has  the  same  loads  as  the  actual  structure  but  the  displacements 
are  corrected  for  a  rigid  body  motion  corresponding  to  the  translation  and  rotation  (u  )  of 

Si 

the  end  of  substructure  1.  The  same  results  and  calculations  would  be  obtained  by  adding  the 
solution  of  the  two  rigid  flexible  beam  problems  shown  in  Figure  2. 1.3,2-2(c). 


The  elemental  substruc^es  are  much  easier  to  analyze  than  the  over-all  structure. 
The  loads  on  the  substructures  (F )  are  expressed  in  terms  of  the  applied  loads  on  the  actual 
structure  (F)  by  means  of  the  equilibrium  equations. 

{f}=[x]{p}  = 


The  displacements  of  the  actual  structures  can  be  similarly  expressed  in  terms  of  the  loads 
and  flexibility  of  substructures. 

^  =  ‘'aa  <^a*V*  "'aa.  («a*“b*^b^' 

®a  =  \'a  Va.<“a*«b*V>  ,2 

%  ‘  \  ^I-^a  *  \b  ''b  *  \b.  “b 

®b  ”  ®a  "  \'b  f'b  *  '  'b'b'  “b 


r  ^ 


10  10 

Fa 

0  1  L  1 

M 

0  0  10 

F  / 

0  0  0  1 

M  matrix  form ; 


h}= 


e 


®b 

V.  ^ 


aa 


1  11  1 
^f  ,  I  f  +  L  ^f  , 

aa'  aa  aa' 


'  aa' 


a' a 


^f  i  ^f  +L^f 
Va'  n’n  ^  »'«' 


a' a  a' a' 


ll, 

I  Va’ 


r  ^ 
F 

a 


M 


'^aa 

+Lf 


r 


If  '  If  +T  If  +  'If 

*aa'  I  ^aa  ^aa'  ob  I  aa'  ob' 


a'a 


+L  f  ,  ,  I  +L  f  ,  +L  f 
a'  a'  I  a'  a  s 


to  » 


- J - J - - 


I 

l+L  f  ,  , 
I  a'  a' 


1 


f  , 
a'a 


h  h  +T  h  +  2,.  ,  1  2f 

a'a'  j  Va  ^  ^a'a'  ^'b|  ^a'a'  ^b’b' 


M 

b 

V.  J 


(3) 
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2.1.4  Applicatioiis  of  Virtual  PlBpIacement  Techniques 

The  loade  on  the  structure  and  the  sWfhess  coefficients  can  be  obtained  by  applying 
the  principle  of  virtual  displacement.  The  stlfhiess  coefficient  is  defined  as  the  force  (or 
moment)  at  a  point  j  when  the  structure  is  subjected  to  a  unit  displacement  at  point  i. 

2. 1.4.1  Load  on  a  Structure 

Apply  a  virtual  displacement  pattern  which  does  not  violate  compatibility  and  is 
unity  at  and  zero  at  all  other  points  where  other  forces  act  (see  Figure  2.1.1.1-l(c)). 


From  Eq.  (lb)  of  Paragi-apn  2. 1.1. 2, 

5  U  ^  Fj  =  j  a  6  €  dV. 


For  beam-like  structures  using  the  equivalent  internal  loads  and  deformation  of 
Eq.  (4)  of  Paragraph  2.1.2, 

aU=Fj=J  |p5€-M6/c+Q6T  +  V(5Y)]dx,  (1) 

where  the  changes  in  the  deformation  are  due  to  the  virtual  displacement  and  the  loads  acting 
on  the  cross  section  constitute  the  self-equilibrating  thermal  stress  system. 

For  beam-like  structures  the  bending  energy  predominates  and  the  following  is  obtained 
as  an  approximation 

F,  ~  /  M  6  K  dx  .  (2) 

•*  •'o 

Thus,  to  obtain  the  force  at  a  point  in  the  structure,  evaluation  of  the  virtual  work  due  to  the 
virtual  displacement  is  required,  ibis  is  equal  to  the  internal  forces  in  the  structure  acting 
through  the  virtual  internal  deformation.  Ibis  procedure  is  employed  in  Section  9,  "Stability  of 
Structures." 

2. 1.4.2  StifSiess  Coefficients 

Applying  a  displacement  at  point  j  causes  loads  to  be  generated  at  j  and  points  where 
displacements  are  kept  zero.  Ibese  forces  are  the  counterpart  of  the  flexibility  coefficients 
which  give  the  deflection  at  points  of  interest  due  to  a  unit  load  at  a  given  point  and  zero  load 
everywhere  else.  Ibe  stiffoess  coefficients  are  the  loads  at  points  of  interest  due  to  the  unit 
displacement  at  the  given  point  and  zero  displacement  at  the  other  points  of  interest.  The 
elements  of  the  stiffiiess  coefficients  matrix  are  the  loads  which  result  in  the  unit  deflection 
matrix  and  can  be  obtained  by  inverting  the  flexibility  coefficient  matrix.  The  forces  at  the 
datum  can  be  obtained  from  the  equilibrium  equation.  Similarly,  the  Influence  coefficient 
matrix  can  be  obtained  by  inverting  the  non-singular  stiffness  matrix.  Ibe  non-singular  matrix 
is  obtained  by  removing  the  elements  associated  with  the  datum  of  the  structure. 


'«  'Si 


hi  -  I"' 

The  stiffness  coefficients  for  an  elemental  beam  can  be  obtelned  by  inverting  the  flex¬ 
ibility  coefficients  as  shown  in  the  following  example. 
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2. 1.4, 2  (Cont'd) 


Example  -  Cantilever  Beam  of  Constant  El  (Bending  Energy  Only): 


where  prime  (a* )  refers  to  rotational  loads  or  displacements  at  point  a. 


(3)' 


From  equilibrium  and  symmetry  the  entire  stiffiaess  matrix  can  be  obtained  for  the  loads  which 
are  required  when  a  joint  is  moved  a  unit  displacment  and  all  other  Joints  axe  fixed.  This  is 
shown  in  Table  2. 1.4. 2-1 


TABLE  2. 1.4. 2-1  STIFFNESS  COEFFICIENTS  OF  BEAM- LIKE  STRUCTURE 


Displacement  at  Joint 
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0’ 
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2. 1.4. 3  Addition  of  Stiffness  Coefficients 

If  two  or  more  elements  of  a  structure  have  a  common  point  (joint)  of  interest, 
then  the  load  necessary  to  obtain  the  displacement  at  that  point  is  the  sum  of  the  forces 
necessary  to  apply  the  displacement  to  each  element.  This  is  analogous  to  a  set  of  springs 
in  parallel. 
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Load  at  Joint 


2. 1.4.3  (Cont'd) 

It  is  important  to  maintain  a  sign  convention  which  is  invariant  in  space  for  the 
stiffeess  coefficients  since  the  forces  of  elements  with  a  common  point  may  be  so  oriented 
that  the  load  in  the  adjacent  elements  may  be  of  opposite  sign  (References  2-1  and  2-2). 

Coupled  stifSiess  coefficients  can  be  obtained  by  repeating  basic  stifftiess  coef¬ 
ficients  and  adding  those  terms  which  are  in  common.  Ilxus  the  stiffness  at  a  joint  is  addi¬ 
tive  (the  springs  are  in  parallel)  and  the  total  stifftiess  at  a  joint  is  the  sum  of  the  stiffnesses 
of  all  members  coming  into  the  joint.  This  is  shown  in  Table  2. 1.4. 3-1  and  Figure  2. 1.4. 3-1. 

TABLE  2.1. 4-3-1.  COUPLED  STIFFNESS  COEFFICIENTS 


Displacement  at  Joint 
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2.1.5. 1  Symmetry 

The  deformation  of  a  point  i  due  to  a  unit  load  Ht  a  second  point  j  is  equal  to  the  de¬ 
formation  of  the  second  point  j  due  to  a  unit  load  at  the  original  point  1.  Hie  deformation 
(linear  or  rotational)  at  a  point  corresponds  to  the  type  of  load  (force  or  moment)  at  the  other 
point. 


^Ij  ■  'ji 

aa) 

=  e... 

ab) 

4^ 

II 

=  v  • 

ac) 

where 

®ij 


linear  displacemement  at  i  due  to  unit  linear  load  at  j 
rotational  displacement  at  i  due  to  unit  load  at  j 


A.. I  =  linear  displacement  at  i  due  to  a  unit  moment  at  J 
0. . ,  =  rotaticmal  displacement  at  i  due  to  imit  moment  at  j 

The  symmetry  of  the  matrix  is  evident  by  noting  the  equivalence  of  the  energy  terms 

similar  to 


r 


(m^)(mp 


«  li 


dx 


(mj)(mp 

li 


dx  . 


This  symmetry  can  be  utilized  to  reduce  the  number  of  calculations  or  to  average  the 
experimental  results. 


2. 1.5. 2  Positive  Definiteness 


The  fact  that  each  structure  absorbs  energy  in  deforming  requires  that  the  displace¬ 
ment  of  a  point  on  a  structure  cannot  have  a  component  which  is  opposite  to  fie  direction  of  the 
applied  load.  This  is  demonstrated  by  the  positiveness  of  the  energy  terms  similar  to 
fL  (m.)2dx 

—  .  Thus  the  influence  coefficient  defining  the  deflection  of  a  point  due  to  a  load  at 


that  point  must  never  be  negative  (always  positive  except  for  the  reaction  for  which  it  is  zero). 
Thus  the  main  diagonal  of  the  influence  coefficient  matrix  must  be  non-negative. 


Another  relationship  derivable  from  the  positive  definiteness  of  the  structural  matrix 
is  that  the  product  of  two  main  diagonal  elements  must  never  be  less  than  the  square  of  the  cor¬ 
responding  off-diagonal  element. 


'ii  'jj  ^  (fij> 


This  is  evident  from  the  Schwartz  inequality. 


2  J 

m.  dx 
1 

£I 


(2) 


(3) 
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2. 1.5. 2  (Cont'd) 

The  positive  definiteness  property  can  be  employed  to  check  on  the  accuracy  of  the 
experimentally  determined  values. 

2.1.6  Equivalent  Thermal  Load 

The  linear  elastic  structure  permits  a  solution  by  the  superposition  of  various 
loading  conditions  as  long  as  the  total  effects  add  up  to  the  original  problem.  This  approach 
is  particularly  adaptable  to  structures  subjected  to  temperature.  The  effect  of  a  temperature 
is  to  cause  an  axial  expansion  of  each  elemental  volume  of  the  structure.  The  stresses  which 
arise  due  to  temperature  are  the  self-equilibrating  stresses  necessary  to  make  each  elemental 
volume  compatible  with  the  adjacent  elemental  volumes  and  the  boundary  conditions. 

There  are  basically  two  methods  of  solving  the  equivalent  mechanical  loading  pro¬ 
blem  for  the  linear-elastic  structure  subjected  to  both  temperature  and  mechanical  loading. 

In  each  method,  the  structure  is  first  decomposed  into  elemental  units.  The  behavior  of 
each  elemental  unit  for  temperature  and  mechanical  loading  is  readily  determinable.  In  the 
first  method,  the  elemental  units  are  permitted  to  deform  independently  of  each  other  and  the 
displacement  of  the  boundaries  of  adjacent  elemental  units  are  observed.  Attempt  is  then  made 
to  put  the  decomposed  structure  together  again.  Tliis  requires  that  the  elementsil  boundaries 
be  compatible  with  each  other.  Self-equilibrating  force  ^sterns  (internal  forces)  are  applied, 
wherever  necessary,  at  adjacent  boundaries  to  guarantee  compatibility.  For  beam-like  struc¬ 
tures,  this  is  called  the  flexibility  method,  ti  the  second  method,  the  elements  are  restrained 
from  deforming  when  subjected  to  the  temperature  and  load  by  infinitely  rigid  restraints.  The 
mechanical  loads  generated  at  the  restraints  are  supplied  by  the  structure  if  this  restraint 
actually  exists.  If  the  restraint  does  not  exist  then  the  boundaries  of  the  elemental  units  are 
permitted  to  deform  (always  maintaining  compatability)  until  the  load  in  the  artificial  restraint 
vanishes.  For  beam-like  structures,  this  is  called  the  stlffiiess  method.  These  techniques  are 
described  for  beam-like  structures  in  Sub-section  4-3. 

The  solution  for  beam-like  structural  units  is  usually  expressed  as  influence  coef¬ 
ficients,  that  is,  in  terms  of  the  deformation  due  to  unit  type  loading,  or  the  loading  due  to  a 
unit  type  deformation.  It  is  advantageous,  therefore,  to  convert  a  thermal  loading  to  an  equiva¬ 
lent  mechanical  loading  so  as  to  treat  a  temperature  problem  as  an  equivalent  mechanical  pro¬ 
blem  and  simplify  the  amount  and  type  of  calculations.  All  the  structural  techniques  available 
for  mechanic^  loads  could  then  be  employed  to  solve  the  structure  subjected  to  mechanical 
loads  and  temperature. 

2. 1.6.1  Three  Dimensional  Hydrostatic  Loading 

Assume  that  the  body  is  cut  into  elemental  volumes  which  are  then  supported  with 
infinitely  rigid  restraints  so  that  compatibility  between  the  elemental  volumes  is  maintained. 
Application  of  temperature  distribution  to  the  structure  will  now  try  to  esmand  these  elemental 
volumes  which  will  be  counteracted  by  hydrostatic  stresses  equal  to  -  at  the  artificial 


restraints.  The  artificial  restraints  must  supply  the  difference 


1  -2v 
-EaVT 


of  the  restraining 


1  -  2v 

hydrostatic  stress  loads  applied  to  adjacent  elemental  volumes.  Since  the  restraints  are  arti¬ 
ficial,  the  structure  must  be  allowed  to  deform  so  as  to  balance  out  these  "equivalent  body 
forces."  By  this  means  the  original  problem  has  been  changed  into  two  problems.  The  stressef 
in  the  first  problem  of  the  artificially  restrained  body  are  simply; 


I 

I 

s 
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2. 1.6.1  (Cont’d) 
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Hie  second  problem  is  the  classical  linear  elastic  problem  with  body  forces 
which  are  proportional  to  the  thermal  gradient. 
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Ihe  equilibrium  equations, 
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and  the  strain  displacement  (or  compatibility)  equations  (Paragraph  1.1),  together  with  the 
stress-strain  relations  (Paragraph  1.4),  provide  the  necessary  and  sufficient  equations  for 
a  solution. 

The  final  solution  is  the  sum  of  the  individual  solutions, 

1  2 

<r.,  =  O’.,  +  O’..  .  (5) 

ij  ij  ij  '  ' 

Thus  the  temperature  problem  is  the  mechanical  equivalent  of  applying  a  hydro¬ 
static  loading,  proportional  to  the  temperature,  to  all  the  elements  and  the  boundary  of  the 
structure  and  then  apply  body  forces  to  the  structure,  equivalent  t-  the  gradient  of  ihe  hydro- 

EaT 

static  loading,  along  with  boundary  forces  which  negate  the  -  ^  boundaiy  forces. 
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2. 1.6. 2  Fixed  End  Beam  Reactions 

If  the  behavior  of  the  elemental  structures  when  subjected  to  mechanical  and 
thermal  loads  is  known  (e.g. ,  determinate  beams  of  Section  4)  within  acceptable  engineering 
accuracy,  the  artificial  restraints  (jacks)  '.eed  not  be  constructed  at  each  elemental  volume 
but  only  at  the  common  boundaries  (joints)  of  these  larger  elemental  structures.  First  the 
thermal  stimulation  is  applied  to  the  structure.  Each  joint  of  the  elemental  beams  will  tend 
to  deform  but  will  be  restrained  by  the  artificial  jacks.  The  loads  introduced  in  the  artificial 
jacks  are  commonly  termed  fixed  end  reactions.  The  artificial  jacks  must  supply  the  imbalance 
of  the  fixed  end  reactions  coming  into  the  common  joint  from  the  various  structural  elements. 
The  original  structural  problem  is  thereby  reduced  to  two  simpler  problems.  The  first  pro¬ 
blem  is  the  solution  of  the  elemental  (fixed  end)  beams  which  are  restrained  from  any  motion 
at  the  ends.  The  solution  of  this  type  of  problem  is  indicated  in  Sub-section  4.2.  The  second 
problem  is  the  deformation  necessary  to  eliminate  the  artificial  restraints  and  internal  loads 
in  a  structure  with  mechanical  loads  equal  to  the  negative  of  the  imbalanced  fixed  end  reactions 
acting  at  each  joint.  The  solution  of  this  type  problem  is  indicated  in  Sub-section  4.3.  Ihe 
solution  of  the  original  problem  is  thus  the  sum  of  the  solutions  of  the  two  simpler  problems. 
Reference  2-2  indicates  that  the  deformation  at  the  joints  of  the  structure,  due  to  the  applied 
temperatures  and  loads,  is  identical  to  those  calculated  by  the  equivalent  fixed  end  reactions. 

The  relative  deformations  of  the  elemental  beams  between  the  joints  must  be  added  to  the  joint 
deformations  to  obtain  the  total  deformations. 

2.1.7  Plane  Stress  and  Plane  Strain  Problem 

The  three  dimensional  problem,  in  general,  requires  the  determination  of  15  quanti¬ 
ties  (6  stress,  6  strain,  and  3  displacements),  given  the  body  forces  and  the  boundaiy 
conditions.  This  problem  can  be  greatly  simplified  if  the  given  geometry  or  loading  makes  some 
of  the  unknown  quantities  zero  (or  insignificant).  This  is  the  case  in  the  plane  strain  and  plane 
stress  problems. 

The  state  of  plane  strain  is  defined  as  one  in  which  the  displacement  component  in  a 
given  direction  is  zero  (e.g. ,  z  di,  action,  w  =  0)  and  the  other  displacement  components  are 
independent  of  this  direction  (u  2  ~  z  =0)-  condition  arises  in  a  long  (axial  dimen¬ 
sion  large  with  respect  to  cross  sectional  dimensions)  prismatic  body  under  loads  and  tem¬ 
peratures  which  are  independent  of  the  axial  coordinates. 

The  state  of  plane  stress  is  defined  as  one  in  which  the  stresses  acting  on  faces 
parallel  to  a  given  plane  are  zero.  This  condition  arises  in  a  short  (axial  dimension  small 
with  respect  to  cross  sectional  dimensions)  prismatic  body,  e.g.,  a  flat  plate,  whose  face 
are  unrestrained  and  unloaded.  The  axial  dimension  is  sufficiently  small  so  that  the  axial 
stress  cannot  change  significantly. 

Solutions  can  be  obtained  by  an  "Aiiy"  function  which  satisfies  the  equation  of 
equilibrium  identically  and  is  made  to  satisfy  the  compatibility  equations.  A  general 
solution  can  be  obtained  by  the  sum  of  such  functions  (which  also  satisfies  compatibility 
and  equilibrium)  and  whose  total  boundary  condition  duplicates  the  actual  boundary  con¬ 
dition.  The  St.  Venant's  principle  (Paragraph  2.1.8)  can  be  employed  to  obtain  approxi¬ 
mate  solutions  which  are  satisifactory  at  distances  away  from  the  area  where  the  boundary 
conditions  are  not  satisfied  identically. 

2. 1.7.1  Plane  Strain 

The  technique  is  demonstrated  for  a  rectangular  coordinate  system  out  is  equally 
applicable  to  other  orthogonal  systems. 
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2. 1.7. 1  (Cont'd) 

and  for  zero  mechanical  boundary  tractions, 

<p  =  a  =0. 

^  '^.n 

2  11 
In  polar  coordinates,  VT  =  T  +-T  + 

,rr  r  ,r  J.2  ,e©  ’ 


and 


.-{-I 

'  dr 


+  i 

2  r  3r 


30 


(8) 

(9a) 


(9b) 


The  total  solution  is  the  sum  of  the  stresses  obtained  from  the  above  formulation  with 

the  stresses  from  the  restrained  conditions  a  =  a  =  a  =  -  . 

XX  yy  zz  \  -2v 

2. 1.7.  2  Plane  Stress 

In  the  case  of  plane  stress,  the  technique  is  similar.  Utilizing  a  =  o  = 
a_  =  0  and  the  equilibrium,  compatibility,  and  stress-strain  relationship,  tlfi? following  is 
obtained:  .  _ 

v"*  «>+ (1 -V  )  V'^V  =  0.  (1) 

For  thermal  stimulation  it  is  no  longer  necessary  to  restrain  the  thermal  ex¬ 
pansion  in  the  axial  (z)  direction  since  the  structure  is  free  to  expand  in  this  direction. 

The  necessary  artificial  restraints  are  just  the  xz  and  yz  planes  without  the  xy  plane. 

The  potential  or  equivalent  hydrostatic  pressure  becomes  (-V)  =  (  -  )  .  The 

thermal  plane  stress  problem  then  becomes  ^ 


<p  +  orE  T  =  0  ,  (2) 

and  for  zero  mechanical  boundary  tractions , 

<P  =  Ojj=0.  (3) 

The  total  solution  is  the  sum  of  the  stresses  obtained  from  the  above  formulation  with 

U*  /v*T* 

the  stresses  from  the  restrained  conditions  o  =  o  =  -  — r-  - 

XX  yy  1  -V 

2.1.8  St.  Venant*  s  Principle 


In  many  instances  the  solution  to  the  problem  can  be  simplified  by  obtaining  an 
approximate  solution  in  which  the  surface  tractions  (which  may  be  impossible  to  prescribe) 
are  not  satisfied  identically.  In  general,  the  engineer  only  knows  the  resultant  force  and 
not  the  traction  distribution.  "If  the  local  applied  tractions  are  replaced  by  a  statically 
equivalent  load  system,  then  the  solution  will  be  satisfactory'  at  points  sufficiently  removed 
from  the  region  of  application  of  the  local  tractions. "  This  is  known  as  the  "St.  Venant’ s 
Principle"  and  is  extremely  useful  when  the  e.xact  solution  is  too  complex  (or  may  not  be 
solvable  with  available  mathematical  tools).  This  principle  is  employed  in  Section  4  where 
the  zero  tractions  on  the  free  end  of  the  thermoelastic  beam  were  replaced  by  a  self-equili¬ 
brating  thermal  stress  system.  The  solutions  are  satisfactory'  at  a  cross  section  away 
(approximately  2  to  3  depths)  from  the  free  end  and  a  local  approximation  is  employed  in 
the  vicinity  of  the  free  end  rather  than  attempting  an  exact  solution. 
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2.2  NON-LINEAR  STRUCTURES 

The  necessary  conditions  that  a  structure  will  be  linear-elastic  in  going  from  its 
original  state  to  its  final  state  is  seldom  fully  realized  in  an  actual  airframe  design  where 
minimum  weight  is  required. 

Hie  advent  of  high  speed  venlcles  has  forced  the  designer  of  airframe  structures 
to  re-assess  the  non-linear  effects  of  stress,  temperature  and  time  upon  the  structural 
material.  Formerly  the  design  was  based  on  a  linear  elastic  analysis  of  the  structure  be¬ 
cause  of  the  simplicity  and  wealth  of  analyses  in  the  literature  employing  classical 
"elasticity"  (linear)  theories. 

An  examination  of  experimental  data,  however,  revealed  some  discrepancies  between 
the  linear  analyses  and  the  actual  results,  hi  some  cases  the  analysis  underestimated  the 
maximum  load  while  in  other  Instances  it  overestimated  the  load. 

Ibe  problem  of  a  beam  in  bending  is  a  well  known  example  of  underestimating  the 
maximum  load.  Tlie  classical  linear  theory  results  in  a  stress  distribution  which  is  propor¬ 


tional  to  the  distance  from  the  neutral  axis  (o 


Mv 


)  and  the  maximum  allowable  moment 


(Ma)  would  occur  when  the  maximum  allowable  stress  is  attained  =  - 


Ibis  value,  obtained  by  assuming  a  stress  distribution, 
mental  value  of  M.  =  -  k — — (modulus  of  i*u 


IS  distribution,  is  significantly  lower  than  th  experi- 
(modulus  of  nipture)  by  a  factor  of  k  >  1  whicj  de¬ 


pends  upon  the  geometry  and  the  stress-strain  curve  of  the  material.  The  discrepancy  is  pri¬ 
marily  due  to  the  fact  that  the  linear  analysis  results  in  a  significant  stress  gradient  which  will 
be  reduced  as  the  stresses  approach  the  maximum  allowable  stress  due  to  the  actual  stress- 
strain  curve  of  the  maU  rial.  Additional  examples  are  stress-concentrations,  thermal  stresses, 
Interaction  stresses  of  shells,  etc.  The  problem  of  the  buckling  of  a  structure  is  a  well  known 
example  of  overestimating  the  maximum  load.  Ihe  classical  linear  theory  assumes  a  stress 
distribution  with  a  constant  upper  bound  on  the  modulus.  The  calculated  value  can  be  signif¬ 
icantly  above  the  actual  value  which  depends  upon  the  stress  level  and  the  stress  gradient.  This 
is  qualitatively  discussed  in  Section  9  on  the  effect  of  plasticity  and  eccentricity  upon  stability. 
Additional  examples  of  overestimating  maximum  load  is  the  ignoring  of  stress  concentrations, 
fatigue  damage,  etc. 

The  designer  was  forced,  therefore,  to  modify  the  linear  analysis  by  introducing  a 
plasticity  factor  to  account  for  the  non-linearity  of  the  stress-strain  relationship.  This  pro¬ 
cedure  is  fairly  successful  when  the  effects  of  time  and  thermal  gradients  are  negligible  and 
the  non-linear  behavior  of  the  structure  can  be  estimated  from  the  experimentally  determined 
uniaxial  (short-time)  stress-strain  relationship  at  the  design  temperature. 

The  problem  of  the  effects  of  a  general  stress-temperature-time  history  upon  a  structure 
is  quite  complex  and  available  analyses  are  usually  lacking  in  reliability  and  ease  of  application. 
Attempts  to  employ  modified  linear  procedures  are  fraught  with  danger  and  may  lead  to  excessive 
errors  In  estimating  the  life  of  a  structure.  The  errors  can  occur  in  either  direction;  either  in 
underestimating  the  structural  life  and  resulting  in  an  excessively  heavy  structure,  or  in  over¬ 
estimating  the  structural  life  which  would  cause  a  premature  failure.  Any  attempt  to  experi¬ 
mentally  determine  adequate  empirical  analysis  procedures  would  be  defeated  by  the  tremendous 
amount  of  test  time  and  the  high  costs  necessary  to  determine  the  effect  of  all  possible  stress- 
temperature -time  histories  upon  various  geometric  configurations.  The  time  available  to  do 
this  experimental  work  before  a  design  must  be  selected  would  be  far  from  adequate  in  the  rapidly 
advancing  technology  of  materials,  structures,  etc.  It  is  imperative,  therefore,  that  all  analysis 
nethods  be  based  on  fundamental  concepts  and  simple  procedures  which  best  approximate  the 
available  experimental  data.  The  empirical  design  factors  should  be  obtainable  with  as  little 
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experimental  data  as  possible  and  the  analysis  procedures  should  be  presented  in  as  simple 
a  manner  as  possible  to  minimize  the  amount  of  labor  required  to  analyze  the  structure.  A 
non-dimensicmal  approach  should  be  investigated  in  order  to  reduce  the  amount  of  experi¬ 
mental  data  and  analysis  curves  required. 

An  incremental  time  technique  as  described  in  Section  1  can  be  employed  in  special 
cases,  hi  general,  however,  the  amount  of  necessary  computations  will  be  prohibitive. 
Approximations  based  on  deformation  theory  could  be  attempted  to  make  the  problem  solvable 
and  the  approximations  would  give  a  clue  as  to  whether  the  solution  overestimates  or  under¬ 
estimates  the  true  behavior  of  the  structure.  The  effect  of  approximations  (neglecting 
energies,  approximating  variables  by  constants,  additional  assumptions,  etc. )  can  be  more 
readily  evaluated  by  simplifying  the  non-linear  general  equations  Aan  by  trying  to  modify 
the  solutions  of  over-simplified  linear  equations. 

The  equations  of  equilibrium  and  of  compatibility,  it  was  shown,  do  not  depend  upon 
a  stress-strain  relationship.  They  can  be  obtained  from  energy  principles  alcne  (virtual 
work).  The  equations  of  equilibrium  are  basically  a  reladonship  of  the  stresses,  and  tiie 
equations  of  compatibility  are  a  relationship  of  strains.  The  stress-strain  relationships 
are  the  additional  conditions  necessary  to  combine  the  equations  cf  equilibrium  and  com¬ 
patibility  in  terms  of  the  stresses  or  strains  alone.  The  material  behavior  is  discussed 
in  Section  3  to  obtain  reasonable  and  non-dimensional  stress-strain  relationships. 

Methods  of  analyzing  non-linear  structures  are  briefly  discussed  in  the  following 
paragraphs.  Most  non-linear  problems  are  considered  beyond  the  present  scope  of  this 
Manual.  The  non-linear  problem  of  stability  is  presented  in  more  detail  in  Section  9  be¬ 
cause  of  die  great  need,  the  utility,  and  availability  of  approximate  methods. 

2.2.1  hicremental  Linear  Solutions 

hicremental  linear  solutions  were  brieflj'  discussed  in  Section  1 .  The  technique 
will  give  the  correct  results-provided  the  incremental  history  is  sufficiently  small  and  the 
structure  is  elastic.  An  elastic  structure  may  be  linear  or  non-linear  and  is  defined  by 
a  stress-strain  relationship  which  is  uniquely  defined  so  that  a  reversal  of  stress  remains 
on  the  initial  loading  curves.  The  incremental  technique  is  equivalent  to  approximating  the 
stress-strain  relationship  by  a  series  of  straight  lines  and  solving  a  set  of  linear  elastic 
structures  with  different  geometries  and  stiffnesses.  The  necessity’  for  recalculating  the 
geometry  or  including  hi^er  derivatives  depends  upon  the  effect  of  these  parameters  and 
the  required  accuracy.  Tne  amount  of  calculation  and  accuracy  are  inversely  related  and 
good  judgement  is  necessary  to  obtain  a  sufficiently  accurate  solution  without  prohibitively 
large  numbers  of  calculations.  This  technique  can  be  readily  adapted  to  a  digital  or  analog 
type  of  calculation  machine. 

2.2.2  hiverse  Solution 

The  inverse  technique  can  be  employed  to  solve  for  the  loading  conditions  which 
result  from  an  assumed  displacement  and  corresponding  compatible  strain  distribution. 

This  technique  can  be  applied  to  linear  or  non-linear  problems .  The  stress  distribution 
and  the  loading  can  be  obtained  by  utilizing  the  known  stress-strain  (linear  or  non-linear) 
relationship  with  the  assumed  strain  distribution.  The  St.  Venant  principle  (Paragraph  2.1.8) 
can  be  employed  to  extend  the  solution  to  structures  in  which  the  boundary  loadings  are  not 
identical  but  statically  equivalent. 
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M  many  cases  it  is  possible  to  determine  the  correct  displacement  or  strain 
distribution  pattern  by  employing  the  principle  of  minimum  complementary  potential 
(Paragraph  1.7. 2.4).  This  procedure  was  utilized  in  Reference  2-4  to  prove  the  existence 
of  a  linear  axial  strain  distribution  in  a  prismatic  beam  subjected  to  terminal  loads. 

General  solutions  can  be  obtained  for  beams  subjected  to  axial  loads,  transverse  loads 
and  moments  by  assuming  linear  axial  strain  distributions  and  employing  non-dimensional 
stress-strain  relationships  (Section  3).  The  applied  load  can  then  be  plotted  versus  a  suit¬ 
able  strain  parameter  for  various  material  parameters. 

Assuming  Airy  functions  (Paragraphs  2. 1. 7. 1  and  2. 1 . 7. 2)  results  in  inverse  solu¬ 
tions  of  the  linear  plane  strain  and  plane  stress  problems  for  the  ix>undary  conditions  satis¬ 
fied  by  the  Airy  functions.  A  combination  of  several  Airy  functions  can  sometimes  be 
employed  to  obtain  boundary  conditions  sufficiently  close  to  the  actual  boimdary  conditions. 

The  inverse  technique  is  the  upper  bound  approximation  technique  described  in 
Paragraph  2.2.3.  When  the  correct  strain  distribution  pattern  is  assumed,  the  approxi¬ 
mation  solution  is  the  correct  solution. 


2.2.3 


3roximate  Solutions 


The  principles  of  minimum  potential  and  complementary  potential  energy  as  de¬ 
scribed  in  Paragraphs  1.7. 2. 3  and  1. 7.2.4  do  not  depend  upon  the  stress-strain  relation¬ 
ship.  They  can  be  employed  to  obtain  upper  and  lower  bounds  to  the  solution  of  linear  or 
non-linear  problems.  For  example,  assuming  an  incorrect  displacement  or  strain  distri¬ 
bution  which  satisfies  compatibility  and  the  boundary  displacement  conditions  will  under¬ 
estimate  the  stiffness  of  the  structure,  i.e. ,  will  overestimate  the  strain  energy  (expressed 
in  terms  of  the  displacements)  as  weil  as  the  work  done  by  the  surface  and  bo^  forces.  If 
a  virtual  displacement  is  now  applied  to  the  incorrectly  assumed  displacement  pattern,  the 
calculated  change  in  strain  energy  is  greater  than  the  work  done  by  toe  true  forces  in  acting 
through  this  virtual  displacement.  If  only  one  force  is  acting  (.e.g. ,  axial  load  on  column), 
toe  calculations  will  result  in  an  upper  bound  of  the  applied  force  if  toe  change  of  strain 
energy  is  expressed  in  terms  of  toe  displacements.  If  the  change  of  strain  energy  can  be 
expressed  in  terms  of  toe  forces,  a  lower  bound  of  toe  applied  force  can  be  calculated. 


Assuming  an  incori'ect  force  or  stress  distribution,  which  satisfies  equilibrium  and 
the  boundary  force  conditions,  will  overestimate  toe  stiffness  of  toe  structure,  i.e. ,  will 
overestimate  toe  complementary  strain  energy  (expressed  in  terms  of  the  stresses)  as  well 
as  the  complementary  work  done  by  toe  surface  and  body  forces.  Applying  a  virtual  force 
system  to  toe  incorrectly  assumed  force  system  can  result  in  a  lower  or  upper  bound  on  toe 
displacement  by  expressing  toe  change  of  complementary  strain  energy  in  terms  of  toe  forces 
or  displacements,  respectively. 


The  above  techniques  are  employed  in  obtaining  the  stability  of  structures  (Section  9). 
They  can  also  be  employed  to  analyze  plastic  beams  subjected  to  axial  and  bending  loads  (in 
which  linear  strain  distributions  are  assumed  across  the  beam  cross  section).  Another 
application  is  toe  determination  of  an  upper  bound  to  the  ultimate  load  of  an  axial  tension 
mennber  subjected  to  a  stress  concentration  such  as  a  hole .  The  strain  distribution  which 
corresponds  to  the  linear  elastic  solution  to  the  problem  satisfies  compatibility  even  when 
multiplied  by  an  arbitrary  constant.  Employing  this  strain  distribution  with  a  non-linear 
stress-strain  relationship,  such  as. presented  in  Section  3,  will  result  to  stresses  and  an 
integrated  axial  load.  Assuming  a  maximum  strain  criterion  of  failure  will  result  to  an 
iq>per  bound  on  toe  axial  load  when  toe  maximum  strain  is  attained  at  toe  "stress"  concen¬ 
tration. 
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SECTION  3  -  MATERIAL  CONCEPTS 


The  ability  of  a  structure  to  withstand  the  applied  loads  Is  dependent  upon  the  material 
properties  as  well  as  the  structure  geometry.  The  material  properties  are  sensitive  to  the 
type  and  magnitude  of  loading,  the  temperature,  and  the  chronological  history  (time)  of  these 
factors.  The  problem  would  not  be  so  complex  if  the  principle  of  superposition  could  be  ap¬ 
plied.  Unfortunately,  this  is  only  approximately  true  and  then  for  only  small  stresses,  tem¬ 
peratures  and  times. 

In  general,  the  structural  stiffness  will  be  different  from  point  to  point  in  the  structure 
and  will  change  with  load  (stress!,  temperature,  and  time.  The  structure  becomes  an  ex¬ 
ceedingly  difficult  non-linear  problem.  Recourse  is  made  to  deformation  theory  and  approxi¬ 
mate  methods  to  solve  the  problem  as  if  a  series  of  incremental  changes  occur,  each  of  which 
is  a  llne:-r  problem  with  a  unique  solution  imtll  the  total  loading  history  is  applied. 

The  exceedingly  large  number  of  materials  and  load-temperature -time  histories  that 
are  possible  makes  it  absolutely  Imperative  to  try  to  represent  the  behaviour  of  structural 
materials  as  functions  of  a  few  material  parameters.  From  a  practical  design  analysis  point 
of  view.  It  Is  desirable  to  limit  the  number  of  parameters  while  still  retaining  an  acbeptable 
engineering  approximation  to  the  strain  relationship.  This  would  permit  a  relatively  simple 
mathematical  erqrression  to  interrelate  the  equilibrium  and  compatibility  equations  of  Section  1 
(which  are  independent  of  the  stress-strain  relationship)  to  obtain  structural  solutions.  It  is 
also  desirable  to  present  the  strain  relationship  in  a  non-dimensional  form  to  minimize  the 
computational  work  and  to  permit  non-dimensional  graphical  solutions  of  the  structural  problem. 
This  technique  can  be  utilized  In  the  design  of  a  structure  with  minimum  guaranteed  properties. 

The  stress-strain  relationship  suggested  in  tins  manual  is  predicated  upon  empirical  re¬ 
lationships  which  approximate  experimental  data.  A  deformation  mechanism  is  assumed  which 
does  not  contradict  experimental  evidence  and  which  leads  to  three  (temperature  dependent) 
parameters  for  the  short  time  stress-strain  relationship  and  In  addition,  two  additional  para¬ 
meters  to  include  the  effects  of  time.  Methods  of  determining  these  parameters  from  simple 
test  data  are  indicated. 

The  following  symbols  are  used  throughout  this  section: 


^1 

^2 

^4 

£ 


Time,  seconds 

Short  time  (instantaneous)  measure  of  slip  sinh  a/a^)  in  which  no  primary 

or  secondary  -reep  occurs,  non-dimensional 

Measure  of  primary  creep  (€2(1-^)  K_  sinh  cr/u  )  due  to  "relaxation,"  etc.  , 
non  dimensional  *  ° 

Measure  of  secondary  creep  (C^  t  K,j.  sinh  a/a^)  as  the  rate  of  "strain  hardening" 

Is  balanced  by  the  rate  of  "softening  by  recrystallization,"  l/sec 

Material  constant  representing  the  number  of  particles  per  unit  time  exceeding 

the  thermal  potential  barrier 

Elastic  modulus  (material-temperature  parameter)  associated  with  hydrostatic 
stress  and  dilation,  psi 

Apparent  elastic  modulus  of  material  (obtained  from  short  time  stress-strain 
curve),  psi 

Secant  modulus  =  c/e  (psi) 
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K 


“t 

L.M 

Q 


Tangent  modulus  =  da/d  e  (psi) 

Time-temperature  work  hardenabllity  material  parameter  directly  proportional 
to  slip  =  (Kj)  (ICj.),  non-dimensional 

Time  component  of  K,  non-dimensional 
Temperature  component  of  K,  non-dimensional 

C  e  (Suggested  by  Maxwell-Boltzmann  Energy  Distribution,  Reference  3-2) 

4 

Larson-Miller  parameter  =  T  (C  +  log  t) 

Material  constant  -  activation  energy  per  gram  atom  divided  by  the  universal  gas 
constant,  “K 


P 

6 

Aa 

€ 

€ 


=  temperature ,  time,  material  parameter  (P  =  0  elastic  material; 

P  =  I  viscous  material) 


Deviation  =€-a/E. 

A 


Stress  increment 
Strain,  in/in 

Strain  rate ,  In/In/sec  (dot  over  ^mbol  indicates  derivative  with  respect  to 
time,  e.g.,  K^,  a) 

Instantaneous  strain  due  to  stress®  a/E  +  C^lCj,  slnh  cr/a^,  in/ln 
Applied  stress,  psi 

Stress  associated  with  slip.  This  is  a  material  -temperature  parameter  which  Is 
a  function  of  the  past  history  of  the  material,  i.  e. ,  stress-temperature-time,  etc. , 
psi 


Subscripts 

1,2,3,  Principal  directions 

I,  n,  m  Invariant  values  of  stress  and  strain 

i  Dummy  index 

Superscripts 

Prime  Deviations,  e.g. ;  o'j  and  e  j 
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3.1  DEFORMATION  MECHANISM 

Deformation  Is  viewed  as  the  movement  of  atoms  from  one  equilibrium  position  to 
another.  The  energy  potential  necessary  to  overcome  the  potential  barrier,  i.  e. ,  to  ini¬ 
tiate  and  continue  the  motion,  is  absorbed  from  the  environment;  stress  potential,  tem¬ 
perature,  etc.  (See  Figure  3.1-1).  Tliis  movement,  or  slip,  occurs  Initially  along  planes 
in  crystals  where  the  stress  and  temperature  potential  first  attabis  the  value  of  the  potential 
barrier.  The  external  potential  (temperature  and  external  loading)  necessary  to  initiate 
this  slip  is  reduced  by  dislocations  along  the  shear  plane  which  locally  increases  the  stress 
potential.  The  dislocation  then  migrates  to  the  boundary  of  the  crystal  at  which  time  the 
deformation  along  the  "favored"  planes  ceases.  No  more  deformation  can  occur  until  the 
energy  potential  is  increased.  This  phenomenon  is  known  as  "strain  hardening".  If  the 
thermal  and  residual  stress  potential  is  quite  small,  a  reapplication  of  the  applied  load  would 
indicate  no  significant  slip  would  occur  until  the  applied  load  exceeds  the  previously  applied 
load. 


Continuing  to  increase  the  applied  load  causes  planes  In  other  crystals  to  attain  the 
necessary  potential  to  slip.  Simultaneously,  the  movement  of  dislocations  to  the  crystal 
boundaries  increases  the  internal  stress  potential  at  the  boundaries  which,  when  coupled 
with  the  external  potential  (thermal  and  stress),  causes  the  deformed  crystal  to  grow  at  the 
expense  of  its  neighbors,  "niis  phenomenon  is  known  as  "softening"  or  recrystallization". 
The  growth  is  in  the  orientation  of  the  "favored"  crystal  so  that  the  initial  slip  can  now  be 
permitted  to  continue  by  moving  the  dislocation  to  the  new  boundary  of  the  crystal  (which 
continues  to  expand).  Hius  the  total  slip  Is  a  function  of  the  previous  slip  and  implies  an 
exponential  type  of  stress  function  (Reference  3-1).  The  amount  of  slip  is  extremely  sen¬ 
sitive  to  temperature  (thermal  energy).  Statistical  thermodynamic  considerations  indicate 
that  an  exponential,  expression  which  expresses  the  probability  that  the  atoms  will  have  the 
required  thermal  energy  would  define  the  effect  of  temperature  on  slip  (Reference  3-2). 

Anothe**  factor  should  be  considered.  As  the  deformation  proceeds,  it  induces 
residual  stresses  in  the  surrounding  crystals  which  then  seek  a  state  of  equilibrium  corres¬ 
ponding  to  a  lower  energy  state.  This  phenomenon  Is  known  as  "relaxation"  if  it  occurs  under 
load  and  "retarded  memory"  if  it  occurs  under  no  load  after  being  stressed  beyond  the 
"elastic  limit"  of  the  material.  Both  are  evidenced  by  an  Increase  In  strain  which  Is  ex¬ 
ponential  in  form  since  its  value  depends  on  the  Instantaneous  value  of  the  residual  stress . 
TTiis  residual  stress,  in  turn,  depends  upon  the  amount  of  alleviating  strains.  The  residual 
stress  and  strain  hardening  process  can  accoimt  for  the  "Bauschinger  effect"  wherein  the 
yield  stress  Is  increased  in  the  direction  of  original  loading  to  a  greater  extent  than  in  the 
reverse  direction,  as  well  as  for  the  heat  treating  and  annealing  phenomena. 

Hie  phenomenon  of  creep  can  be  viewed  as  a  continuation  of  slip  under  constant 
load.  The  first  stage  of  creep  is  a  relaxation  which  proceeds  exponentially  with  time 

(1-e  ^)j  while  the  second  stage  occurs  when  the  strain  hardening  rate  equals  the  re¬ 
crystallization  rate  resulting  In  a  constant  slip  rate  ^  C^t  J  .  The  third  stage  ol  creep  is 

considered  to  be  a  manifestation  of  material  failure  and  is  not  included  In  the  strain  rela¬ 
tionship. 
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(d)  SLIP  -  SHEAR  DIRECTION 


FIGURE  3. 1-1  DEFORMATION  AND  ENERGY  POTENTIAL  UNDER  SHEARING  ACTION 


3.2  STRESS-TEMPERATURE-TIME-STRAIN  RELATIONSHIP 


This  relationship,  presented  in  Paragraph  3.2.  l,is  predicated  on  experimental  data  ob¬ 
tained  from  short  and  long  time  uniaxial  load  tests.  The  mathematical  formulation  is  in  terms 
of  material  constants  which  are  selected  so  that  the  calculated  strain  curve  closely  approxi¬ 
mates  the  experimental  curve  in  the  regions  of  interest.  Methods  of  obtaining  the  material 
constants  from  simple  uniaxial  tests  are  indicated  in  Paragraph  3.  2.  2.  Methods  of  extrap¬ 
olating  the  relationship  for  complex  loading  conditions  (biaxial,  etc. )  are  shown  in  Paragraph 
3.  2.3. 
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3.  2.1 


Uniaxial  Stress-Strain  Relations^ 


Strain  can  be  viewed  as  composed  of  two  components.  One  component  is  elastic 
(assumed  linear)  and  is  associated  with  the  volumetric  change  (dilation)  without  distortion 
due  to  hydrostatic  load.  The  constant  ratio  of  stress  to  strain  (E)  is  a  material  temperature 
parameter.  The  other  component  is  inelastic  and  is  associated  with  distortion  (slip)  without 
volumetric  change  due  to  shearing  load.  The  slip  is  assumed  proportional  to  the  hyperbolic 
sine  of  the  stress  ratio  (as  suggested  by  Reference  3-1)  and  proportional  to  a  time-temperature 
constant  which  varies  exponentially  with  temperature  and  time.  The  initial  slip  for  small 
stresses  is  almost  linear,  thus  the  apparent  (initial)  modulus  (E^)  of  the  stress-strain  curve 


is  slightly  less  than  the  true  modulus  E.  This  would  suggest  that  the  (E^)  modulus  determined 


by  dynamic  methods  would  be  more  consistent  and  higher  than  that  determined  by  stress-strain 
curves  at  high  temperatures  (which  will  contain  some  inelastic  effects, e.g. ,  creep,  relaxation, 
etc. ). 

The  following  stress-strain  curve  is  assumed ; 


e  =  ct/E  +  K  sinh  a/e 


where 


strain  (in/in) 

elastic  modulus  (material -temperature  parameter)  associated  with  hydrostatic 
stress  and  dilation,  psl 
applied  stress,  psl 

stress  associated  with  slip.  This  is  a  material-temperature  parameter  which  is 
a  function  of  the  past  history  of  the  material,  :.  e. ,  stress-temperature-time,  psi 


K  =  time-temperature  work  hardenability  material  parameter  directly  proportional 
to  slip  =  (Kj)  (ICp).  non-dimensional 

=  time  component  of  K=  +  C2  (1  -  e"^)  +  C^t,  non-dimensional  (lb) 


=  short'  time  (instantaneous)  measure  of  slip  (C^K^sinh  (t/<Tq)  in  which  no  primary 
or  secondary  creep  occurs,  non-dimensional 
=  measure  of  primary  creep  (1  -  e"*)  K_  sinh  o/o^ \  due  to  "relaxation",  etc. , 

n^nwllmoncif  OTifll  «  '  ' 


non-dlmenstonal  *  '  ' 

=  measure  of  secondary  creep  (Cg  t  K.J,  sinh  o/o^  )  as  the  rate  of  "strain  hardening" 

is  balanced  by  the  rate  of  "softening  by  recrystallization",  l/sec 
*  temperature  component  of  K,  non-dimensional 

IIFa  vmrAl  1  f  n**  m  v*1  Vv«if  I 


=  (Suggested  by  Maxwell -Boltzmann  Energy  Distribution,  Reference  3-2) 


=  material  constant  -  activation  energy  per  gram  atom  divided  by  the  imiversal  gas 
constant,  *K 


=  material  constant  representing  the  number  of  particles  per  unit  time  exceeding  the 
thermal  potential  barrier  . 


The  generalized  strain  relationship,  which  includes  the  effects  of  temperature  and  time 
as  well  as  stress,  can  be  employed  to  obtain  short  time  or  Isochronous  (constant  time)  stress- 
strain  and  stress  modulus  curves  (See  Figures  3. 2. 1-1  through  4).  The  temperature  effect 
is  contained  inttedepondeseyof  the  material  parameters  upon  the  temperature  and  the  time 
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FIGURE  3.2.I-I 
NON-  DIMENSIONAL 
STRESS- STRAIN  CURVES 


FIGURE  3.2. 1-3 
NON-  DIMENSIONAL 
TANGENT  MODULUS  CURVES 


FIGURE  3.2.I-2 
NON-DIMENSIONAL 
SECANT  MODULUS  CURVES 


FIGURE  3.2. 1-4 

NON-DIMENSIONAL 
TANGENT-SECANT  MODULUS 
RATIO  CURVES 
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3.2.1  (Cont'd) 

effect  is  incorporated  in  the  p  item  described  below.  The  variation  of  the  material  para¬ 
meters  with  temperature  must  be  determined  from  experimental  data.  Initial  investigation 
in  this  direction  has  indicated  that  the  functional  relationship  is  smooth  and  that  interpola¬ 
tion  should  give  satisfactory  accuracy. 

Another  justiflcation  of  the  assumed  strain  relationship  is  the  similarity  in  formulaticm 
to  the  various  diffusion  rate  processes  found  in  the  literature  (e.  g. ,  Reference  3-3  and  3-4). 
These  formulations  agree  sati.sfactorlly  with  the  experimental  evidence  and  are  employed  with 
available  strength  and  creep  data  to  obtain  Interpolated  or  extrapolated  strength  data.  As  an 
example,  the  Larson-Miller  parameter,  employed  as  a  correlation  parameter  (Reference  3-3 
and  3-4),  is  equivalent  to  the  energy  of  activation  Q  for  an  unstressed  material,  and  should 
be  modified  by  a  stress  factor  if  it  soaks  under  load,e.g. ,  L.M.=  T  (In  +  In  t  + 

The  generalized  relationship,  Eq.  (la)  can  be  manipulated  to  obtain  equivalent  stress- 
strain,  secant  modulus,  tangent  modulus,  etc. ,  curves  and  to  devise  methods  to  determine 
material  parameters  used  in  desigpi  from  simple  uniaxial  short  time  and  long  time  data. 

The  generalized  relationship  can  be  utilized  in  the  same  way  that  a  room-temperature  stress- 
strain  curve  is  employed  to  get  allowables.  The  results  are  presented  in  a  non-dimensional 
form  in  terms  of  the  material  design  parameters. 

Let 

V 

A  =  apparent  elastic  modulus  of  material  (obtained  from  short  time  stress-strain 
curve) 

®T  =  tangent  modulus  =  dcr/de  (psi) 

=  secant  modulus  =  a/t  (psi) 

^  =  KE^/cr  =  temperature,  time,  material  parameter  (/3  =  0  elastic  material; 

/?  =  1  viscous  material). 

Then 

E  =  E^/l-^ 

E  € 

- -  =  (!-/?)+  (S  slnh  o/Oq  (2. 

o  o 

p -  =  {1  -  P)  +  P  cosh  a/a  (2c) 

Figures  3.2. 1-1  through  4  illustrate  the  non-dimensional  form  of  the  stress-strain,  secant 
modulus,  and  tangent  modulus  curves  resulting  from  Eqs.  (la),  (2a),  (2b)  and  (2c).  This  data 
is  utilized  in  Section  9  on  the  stability  of  structures.in  which  the  effective  modulus  is  some 

combination  of  E . ,  E_.  and  E-.  and  also  for  use  in  obtaining  approximate  solutions  of  non- 
AT,  o 

linear  problems  (Reference  3-5). 
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The  stress  (o-^)  which  Is  associated  with  slip  can  be  determined  from  a  short 

time  stress-strain  curve  If  the  creep  effect  Is  negligible.  The  technique  is  shown  in 
Figure  3. 2. 2. 2-1  In  which  the  deviation  5  =  €-t;/E^  is  plotted  logarithmically  versus  a. 

If  the  creep  effect  cannot  be  Ignored, then  can  be  determined  from  constant  creep 

rate  data  shown  in  Figure  3.  2.  2. 2-2  in  which  the  constant  creep  is  plotted  logarithmically 
versus  a.  Justiffcatlon  of  this  technique  follows  and  is  based  on  the  property  that  the 
sinh  X  is  approximately  e^/2  for  large  x.  From  Eq.  (la)  of  Paragraph  3. 2. 1 


£=  a/E  +  sinh  o/o^ 


C  K 

5  =  €  -  <r/E  =  KjK.j,  sinh  ^  ^ 

(la) 

where  t— ♦  0  and  a/a 
o 

\ 

In  5  =  In  — 5 —  +  a/a 
z  o 

(lb) 

i 

(Ic) 

a 

On  a  semi-log  plot,  (Ic)  is  an  equation  of  a  straight  line  of  the  form 

\ 

y  =  b  +  m  X  , 

\ 

C 

where  y  =  log  3  ,  b  =  log  — ,  x  =  a 

! 

3 

3 

A 

? 

1  Ao-  1  *^2  ”  *^1 

••  %  2.3  AOogS)  2.3  log{6j2/6jj)  (See  Figure  3. 2. 2. 2-1) 

(2) 

i 

Similarly, 

f 

c  =  a/E  +  K^ICj.  sinh  ct/ct^  +  k^K^^ainh  a/a^ 

(3a) 

/ 

~  ^t^  constant  stress  creep  test) 

(3b) 

*  “  2  e  ^  o  (fort-^co,  a/a^>l) 

(3c) 

i 

.  < 

In  €  -  In  „  +  a/a 

c  0 

(3d) 

;  5 

S 

I 

i 
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^3*4* 

log  €  =  log  — -^- 


273 


1  Acr 

%  ~  2.3  A(log  €  ) 


.1  .  ^2~^1 

%  ~  log  (€12/^11) 


(Reference  Figure  3.  2.  2. 2-2) 


3. 2. 2. 3  Work  Hardenability  Factor  (K  =  K^K^) 


(4) 


The  value  of  K  can  be  obtained  from  data  shown  in  Figures  3. 2. 2. 2-1 
and  -2  and  Figure  3. 2. 2. 3-1.  C^^Kp  is  obtained  from  the  intercept  of  the  straight 

line  in  the  deviation  versus  stress  curve  (Figure  3. 2. 2. 2-1).  C^K.^  is  obtained  from 

the  intercept  of  the  straljjit  line  in  the  strain  versus  time  curve  (Figure  3. 2. 2. 3-1). 
CgICp  is  obtained  from  the  Intercept  of  the  straight  line' in  the  creep  rate  versus  stress 

curve  (Figure  3. 2. 2. 2-2). 


I 


I 

I 


FIGURE  3. 2. 2. 3-1  CREEP  CURVE 


3. 2. 2. 4  Interpolation  of  Material  Parameters 


An  increase  in  temperature  or  a  soaking  at  temperature  will  decrease  the 
magnitudes  of  the  material  parameters.  The  temperature  potential  reduces  the  mag¬ 
nitude  of  the  stress  potential  necessary  to  induce  slip.  The  temperature  also  increases 
the  rate  of  recrystallization  and  relaxation  which  reduces  the  strain  hardening.  Pre¬ 
liminary  plots  of  the  material  parameters  versus  either  a  temperature  or  an  equivalent 
soal'iug  parameter  (e.g. ,  Larson-Miller  Parameter)  have  indicated  that  the  results 
should  be  relatively  smooth  curves  as  exemplified  in  Figure  3.  2.  2.  4-1.  In  order  to 
employ  the  non-dimensional  techniques  proposed  in  this  section,  It  would  be  e^edient  to 
compile  data  (E^,  Cj^I 

manner  shown  in  Figure  3.  2.  2.4-1. 


C2K,j„  C^K.^)  on  the  various  structural  materials  in  the 
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3, 2.2.4  (Cont'd) 


CaKj 


'C,  Kt 


T  (  C  <■  log  t  ) 


FIGURE  3. 2, 2.4-1  V.ARI.ATION  OF  MATERIAL  PAR.AMETERS  WITH  TEMPERATURE 


3.2.3 


Complex  Loading 


It  is  possible  to  describe  the  stresses  and  strains  in  a  material  by  functions 
(tensors)  which  are  capable  of  expressing  the  state  of  the  stresses  and  strains  at  a  point. 
They  can  always  be  expressed  by  the  direction  and  magnitude  of  their  principal  components 
(stresses  or  strains).  For  an  isotropic  material,  the  principal  directions  of  stress  and 
strain  coincide.  Associated  with  the  stress  or  strain  are  three  invariant  magnitudes  which 
are  independent  of  the  direction  of  reference.  These  three  invariant  magnitudes,  or  any 
three  combinations  of  all  three  quantities,  define  the  tensor.  It  is  assumed  that  a  relation¬ 
ship  exists  between  the  invariants  of  the  stress  and  strain  tensors.  The  uniaxial  stress- 
strain  curve  would  then  be  an  expression  of  this  relationship  which  is  quite  simple  to  obtain 
experimentally  and  could  bcjmployedto  obtain  the  stress-strain  relationship  for  more  com¬ 
plex  loadings. 
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3.  2,  3.1 


Invariants 


The  three  quantities  which  are  characteristic  of  tlie  stress  and  strain 
tensor  can  be  expressed  as  follows; 


Let 


°V^2'°Z 


^l’^2‘^3 


=  principal  stresses 
=  principal  strains 


Then 


^II 


=  first  stress  invariant  -  hydrostatic  pressure 

=  1/3  "^3) 

=  second  stress  invariant  -  octahedral  shear  stress 


(la) 


=  1/3  ^ (Cj  -  ffg)^  +  (<^2  ■  ^  ■  *^1^' 


(lb) 


^III 


=  third  stress  invariant 
3 


cr.' 

1 


1/3  ,7  “'1'  <V  "’3* 

=  principal  deviatoric  stress  =  a  -  a  j 


(lc) 

(ld) 


=  first  strain  invariant  -  dilation 


=  1/3(^  +  «2  ^  "3> 


(2a) 


II 


=  second  strain  invariant  -  octahedral  shear  strain 


1/3  y  ♦''S-'l*" 


(2b) 


in 


=  third  strain  invariant 


=  1/3 


(2c) 


1 


=  principal  deviatoric  strain  =  e,  -  e, 


I 


(2d) 


Associated  with  the  principal  directions  (1,  2,  3)  are  8  (octaliedral) 
planes  which  make  equal  angles  (arc  cos  l/^/Z)  with  the  principal  axes.  On  these 
planes ,  the  normal  stress  and  strain  are  and  e 


(shear)  stress  and  strain  are  0  and 


j  ....^  ..j,  respectively,  and  the  tangential 
jj  c.w  €jj  (See  Figure  3.  2.  3. 1-1).  If  it  is  assumed  that 


the  relationship  between  the  normal  stress  and  strains  and  the  tangential  stresses  and 
strains  are  independent  (orthogonal)  of  each  other  and  are  uniquely  defined  for  any 
material,  then  the  invariant  stresses  and  strains  for  a  complex  loading  can  be  related  to 
those  obtained  for  a  simple  one,  such  as  uniaxial  tension.  Thus,  die  physical  model 
corresponding  to  Figure  3. 2. 3. 1-1  suggests  that  those  crystal  planes  which  are  oriented 
so  that  the  applied  loads  produce  higher  octahedral  shear  stresses  will  slip  first  (assum¬ 
ing  dislocations  are  uniformly  distributed)  and  that  these  crystals  "strain -harden"  re¬ 
quiring  higher  stresses  to  cause  furtlier  slip  in  these  and  less  favored  crystal  planes. 
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3. 2. 3. 2  Transformation  of  Stress -Strain  Relationship 

The  hydrostatic  components,  stress  (Oj)  and  strain  (cj)  are  assumed  to  vary 

linearly  with  volumetric  deformation  but  without  any  permanent  deformation.  Experi¬ 
mental  evidence  indicates  that  the  assumption  is  quite  satisfactory  for  the  ranges  of 
stress -temperature  experienced.  The  relationship  between  the  octahedral  components 
of  stress  (ffjj)  and  strain  (  c  jj)  is  assumed  to  be  non-linear,  with  no  volumetric  defor¬ 
mation,  and  to  constitute  the  inelastic  portion  of  the  stress-strain  relationship  (£q.  (la) 

o  (l+i/)^CK  3or 

of  Par^aph  3. 2. 1).  The  relationship  assumes  =  ,z --vw  ■  +  - 5 — = — sinh  — 

n  (l+i')E^  3 

Figures  3. 2.  3. 2-1  dirough  -4  illustrate  how  a  uniaxial  stress-strain  curve 
can  be  employed  to  derive  a  complex  stress-strain  curve.  The  uniaxial  stress-strain 
law  is  obtiiined  experimentally  as  shown  in  Figure  3.  2.  3.  2-1.  The  hydrostatic  stress 
and  strain  and  the  octahedral  stress  and  strain  are  computed  in  Figures  3. 2.  3. 2-2  and 
-3.  The  complex  loading  is  employed  to  obtain  strains  from  stresses  (as  shown  in 
Figure  3. 2. 3. 2-4)  or  stresses  from  strains,  by  assuming  that  the  deviatoric  to  octahedral 
stress  and  strain  ratios  are  equal.  This  is  implied  by  the  von  Mises  yield  criteria  and 
the  Mises-Levy  stress-strain  rate  relationship  (see  References  3-6  and  3-7),  i.e. , 

a.'  a.  -  a,  o„ 

1  _  1  I  _  n  /ox 


The  invariant  stress -strain  relationships  can  be  employed  to  postulate 
allowables  of  combined  loading  conditions  from  allowable  invariants  of  simple  (uniaxial) 
loadit^  conditions  wherever  applicable,  and  to  obtain  approximate  solutions  to  complex 
problems  (assuming  a  compatible  strain  distribution  results  in  an  upper  limit  of  the 
applied  load,  whereas  assuming  an  equilibrium  stress  distribution  results  in  an  upper 
limit  on  the  displaceme  nt  of  the  structure). 
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3. 2. 3. 2  (Cont'd) 


FIGURE  3.2.3.2-I 
UNIAXIAL  STRESS-STRAIN 
CURVE 


3 

FIGURE  3.2.32-2 
HYDROSTATIC  STRESS^STRAIN 
CURVE 


FIGURE  3.2.3  2-3 
OCTOHEDRAL  STRESS-STRAIN 
CURVE 


FIGURE  3.2. 3.2 -4 
BIAXIAL  STRESS-STRAIN 
CURVE 
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SECTION  4  -  THERMO-ELASTIC  ANALYSIS  OF  BEAMS 


TTie  thermal  loading  on  a  beam  reduces  the  stiffness  (increasing  deformations  due 
to  mechanical  load),  and  in  general  induces  thermal  stresses  and  deflections.  If  the  beam 
is  unrestrained  externally  (statically  determinate),  then  thermal  stresses  can  only  occur 
due  to  the  internal  requirements  that  plane  cross  sections  before  bending  remain  plane  after 
bending,  provided  that  the  undeformed  beam  does  not  exhibit  sharp  curvature  (R/d  <  5). 
Experimental  evidence  does  not  violate  this  assumption.  If  the  beam  is  restrained  external¬ 
ly  (statically  indeterminate),  additional  thermal  stresses  will  be  caused  by  the  redundant 
restraining  forces. 

The  thermo-elastic  analysis  of  beams,  with  all  of  the  above  factors  contributing  to 
the  problem,  is  presented.  General  solutions  are  given  and  methods  are  presented  for  the 
numerical  solution  of  specific  problems. 
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a,  a' 
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u,v 
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w' 
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The  following  symbols  are  used  throughout  this  section: 

Non-dimensional  thermal  strain  ratio;  Distance  from  fixed  end  to  initiation  of 
load 

Coefficients  of  polynomials 
Width  of  cross  section  _ 

Exponent  defining  variation  of  1/(EI) 

Distance  from  reference  axis  to  an  extreme  fiber 

Non-dimensional  width  parameter 

Virtual  axial  force  caused  by  unit  virtual  loads 

Influence  coefficient  for  fixed  end  axial  reaction  (see  text.  Paragraph  4. 2. 2. 3) 
Height 

Exponent  defining  variation  of  curvature 

Exponent  defining  variation  of  axial  load;  Integer  indicating  rectangle  location 
Virtual  moments  caused  by  unit  virtual  loads 

Influence  coefficient  for  fixed  end  nnoment  reaction  (See  text.  Paragraph  4.2. 2.3) 
Integers 

Virtual  shear  loads  caused  by  unit  virtual  loads 
Influence  coefficient  for  fixed  end  transverse  reaction 

Variable  transverse  load 

Exponent  defining  variation  of  transverse  loading 
Non-dimensional  distance  u/d 

Distance  from  reference  axes  which  are  oriented  parallel  to  elastic  principle 
axes 

Distance  from  v  reference  axis  to  elastic  centroid 

Change  in  rotation  of  cross  section  per  unit  distance  (curvature)  due  to 

mechanical  loading 

Change  in  rotation  of  cross  section  per  unit  distance  (curvature)  due  to 
thermal  loading 

Total  change  in  rotation  of  cross  section  per  unit  distance,  w^^  =  w  +  w' 

Distance  along  length  of  beam 
Function  of  x 

Distances  from  arbitrary  but  perpendicular  reference  axes 
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A 

AA.dA 

B. 

J 

E 

Eb 


"‘L 

P 

T  ^ 

UU,  W 
Y.Z 


Distances 


from  Y,  Z  reference  axes  to  elastic  centroid 


from  Y,  Z  reference  axes  to  location  of 


Distances  »  JeI^  from  Y,  Z  reference  axes  to  elai 

Distances  ^  reference  axes  tc 

resultant  force  on  tiie  cross  section 

Area  =  /dA 
Small  element  of  area 

Level  of  aT  at  point  "j"  above  the  reference  axis  value  of  aT, 


Modulus  of  elasticity  =  E(T) 

Elastic  width  =  E,  _.b 
(av^) 

Effective  axial  stiffiiess  or  force  required  for  unit  axial  deformation,  / EdA 
Effective  bending  stiffness  ''r  moment  required  for  unit  rotation, 

EI--  =  /E  (y-y)2  dA 

Axial  force  due  to  mechanical  loading 

Restoring  axial  force  due  to  temperature,  F'  =  /  EaTdA 

Total  cantilever  axial  load  at  L  due  to  mechanical  loads 

Moment  of  inertia  of  cross  section,  dA 

Moment  of  inertia  of  an  element  of  area  about  its  centroidal  axis 
Non-dimensional  shape  parameter 

Lengdi  of  beam;  Power  of  general  term  of  the  aT  polynomial 
Bending  moment  due  to  mechanical  loading 

Restoring  bending  moment  due  to  temperature,  M'--  =  -^y)  /  EaTdA 
Total  cantilever  moment  r.t  L  due  to  applied  mechanical  load 
Transverse  load  due  to  mechanical  loading 

Total  transverse  cantilever  load  at  L  due  to  applied  mechanical  loads 
Temperature  change  from  a  datum  value 
Elastic  principle  axes 
Arbitrary  reference  axes 

Mean  coefficient  of  expansion 
Strain  due  to  free  thermal  expansion 
Non-dimensional  taper  parameter 
Axial  strain  parameter 
Non-dimensional  rotation  parameter 
Strain 

Axial  strain  at  elastic  centroid  due  to  thermal  loading 
Axial  strain  at  elastic  centroid  due  to  mechanical  loading 
Total  axial  strain  at  elastic  centroid,  =  e  +  e' 

Non-dimensional  length  parameter  defining  distance  from  initiation  of  load  on  beam 

Non-dimensional  step  parameter  _ 

Non-dimensional  axial  stiffness,  X  =  EA/dE^b^ 

Variable  axial  load  (shear  flow) 

Non-dimensional  elastic  centroid  location,  /i  =  u/d 

Non-dimensional  length  parameter  =  a/L;  Non-dimensional  bending  stiffness 

Stress 

Deflection 


m 
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Subscripts 


a 

c 

k 

m 

n 

0 

s 

t 

U,  V,  uu,  w 

y.z^yy.zz 

ir.zz 

O 

L 

R 


Anti-symmetrical 
Combined  ., 

At  location  of  rectangle 
Due  to  mechanical  loading 
At  extreme  fiber  location 
At  reference  axis  location 
Symmetri  jal 
Due  to  temperature 
About  principal  axes 

About  arbitrary  but  perpendicular  reference  axes 
About  y,  z  centroidal  axes 
Free  end  of  cantilever  beam 

Fixed  end  of  cantilever  beam,  left  side;  Due  to  term  of  aT  polynomial 
Fixed  end  of  cantilever  beam,  right  side 


4.1 


This  Sub-section  4 . 1  presents  methods  for  determining  the  deformation  and 
stresses  of  an  unrestrained  beam  subjected  to  temperature  variations  through  the  beam 
cross  section.  The  section  properties  for  the  general  case  of  variable  modulus  (due  to 
temperature  and  construction)  are  given  in  integral  form  for  the  purpose  of  determining 
the  response  of  the  cross  section  to  both  temperature  and  load.  The  general  solution  is 
then  presented  in  integral  form  and  is  evaluated  by  the  methods  of  finite  sum  and  power 
series. 


The  finite  sum  solution  is  the  most  general  of  those  discussed  and  requires  a 
minimum  amount  of  engineering  ingenuity  to  set  up  and  evaluate  tables .  It  should  be  used 
in  cases  where  the  directions  of  the  principal  axes  are  not  obvious.  The  power  series 
method,  though  not  as  accurate  as  &e  finite  sum  solution,  gives  a  more  rapid  means  of 
obtaining  analytical  solutions  through  the  use  of  approximating  analytical  functions .  The 
use  of  approximating  functions  is  further  justified  by  the  fact  that  the  functions  are  to  be 
integrated,  thus  improving  the  accuracy  of  the  approximation. 

If  the  beam  is  unrestrained  externally  (statically  determinate),  then  the  solution 
presented  in  this  sub-section  defines  the  deformations  (axial  strain  and  ch  -nge  of  curvature) 
and  the  cross  sectional  stresses.  If,  however,  the  beam  is  restrained  ext  rnally  (statical¬ 
ly  indeterminate),  additional  thermal  stresses  will  arise  due  to  compatibility  forces  (re- 
dundantsV  the  boundary.  The  deformations  of  the  cross  section,  obtained  In  this  Sub¬ 
section,  aUow  the  determination  of  beam  deflections  and  are  thus  essential  to  the  thermal 
solution  of  indeterminate  beams  as  outlined  in  Sub-section  4.2. 
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4.6 


4.1. 1  General  Solution 


The  following  paragraphs  present  the  general  thermo-elastic  solution  for  an  un¬ 
restrained  beam  in  integral  form,  as  derived  in  Reference  4-1.  Evaluation  of  these  integrals, 
which  causes  most  of  the  difficulty  in  obtaining  numerical  solutions  to  specific  problems,  is 
discussed  in  Paragraph  4.  1.2. 


The  following  assumptions  and  limitations  apply  to  the  thermo-elastic  solution  of  the 
unrestrained  beam; 


(a)  Plane  cross  sections  before  bending  remain  plane  after  bending.  This  is  the  basic 
assumption  in  all  bending  problems.  Experimental  data  indicate  that  this  requirement  for  the 
deformations  of  the  cross  section  is  sufficiently  accurate  for  engineering  analysis. 


(b)  Material  is  linear  elastic  at  any  temperature.  Thus  a  single  relationship  of 
stress  to  strain  (ct  =  E  €  )  can  be  utilized  to  connect  the  equations  of  deformation  and  equili¬ 
brium  and  the  principle  of  superposition  can  be  employed.  Any  plasticity,  buckling,  or  creep 
would  modify  the  results,  usually  by  reducing  the  peak  stress  but  increasing  the  deflections. 


(c)  The  variation  of  the  cross  section  and  temperature  along  the  length  of  the  beam 
is  both  continuous  and  smooth,  and  does  not  produce  any  significant  shear  forces.  Significant 
shear  forces  occur  in  the  vicinity  of  these  abrupt  changes  (heat  sinks,  free  and  clamped  ends, 
and  abrupt  changes  in  cross  section)  and  the  solution  must  be  modified  to  account  for  these  ef¬ 
fects.  These  effects  should  be  insignificant  at  distances  greater  than  the  order  of  the  dimen¬ 
sions  of  the  cross  section  (St,  Venant  Principle).  For  example.  Reference  4-2  shows  that  at 
distances  of  approximately  three  beam  Hopths  away  from  free  ends,  solutions  obtained  under 
the  assumptions  of  plane  cross  sections  remaining  plane  are  valid. 


The  unrestrained  beam  subjected  to  temperature  (see  Figure  4.  1.1-1)  is  analyzed 
by  subjecting  the  beam  to  a  set  of  force  systems  which  satisfy  equilibrium  and  produce  defor¬ 
mations  which  are  compatible  with  the  requirement  of  plane  cross  sections  remaining  plane 
after  bending. 


Consider  a  unit  length  of  beam.  Initially,  each  fiber  of  the  beam  is  liberated  from 
the  influence  of  its  neighbors.  The  temperature  distribution  is  then  applied  to  the  beam  which 
causes  each  fiber  to  expand  by  an  amount  aT.  In  general,  the  thermal  expansion  of  the  fibers 
will  cause  the  cross  sectional  plane  formed  by  the  ends  of  the  fibers  to  warp.  To  satisfy  the 
requirement  of  plane  cross  sections  remaining  plane,  a  pressure  loading  of  -EofT  is  applied 
to  eliminate  the  thermal  expansion  and  return  the  cross  section  to  its  original  position  and  con¬ 
dition  (plane).  This  pressure  loading  upsets  the  equilibrium  of  the  cross  section.  An  axial 
load  (F'  =  f  EaTda,  equal  in  magnitude  but  opposite  in  direction  to  the  force  on  the  cross  sec¬ 
tion  due  to  the  pressure)  is  applied  at  the  elastic  centroid  of  the  cross  section.  This  balancing 
axial  force  causes  pure  translation  without  rotation  of  the  cross  section  plane  so  that  the  re¬ 
quirement  of  plane  cross  sections  remaining  plane  is  not  violated.  Rotational  equilibrium  still 
remains  to  be  satisfied  since  the  location  of  the  resultant  restoring  force  "y  ,  in  general,  will 
not  coincide  with  the  centroid  of  elastic  area  y.  Equilibrium  is  achl^ed  by  applying  a  bal¬ 
ancing  moment  to  the  cross  section  of  sufficient  magnitude  (M'  =  [y-^ ]F'  )  to  cause  pure  ro¬ 
tation  cf  the  cross  sectional  plane. 
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4.8 


4. 1,  1. 1  Elastic  Section  Properties  of  Cross  Section 


The  structural  response  to  both  mechanical  loads  and  thermal  stimulae  is  governed 
by  both  the  effective  bending  (El)  and  axial  (EA)  stiffness  of  the  cross  section.  The  equations 
for  these  properties,  which  are  stated  below,  are  identical  to  those  for  cross  sections  having 
constant  E  except  that  E  is  retained  within  the  integral  sign  since  it  is  permitted  to  vary 
over  the  cross  section. 


uu 


EA 

=  f  EdA 

(1) 

y 

=  /EydA//EdA 

(2a) 

z 

=  /  E  z  dA  //  EdA 

(2b) 

El— 

yy 

=  / E  z2dA  -  £2  /  EdA 

(3a) 

EI— 

zz 

=  /e  y^dA -y2  /EdA 

(3b) 

EI— 

yz 

=  /e  yzdA -y  2 /EdA 

(3c) 

i  ) 

w 

EI— +  Ei--  /.EI - EI—  f  . 

=  -  W  — *  (^i-) 

2  2  '  yz' 

(4) 

The  distances  y  and  z  (Figure  4. 1. 1-1)  to  the  elastic  centroid  are  given  by  Eqs .  (2). 
Thus,  the  elastic  centroid,  Eq,  (1),  is  the  centroid  of  the  effective  elastic  area  EA,  not  of 
the  geometric  area.  Similarly,  the  geometric  moments  of  inertia  are  of  no  significance  when 
E  varies  over  the  cross  section.  The  effective  bending  stiffnesses,  Eq.  (3),  must  be  employed. 


Equation  (4),  expresses  the  bending  stiffnesses  about  the  elastic  centroid  principal 
axes  in  terms  of  the  bending  stiffnesses  about  arbitrary  centroidal  axes.  The  elastic  princi¬ 
pal  axes  are  defined  as  those  orthogonal  axes  for  which 


Ely^  =  /  EuvdA  =  0. 


4. 1. 1. 2  Stresses  and  Deformations  of  the  Cross  Section  Due  to  Temperature 


No  thermal  stresses  are  caused  in  an  unrestrained  isotropic,  homogeneous,  linearly 
elastic  body  by  an  aT  distribution  which  varies  linearly  in  a  rectangular  coordinate  system. 
Clearly,  in  the  particular  case  of  an  unrestrained  beam,  a  linear  aT  distribution  over  the  cross 
section  produces  free  thermal  expansions  which  cause  plane  cross  sections  to  remain  plane 
after  deformation.  No  stresses  are  required  to  maintain  the  plane  cross  section 


In  general,  a  non-linear  temperature  distribution  over  the  cross  section  would  cause 
free  thermal  expansions  of  the  beam  fibers  which  would  warp  a  plane  cross  section  out  of  plane. 
Thermal  stresses  are  produced  which  restore  the  plane  cross  section.  In  this  respect,  a  tem¬ 
perature  distribution  can  be  considered  as  a  "thermal  load"  which,  when  applied  in  the  absence 
of  mechanical  load,  still  produces  stresses  and  deformations. 


Given  below  are  the  equations,  derived  in  Reference 
mations  in  an  imrestrained  beam  due  to  thermal  load. 


4-1,  for  the  stresses  and  defor- 
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4. 1. 1.2  (Cont  d) 


(-EI—  M'— Wei—  m'— ) 

V  3  jy  zzl  \  yz  yy/ 

f-El— M'  — UCeT—  M'  —  ) 

^i  Jk  zz  yyj  \  yz  zz/ 

y  f  Ei—  m— V  (Ei— )^ 

V  yy  zzy  '  yz' 

a  =  E  a  T+ €* +w’^  (y-y)  +  w’y  (z-z)  j 


where 


F'  =  /EaTdA  { 

y  =  /Eo-Ty  dA/  /  EaT  dA  ( 

z  =  /Eq-Tz  dA/  /  EaT  dA  ( 

M^-  =  (y-y)F'  ( 

M'-  =  (z-z)F'  ( 

4. 1. 1. 3  Stresses  and  Deformationa  of  the  Cross  Section  Due  to  Combined  Mechanical  and 
Thermal  Loading 

For  a  linearly  elastic  beam,  mechanical  loads  can  be  combined  with  thermal  loads 
simply  by  superposition.  Thus 

^ 


r_  ■’  f—  1 

(eI— EI— )- (EI— 

\  yy  ZZ'  '  yz 

i-EI—  (M'—  +  M— )l+|Ei—  (M'—  +  M— )| 
/.V  ^  zz  yy  yy'J  L  yz  ^  zz  zz'J 

y  ^  (eT—  ET— )-  (EI-  f 

\  yy  zz/  '  yz ' 


and,  as  in  Paragraph  4. 1.  1. 2 


a  =  E  [-aT  +  €^  +  (w^t  <y  "  y>  ~ 


Moments  about  the  yy  and  zz  centroidal  axes  are  positive  when  their  sense  is  such 
that  they  tend_to  cause  compressive  stresses  in  the  positive  quadrant  (quadrant  where  both 
y  -  y  and  z  -  z  have  positive  values).  "F"  is  positive  when  tensile,  and  ”T''  is  positive  when 
above  a  datum  value. 
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4. 1. 2  Evaluation  of  Integrals 

The  solution  of  the  thermo-elastic  beam  problem  requires  the  evaluation  of  the  integrals 
given  in  Paragraph  4. 1. 1.  Two  methods  of  sufficient  engineering  accuracy  are  presented.  In  the 
first,  integrals  are  approximated  by  finite  sums;  in  the  second,  the  goemetry  and  temperature  dis¬ 
tributions  are  approximated  by  simple  integrable  functions  (polynomials  or  power  series).  Approxi¬ 
mate  methods  are  justifiable  since  the  functions  must  be  integrated  thereby  improving  the  accuracy 
of  approximation. 


4. 1.  2. 1  Solution  By  Finite  Sum 

The  cross  section  is  broken  up  into  a  finite  number  of  elemental  areas,  selected  so  that 
the  variation  of  ofT  and  E  in  each  element  is  small.  The  procedure  is  adaptable  to  all  cross  sec¬ 
tions  and  the  degree  of  accuracy  increases  with  the  decrease  in  the  size  of  the  elements.  Digital 
computing  machines  can  be  employed  (see  Reference  4-3)  to  solve  the  problem. 

The  general  solution  is  outlined  in  tabular  form  in  Table  4. 1.  2. 1-1  and  illustrated  by 
the  example  which  follows,  with  numerical  results  given  in  Table  4. 1.  2. 1-2.  The  number  of  tabular 
columns  and  labor  involved  in  solving  the  problem  are  considerably  less  when  the  following  sim¬ 
plifying  conditions  are  realized: 

(a)  y  and  z  axes  coincide  with  principal  centroidal  axes  u  and  v  (example:  axis  of 
symmetry) 

(b)  Q!T  is  symmetrical  about  a  principal  axis  of  symmetry  of  the  elastic  geometry 

(M'  — or  M'—  =  0) 

'  yy  zz  ' 

Additional  tabular  columns  are  eliminated  if  E  and  a  are  constant  over  the  cross 
section.  Table  4. 1. 2. 1-3  outlines  the  solution  for  the  case  in  which  all  of  the  above  simplifications 
pertain. 

The  finite  sum  solution  for  the  deformations  of  the  cross  section  is  based  on  an  approxi¬ 
mating  geometry  consisting  of  a  finite  number  of  points  of  concentrated  elastic  area  located  at  the 

centroids  of  elements.  Once  the  deformations  (  e  ,  w  ,  w  )  have  been  calculated  from  the  tabular 

'  y  z 

solution,  stresses  can  be  obtained  at  any  points  on  the  cross  section  as,  for  example,  extreme 
fiber  points  (see  illustrative  problem). 
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4. 1.2.1  (Cont'd) 

The  solution  of  an  unrestrained  beam  by  the  finite  sum  method  is  illustrated 
below  for  an  unsymmetrical  section  with  an  unsymmetrical  temperature  distribution. 

T  =  T  (y,z),  on  the  cross  section  of  the  Halcomb  218  "zee"  spar  shown  in  Figure 
4.1.2. 1-2.  Determination  of  the  following  is  required; 

(1)  Thermal  stresses  and  deformations 

(2)  Stresses  and  deformations  when  subjected  to  a  moment  about  the  vertical 
axis  of  10,000  inch-pounds  and  an  axial  force  of  10,000  pounds,  i.e. : 

M"  =  10, 000  inch-pounds 

M--  =  0 
zz 

F  =  10,000  pounds 

The  solution  is  wori<ed  out  in  Table  4. 1. 2. 1-2  by  the  finite  sum  method.  Stresses 
are  plotted  in  Figure  4. 1.2. 1-3. 
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TABLE  4.1. 


4.  1.  2.  2  Geometry  of  Concentrated  Elastic  Areas  -  Sandwich  Beam 


The  finite  sum  method  (described  in  paragraph  4.  1,  2. 1)  reduces  the  continuous 
cross  section  into  a  number  of  discrete  elements,  such  that  each  element  is  considered  to 
be  a  concentrated  point  of  elastic  area  (EA),  and  free  thermal  strain  (aT).  This  approxi¬ 
mation  is  especially  applicable  to  beam  cross  sections  made  up  of  localized,  high  area 
flanges  (or  caps)  and  thin  shear  webs.  In  beams  of  this  type,  the  deformations  of  the  cross 
section  and  thermal  stresses  in  the  caps  can  usually  be  determined  with  sufficient  accuracy 
(especially  if  peak  temperatures  occur  in  the  caps)  by  neglecting  the  web  material,  thus 
considerably  reducing  the  amount  of  calculation. 


As  an  example,  consider  the  sandwich  beam  cross  section  showr  in  Fig.  4. 1.2. 2-1. 
It  is  assumed  that  E,  a,  and  T  are  constant  in  each  face,  the  face  thickness  is  small  com¬ 
pared  to  the  depth  of  the  cross  section,  and  the  core  carries  only  shear.  Thus  the  cross 
section  is  symmetrical  about  the  y  axis  and  the  faces  can  be  considered  as  concentrations 
of  elastic  area  (EA)  and  free  thermal  strain  (aT). 


CORE 


Vr^i^'i 


FACES 


V2’“2'^2 


FIGURE  4. 1.2.  2-1  SANDWICH  BEAM  CROSS  SECTION 


The  formulas  at  the  bottom  of  Table  4. 1.  2. 1-3  are  directly  applicable.  They  yield 


'  Vi 

EiAf  + 


®2^2“2'^2 


w'z=  ~  °‘2^2 


(Ti  =  Og  =  0 
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Note  that  no  thermal  stresses  occur  in  the  faces,  Eq.  (4).  hi  fact,  no  thermal 
stresses  can  occur  in  an  unrestrained  beam  when  the  cross  section  consists  of  less  than  four 
concenti^ted  areas  because,  for  two  or  three  such  areas,  a  plane  can  always  be  passed 
through  the  thermally  deformed  section. 


4.1.2  3  Power  Series  Solution  -  Bending  About  One  Principal  Axis 


The  power  series  method  gives  a  non-dimensional  solution  to  the  unrestrained 
thermo-elastic  beam  problem  in  terms  of  non-dimensional  parameters  which  define  the  thermal 
loads  and  section  properties. 


This  paragraph  discusses  the  application  of  the  power  series  method  to  problems 
in  which  the  directions  of  the  principal  axes  are  known  and  bending  occurs  about  only  one  of 
these  axes  (as,  for  example,  when  one  of  the  principal  axes  is  an  axis  of  symmetry  for  both 
the  elastic  area  of  the  cross  section  and  the  oT  distribution).  Under  such  conditions,  the 
power  series  method  usually  has  a  distinct  advantage  over  the  finite  sum  method. 


The  method  can  be  extended  easily  to  the  general  case  of  bending  about  both  prin¬ 
cipal  axes  (Paragraph  4. 1  2.4).  However,  because  of  the  additional  numerical  computation 
required,  expecially  when  the  directions  of  the  principal  axes  must  first  be  determined,  the 
method  of  finite  sum  should  be  used  in  problems  involving  bending  about  both  axes  so  as  to 
obtain  solutions  with  the  least  amount  of  labor. 


Paragraph  4  1.1  1  shows  that,  in  general,  the  modulus  of  elastic)  ly,  E,  varies 
over  the  cross  section  and  thus  appears  under  the  integral  sign  in  the  formula.^  for  the  section 
properties.  Accordingly,  the  structural  behavior  is  governed  by  the  elastic  properties  of  the 
cross  section  (EA,  El),  rather  than  by  the  geometric  properties  of  the  cross  section  (A,  I). 

The  power  series  method  will  be  applied  to  beams  having  the  following  types  of 
elastic  cross  section  configurations; 

(a)  Cross  sections  where  the  elastic  width  (Eb)  is  monotonically  continuous 
through  the  depth  or  on  each  side  of  a  bending  axis  of  symmetry.  (Figure  4 . 1 . 2. 3-1  (a)  and 
-1(b)). 

(b)  Cross  sections  with  discontinuous  elastic  width  variation  of  the  multi-rect¬ 
angular  type  as  exemplified  by  tees,  channels,  I-beams,  etc.  (Figure  4. 1. 3-1  (c)).  Cross 
sections  that  do  not  have  the  above  configurations  can  usually  be  approximated  by  them  with 
a  reasonable  degree  of  accuracy . 

The  following  steps  are  taken  in  arriving  at  the  solution: 


(a)  Tlie  average  aT  profile  (Figure  4. 1. 2. 3-2  and  Paragraph  4. 1. 2.4)  in  a  direc¬ 
tion  normal  to  the  principal  bending  axis  is  approximated  by  a  power  series  (polynomial)  of  the 
form 

n 


aT  =X 


L  n 
a,  s  =  a  s 
L,  n 


"^n-1® 


L=o 


flj)  Continuous  cross  sectional  configpirations  of  the  types  discussed  above  are 
represented  by  binomials  of  the  form 

Eb  =  (1  +  )3  s^^)  (2) 

where  p  and  K  are  non-dimensional  parameters  defining  the  elastic  width  variation. 


WADD  TR  60-517 


4.21 


4. 1.2.3  (Cont'd) 


d 


r£  b 

nn  ->| 


o  o 


(A)  Monotonically  Continuous 
Elastic  Width  Variation 


(b)  Elastic  Widths  Monotonically 
Continuous  and  Symmetrical 
About  the  Bending  Axis 


(c)  Multi -rectangular  Dis¬ 
continuous  Elastic  Width 
Variation 


FIGURE  4. 1.2. 3-1  TYPICAL  CONFIGURATIONS  OF  ELASTIC  CROSS  SECTION  AREAS 

Discontinuous  multi-rectangular  configurations  are  expressed  by  means  of  step 
parameters  rj^  defined  in  Eq.  (1)  of  Paragraph  4. 1.2. 3.4. 

(c)  The  parameters  which  define  the  aT  distribution  and  elastic  cross  section  in 
the  abo\'e  manner  are  substituted  into  non-dimensional  expressions  for  the  stresses  and 
deformations. 


(a)  Cross  Section  With  Two  Dimensional  (b)  One  Dimensional  Average  a  T  Profile 

Distribution  of  E,ar  ,  T  in  u  Principal  Direction. 


FIGURE  4. 1.2. 3-2  DETERMINATION  OF  AVERAGE  aT  PROFILE  FOR  BENDING 
ABOUT  UU  PRINCIPAL  AXIS 
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4. 1. 2. 3. 1  Polynomial  Approximation  of  a  Given  orT  Distribution 


Consider  the  temperature  (aT)  profile  shown  in  Figure  4. 1.2. 3. 1-1,  which 
represents  the  average  variation  in  the  direction  of  one  of  the  principal  axes. 


It  is  desired  to  determine  a  polynomial  expression  of  the  form 

aT  =  a„8“+a„  . +aTS  +  a^T  =2)  a, s^  (1) 

n  n-1  1  o  o  7  ^  L  '  ' 

Lr=o 

where  s  =  u/d,  which  will  match  the  profile  values  of  aT  at  discrete  points  equally  spaced 
through  the  depth.  The  solution  consists  of  solving  n  linear  algebraic  equations  for  the  n 
unknown  coefficients  a^^,  a^^  ^  .  .  .  a^^,  where  n  is  numerically  equal  to  the  number  of 


equal  subdivisions  of  the  profile,  hi  matrix  form,  the  coefficients  are  determined  from  the 
equation: 
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4. 1.2.3. 1  (Cont'd) 


Obviously,  as  more  and  more  subdivisions  are  taken,  higher  order  polynomials  are 
obtained  which  more  accurately  match  the  correct  temperature  profile.  However,  the  addi¬ 
tional  work  and  time  expended  in  obtaining  high  order,  extremely  accurate,  polynomial  repre¬ 
sentations  is  seldom  justified.  Since  the  temperature  distribution  is  to  be  integrated  in  the 
process  of  obtaining  fte  solution,  the  accuracy  of  the  approximation  using  a  low  order  poly¬ 
nomial  is  improved.  Also, an  exact  representation  of  the  temperature  profile  may  become 
meaningless  if  the  available  data  from  which  the  profile  is  constructed  is  scant  and  inaccurate 
(as  is  often  the  case).  In  most  cases,  solutions  of  engineering  accuracy  can  be  obtained 
with  polynomials  no  higher  than  the  4th  order  (which  matches  oT  at  the  extreme  fiber,  at  the 
reference  axis  and  3  intermediate  equally  spaced  points).  The  matrix  solutions  for  the  co¬ 
efficients,  presented  in  Eq.  (2)  in  general  form,  are  given  in  Table  4. 1. 2. 3. 1-1  for  polynomials 
up  to  the  4th  order. 

The  order  of  polynomial  to  be  used  in  any  given  problem  should  be  determined  on 
the  basis  of  factors  such  as  the  completeness  of  available  data,  the  shape  of  the  temperature 
profile,  and  the  desired  degree  of  accuracy.  Thf  coefficients  of  polynomials  higher  than  the 
4th  order  can  be  determined  from  Eq.  (2). 

The  method  of  polynominal  approximation  of  the  aT  profile  is  illustrated  below 
for  the  case  where  the  values  of  aT  are  given  at  five  equally  spaced  points,  as  shown  in 
Figure  4. 1.  2. 3. 1-2.  The  following  will  be  determined: 

(1)  The  polynomial  which  fits  the  3  points  (5)  ,  @  and  @ 

(2)  The  polynomial  which  fits  all  5  points 

s 


FIGURE  4. 1.2. 3. 1-2  aT  VALUES  AT  5  EQUALLY  SPACED  POINTS 


where 

and 


For  a  3  point  fit.  Table  4. 1. 2. 3. 1-1  gives 
2 

aT  =  y  a,  =  a„s^  +  a,s  +  a„T 
L  2  loo 

“o^o  =  1.0  X 10 

f-'l  3 

y  X 10^  = 

1^2  J 


1.5  -  1.0 

3.5  -  1.0 


4 

-4 


'  0.5 

•< 

2.5 
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4. 1.2.3. 1  (Cont'd) 

WHie  matrix  multiplication  indicated  above  yields  the  desired  column  matrix 
,  or 

(4=  W  (4 

In  general  the  value  of  each  element,  a.  of^a|  is  obtained  by  selecting  the  i  th  row  of 

[s]  and  summing  the  products  of  its  elements  widi  the  corresponding  elements  of  the 
column  ^b|  . 

Thus: 


ajXlO*’=  (4  )  (0.5)  +  (-1)  (2.5)  =  -0.5 
a2XlO^=  (-4)  (0.5)  +  (2)  (2.5)  =  3.0 


and  therefore 


Q!Tx10^=  3.08^-0.58+1.0 


For  a  5  point  fit.  Table  4. 1.2. 3. 1-1  gives 


where 


4  3  2 

aT  =  a.s  +  a-8  +  a„8  +  a,s  ^  oi  T 

4  3  2  1  o  o 


a  =  1. 0  X  10' 
o  o 


X  10^= 


(  16  )(-12)  (  5j)(-l)  .0 

(-69|)(76  )  (-37^(7^)  .50 

(  96  )  (-128)  (  74|)  (-16)  1.25 

(-42|)  (  64  )  (-42|)  (10|)  I  2.50 


a^  X  10  =  (  16  )  (0)  +  (  -12)  (.50)  +  (  5^)  (1.25)  +  (  -1)(2.50)  =  -1.833 

agXlO®  =  (-69|)(0)  +  (  76  )(.50)  +  (-37^(1.25)  +  (  7^  (2. 50)  =  +9.667 

agXlO^  =  (  96  )(0)  +  (-128)  (.50)  +  (  74|)(1.25)  +  (-16)  (2.50)  =  -10.667 

a^xlO^  =  (-42^(0)  +  (  64  )  (.50)  +  (-42j)(1.25)  +  (lo|)(2.50)  =  +5.333 


aT  X  10^  =  +5.3338^  -  10.6678^  +  9.6678^  -  1.8338  +  1.000 


Plots  of  the  aT  profiles  resulting  from  die  above  polynomial  representations 
are  shown  in  Figure  4. 1. 2. 3. 1-3. 
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4. 1.2. 3. 2  Binomial  Representation  of  Continuous  Elastic  Cross  Sections 

Approximate  representations  of  continuous  cross  sectional  geometries  having 
monotonic  elastic  width  variation  (Figure  4. 1. 2.3. 2-1)  are  given  by  the  following  basic 
expression: 

a.  =  E„b„  [i  *  -J* 

where  s  = 


W 

Eb 
o  o 


(Taper  Parameter) 


The  value  of  K  (shape  parameter)  is  determined  from  the  equation 
'  E  b  -  E  b 

=  Log,,  . 

.5.5  o  o 


®.5^5 


u  =  .  50d 
s  =  .  50 


Reference  Axis 


U— 

I  o  o 


FIGURE  4. 1. 2. 3. 2-1  CON.TINUOUS  CROSS  SECTION  WITH  MONOTONIC  ELASTIC  WIDTH 
VARIATION 

The  taper  parameter,  p  ,  defines  the  ratio  of  the  elastic  width  at  the  extreme 
fiber  to  the  elastic  width  at  the  reference  axis;  the  shape  parameter,  K  ,  defines  the  shape 
of  the  sides  (elastic  width  variation).  Figure  4.1.2. 3. 2-2  presents  a  summary  of  the  geo¬ 
metric  shapes  represented  through  the  complete  range  of  the  parameters  p  and  K. 


*  P<  -1  gives  negative  width  and  is  thus  meaningless.  K  <  0  occurs  for  non-monoronic 
width  variation  and  results  in  infinite  width  at  the  reference  axis . 
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4. 1.2. 3. 2  (Cont'd) 


^  =  -1 


-1<P<0 


0<K<1 


K  =  1 


(Strait 

Sides) 


K>  1 


FIGURE  4. 1.  2. 3.  2-2  MONOTONIC  GEOMETRIC  SHAPES  DEFINED 

BY  PARAMETERS  jS  AND  K 


In  many  cases,  the  temperature  range  is  such  that  the  variation  of  modulus 
of  elasticity  is  insignificant.  The  actual  cross  sectional  geometry  then  has  the  same 
shape  as  the  elastic  geometry,  and  geometric  shapes  such  as  circles,  ellipses,  etc. , 
can  be  closely  approximated  by  Eq.(la).  Note  that  the  actual  shape  of  the  elastic 
cross  section  need  not  be  symmetrical  (see  Paragraph  4. 1. 2. 4).  Figure  4.1.2. 3. 2-2 
is  presented  in  this  manner  only  to  emphasize  the  shape  of  the  sides. 
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4. 1.2. 3. 3  Solution  for  Continuous  Elastic  Cross  Sections 

For  continuous  cross  sections  having  monotonic  elastic  width  variation 
(Figure  4. 1. 2.3. 2-1),  the  elastic  section  properties  for  bending  about  a  principal  axis 
are  obtained  by  substituting  Eq.  (la)  of  Paragraph  4. 1.2. 3. 2  into  the  general  integral 
equations  for  elastic  section  properties  which  are  presented  in  Paragraph  4 . 1 . 1 . 1 .  The 
results,  derived  in  Reference  4-1,  are  given  below  in  non-dimensional  form. 


d  KK 

o  o 


K  +  1 


d^  E  b 
o  o 


=  <4- 


K  +  2 


K  +  3 


where  /?  and  K  are  determined  from  Eqs.  (lb)  and  (2)  of  Paragraph  4. 1. 2. 3. 2.  These 
"elastic"  section  properties  should  be  employed  in  the  solution  of  the  deformation  and  stresses 
of  beams  subjected  to  mechanical  and  thermal  loads . 

The  total  thermal  deformation  of  the  cross  section  can  be  considered  as  the 
superposition  of  the  deformations  due  to  the  thermal  loads  represented  by  each  term  of 
the  O' T  polynomial  (Eq.  (1),  Paragraph  4. 1.2. 3.1).  The  contribution  of  the  Lth  term  of 
the  aT  polynomial  to  the  total  deformation  is  obtained  by  substituting  aT  =  a^^s^,  and 
the  expressions  for  the  section  properties  given  above,  into  the  general  integral  equations 
for  the  deformations  (Paragraph  4. 1. 1.2). 

Thus,  in  non-dimensional  form,  the  deformations  due  to  an  aT  profile  of  the 
form  aT  =  a^^s^  are 


= 


=  -r{ 


_1 _ 

L  +  1 


_ t_ 

K  +  L 


K  +  L  +  2 


)  -(rii  * 


Equations  (4)  and  (5),  taken  from  Reference  4.1,  are  shown  graphically  in  Figures  4. 1.2. 3. 3-1 
and  -2  for  the  case  K=1  (elastic  cross  section  with  straight  sides).  Referring  to  these  graphs, 
note  that  for  the  case  L=0,  corresponding  to  aT  constant  through  the  depth,  the  non-dimensional 
elongation  and  rotation  6^  have  the  numerical  values  one  and  zero,  respectively,  for  all 
values  of  ta^r  parameter  P?  The  case  L=1  corresponds  to  an  aT  distribution  which  varies 
linearly  through  the  depth  and  thus  5,  =  1  for  all  p.  Note  also  that  the  deformations  are  relatively 
insensitive  to  changes  in  the  taper  ratio  for  large  values  of  p. 

The  total  thermal  deformations  for  an  aT  profile  represented  by  a  polynomial  of 
order  "n"  are,  by  superposition: 
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4. 1.2. 3. 3  (Cont’d) 


=  I  "L  "  -r  I 


^L  ^L 


The  stresses  due  to  thermal  loading  are  determined  from  the  total  thermal 
deformations  by  the  relationship 


o  =  E  -aT  +  € '  +  w 


or  alternatively  by 


a  =  E 


’  (u  -  5)] 


U 

X  a^  [  -s^  +  * 


properties. 


The  stresses  due  to  mechanical  loading  are,  from  Eqs.  (1)  and  (3)  for  the  section 


CT  =  E 


EA  El 


dEb  L  \  „.2  “'J  * 

0  0  va 

where  in  die  above  equations,  s,  u,  E  and  aT  are  prescribed  for  the  point  at  which  the  stress 
is  to  be  determined. 


WADD  TR  60-517 


FIGURE  4. 1.2. 3 


\J  \7  ^ 

'^o  o— ^  Typical  Cross  Sections 

.3-1  ELONGATION,  FOR  CONTINUOUS  GEOMETRY  OF  THE  FORM 
Eb  =  E^b^  (1  +p  sK),  WITH  K  =  I  (STRAIGHT  SIDES). 
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FOR  CONTINUOUS  GEOMETRY  OF  THE 
bg  (  1  +  /3  s*^),  WITH  K  =  1  (STRAIGHT  SIDES). 


4.]  ,2.3.3  (Cont^d) 


sfe-”-: 


The  solution  of  the  stress  and  deformation  for  an  unrestrained  beam,  with  the 
cross  section  *  shown  in  Figure  4.  1.  2.  3.  3-3,  is  illustrated  below. 

It  is  desired  to  calculate  and  compare  the  deformations  and  stresses  produced  by 
each  of  the  following  polynomial  approximations  to  the  aT  profile: 

(a)  aTx  10^  =  3.0s^  -  0.5s +1.C 

(b)  QfTx  iO^  =  5.333s^  -  10.667s^  +9.667s^  -  1.833s  H.OOO  (Refer  to 
Figure  4.1.2. 3-5) 


E„b„  =  3  X  10® 
n  n 


FIGURE  4. 1.2. 3. 3-3  ELASTIC  CROSS  SECTION 


*  The  elastic  cross  section  shown  in  Figure  4. 1. 2.3. 3-3  makes  physical  sense  in  that  a 
cross  section  which  has  a  physical  geometry  of  constant  width  b^  has  an  elastic  width  Eb 
which  decreases  with  increasing  temperature. 
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4. 1.2. 3.3  (Cont’d) 

Soluti<Hi: 

(1)  Hie  parameters  p  and  K  are  determined  from  Eqs.  (lb)  and  (2)  of 


4. 1.2. 3. 2.  Thus 

E  b 

^  "  E  b 

0  0 

=  ^  -  1  =  -.7000 

K  =  3.32  Logjjjl 

-  E  b  -  E  b  T 

.  E  gb  g  -  E  b  ]  ^®10 

.5.5  00 

=  3.32  Log  (3.5)  =  1.8063  . 

10 

(2)  Substituting  the  above  values  of  p  and  K  in  Eqs.  (1),  (2)  and  (3)  gives  the 
non-dimensional  section  properties: 

‘  *  tm  =  1 "  xii  ' 

" "  4- (t  *  (T*iw)  “ 


■'  “(i  *  •  (-r  *  osir)  -  (-42:1)-  = 

(3)  Ihe  solutions  of  Eqs.  (4)  through  (7)  for  the  deformations  caused  by  each  of 
the  polynomial  aT  distributions,  are  gfiven  below  in  Tables  4. 1.2. 3. 3-1  (a)  and  -1(b). 

(4)  The  stresses  are  obtained  by  substituting  the  deformations  into  Eq.  (8). 

Thus: 

For  2nd  order  orT  polynomial 


O'  =  E  l^-aT  +  €'  +  w’ 

_  TT.  F  _ m  __  •,  /\^  .  pr 


(u-u)  j 

98  +  .7563  (u-u)  j 


=  E  l^-aTxlO”  +1.5398  +  .7563  (u-u)J  x  10 

For  4th  order  otT  polynomial 

o-  =  E  [-aT X  10^  +  1.4974  +  .7580  (u-u)  ]  x  lO"^ 
where  u  =  /id  =  (.4211)  (3.0)  =  1.2633  . 

The  above  stresses  are  plotted  in  Figure  4. 1.2. 3. 3-4. 
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If  it  is  desired  to  determine  the  points  of  maximum  tensile  and  compressive 
strains  without  resorting  to  a  plot  through  the  depth,  use  of  the  alternate  expression  for 
the  stress,  Eq.  8(b)  is  advantageous.  Hius,  by  substituting  into  Eq.  8(b),  the  2nd  order 
polynomial  approximation 
2 

q-T  =  2  ^  (3. OOOs^  -  0.500s  -t  1.000)  X  10~^ 

L=o 

H  =  .4211 

and  the  values  of  6  t  aod  Yt  obtained  from  Table  4. 1. 2. 3. 3-1  (a),  the  following  analytic 
expression  is  obtained: 

X  10^  =  -3.000s^  +  2.769s  -  .4157  . 


To  obtain  the  extremum  points  of  strain,  set  the  derivative  of  a/E  equal  to  zero, 

i.e. , 

=  (-6.000s  +  2.769)  X  lO'^  =  0 
which  gives  an  extremum  point  at 


s  = 


2.769 

6.000 


=  .4615 


This  corresponds  to  a  point  of  maximum  strain  since  the  second  derivative 


is 


ds 


negative.  Since  only  one  extreme  point  exists,  the  minimum  (maximum  compressive)  strain 
for  the  cross  section  must  occur  at  one  of  the  extreme  fibers,  as  verified  by  Figure  4. 1. 2. 3. 3-4. 


Evidently,  if  E  is  constant  over  the  cross  section,  then  the  points  of  maximum  and 
minimum  strain  correspond  to  points  of  maximum  and  minimum  stress. 


A  comparision  of  the  deformations  obtained  from  the  two  polynomial  approximations 
of  the  aT  distribution  (Tables  4.1, 2. 3. 3-1  (a)  and  -2(b)  shows  good  agreement.  This  was  to  be 
expected  since  the  oiT  distributions  are  integrated  in  the  process  of  obtaining  the  deformations, 
thus  improving  the  accuracy  of  ’ower  order  polynomial  approximations.  The  stresses,  on  the 
other  hand  (Figure  4.1. 2. 3. 3-4),  do  not  show  as  good  an  agreement.  This  is  due  mainly  to  the 
fact  that  the  imrestrained  beam  thermal  stresses  are  obtained  from  Eq.  (8)  as  small  differences 
between  large  numbers,  and  are  therefore  sensitive  to  small  changes  in  the  deformations.  TTius 
a  very  accurate  determination  of  the  thermal  stresses  requires  an  even  more  accurate  calcula¬ 
tion  of  the  deformations,  which  in  turn  requires  the  use  of  higher  order,  more  accurate,  poly¬ 
nomial  approximations  of  the  aT  profile,  or  the  use  of  the  finite  sum  method.  It  becomes 
apparent  that  the  temperature  distribution  must  be  known  to  a  high  degree  of  accuracy  (which  is 
usually  unobtainable  in  actual  structures)  to  obtain  accurate  thermal  stresses.  The  high  degree 
of  accuracy  of  temperature  distributions  is  not  required  for  the  determination  of  thermal  de¬ 
formations  . 
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8BCTI0HA1.  DBrORUATIONB  CAU8BD  BV  THE  SKD  ORDER  FOLVHOMIAL 


4. 1.2. 3. 3  (Cont'd) 


The  relationships  for  the  section  properties  and  deformations  given  in  Eqs.  (1) 
through  (5)  can  be  simplified  if  the  elastic  geometry  is  symmetric  about  the  bending  axis. 
Figure  4.1.2.3.3-5(a).  For  this  case,  the  non-dimensional  section  properties  reduce  to 


.  _  EA 

s  ■  dE  b 
o  o 


(9) 


'^s  = 


=  0 


and 


^8  ,3 


El 


d  E  b 
o  o 


=  2(4 


B 


K  +3 


(10) 


(11) 


where  d  is  the  distance  from  the  reference  axis  to  an  extreme  fiber  and  B  and  K  are  deter¬ 
mined  from  Eqs.  (lb)  and  (2)  of  Paragraph  4. 1.2. 3. 2  using  the  elastic  width  variation  on 
either  side  of  the  reference  axis  (bending  axis  of  symmetry). 

The  solution  for  the  deformations  is  obtained  by  first  decomposing  the  total 
a T  distribution.  Figure  4.1.2.3.3-5(b),  into  components  which  are  symmetrical  and  anti- 
symmetrical  about  the  bending  axis  (Figure  4.1.2.3.3-5(c)  and  -5(d)). 

Thus  if,  as  shown  in  Figure  4.1.2.3.3-5{b),  the  aT  profile  above  the  bending 
axis  is  represented  by  the  polynomial 


"V 


aT  =  y  a,  =  a„  +aiS  + 

L  0  1 

L=o 

and  the  aT  profile  below  the  bending  axis  by 
n 

aT  =■  y  a’j^  (-s)^  =  a'^  +a'j  (-s)  + . a’jj(-s)'^ 

L=o 

then  the  symmetric  al  component  of  the  total  aT  profile  is 

^5: 


(aT). 


L=o 


0(*s(^  =[( 


a  +a'  ,  a.  +a' 

»  2 )  (“) 


and  the  anti-symmetric  component  is 


-  a* 


a_  -  a' . 


-  a* 


(«T)„ 


Ot  »  t  t  #-  **  ^  .  **1  **  1  » 


L=o 


C-^hsf] 


(12a) 


(12b) 


(13a) 


(13b) 


where  the  upper  (positive)  signs  in  the  above  formulas  are  to  be  used  for  points  located  above 
the  reference  axis  and  the  lower  (negative)  signs  for  points  below  the  reference  axis. 
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4. 1.2, 3. 3  (Cont'd) 


For  the  symmetrical  component  of  the  aT  profile,  Eqs.  (4)  and  (5)  reduce  to 

(y  )  =  — 1 P  \ 

"l's  'l-tl  K*L+1  ) 


dw' , 

(6t)  =  - -  =0 

(^) 

and  for  the  anti-symmetrical  component  of  the  aT  profile 

<^L>a  =  -f^a’  =  ° 

dw  * 

(5  )  =  - —  =  — 2 —  /  — 1 —  _ g - \ 

'  L'a  ,  a,  -  a'  ,  '  L  +  2  K+L  +  2  ' 

(-V^> 

The  total  deformations  are  obtained  by  superposition  of  the  symmetrical  and  anti- 
symmeci'ical  components  as 


=  2:  '''ua  '  T  E  )  (^L)a 

T  T  L  J 


Note  that  the  elongation,  f '  is  caused  solely  by  the  symmetrical  component  of  the  aT 
profile,  while  the  rotation,  w'  is  caused  solely  by  the  anti-symmetric  component  ot  the 
profile . 

Once  the  deformations  have  been  determined  as  above,  the  stresses  can  be  obtained 
from  the  relationship 

O'  =  E  (-aT  +  €'  +  w'  u)  (18) 

where  u  and  aT  are  prescribed  for  the  point  at  which  the  stress  is  to  determined. 

The  method  of  solution  is  illustrated  for  an  unrestrained  beam  having  the  geometry 
and  aT  profile  shown  in  Figure  4. 1. 2.  3. 3-6.  Stresses  and  deformations  are  determined 
as  follows; 
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4. 1.2. 3. 3  (Cont’d) 


(a)  Diamond- Shaped  Elastic  Cross  Section 
(Straight  Sides) 


0i>>  orT  Profile 


FIGURE  4. 1.2. 3. 3-6  SYMMETRIC  ELASTIC  CROSS  SECTION  WITH 

UNSYMMETRIC  aT  PROFILE 

(1)  From  Eqs.  (lb)  and  (2)  of  Paragraph  4. 1.2. 3. 2  or  Figure  4. 1.2. 3. 2-2, 

P  =  ~1 
K  =  +1 

(2)  Substituting  the  above  values  of  p  and  K  in  Eqs.  (9)  and  (11)  gives  the  non- 
dimensional  section  properties 

‘s  =  2  (i*Tr?r)  "  2  (i-f  )  =  1 

*8  "  K +3  )  "  ^(  "3  4”  )  "  ~  ' 

(3)  The.  solutions  of  Eqs.  (14),  (15a),  (16)  and  (17)  for  the  deformations  are  worked 
out  in  Table  4. 1.2. 3. 3-2. 

(4)  The  stresses  are  obtained  by  substituting  the  deformations  in  Eq.  (18),  thus 

a  =  E  (-aT  +  e*  +  w’  u) 

=  E  (-o-T  X  10^  +  .9583  +  .0750  u)  x  lO"^ 

These  stresses  are  plotted  in  Figure  4. 1.2. 3. 3-7. 


WADD  TR  60-517 


4.43 


FIGURE  4.1.2.3.4-1  GENERAL  MULTI-RECTANGULAR  SECTION 


4. 1.2. 3.4  (Cont'd) 


Nffli-dimensional  elastic  section  properties  are  expressible  In  terms  of  the 
step  parameters  as 


X  = 


M  = 


V  = 


EA 

dEX 

0  0 

u 

^2 

d 

X 

11 

E  b 
o  o 


773  - 


(2) 

(3) 

(4) 


Note  that  the  above  expressions  correspond  to  Eqs.  (1),  (2),  and  (3)  of  Para- 
grai^  4. 1.2. 3. 3  for  continuous  section  properties,  where 


(1  +  — ^ —  )  (—  + 

'  k+I^*  '2  K  +  2 


A 


K  +3 


) 


have  been  replaced  by  rj^,  and  respectively. 


n 

aT  =  2 
L=o 


The  deformation  modes,  for  an 


'L  +1 


aT  profile  expressed  as  a  power  series 


(5) 


5 


L 


^  ’^L+2  +1  ^ 


(6) 


The  total  stresses  and  deformations  are  obtained,  as  in  the  case  of  continuous  geometiy, 
from  Eqs.  (6),  (7)  and  (8)  of  Paragraph  4. 1.2. 3. 3.  If  the  aT  polynomial  is  higher  than 
the  first  order,  then  to  obtain  the  stresses  and  deformations,  one  must  evaluate.  In  addi¬ 
tion  to  T}^,  8“**  ‘’73.  values  of  “>7  up  to  Vj^+2  order  of  the  aT  pol3momial. 
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4.1. 2,3.4  (Ctont'd) 


The  solution  for  the  deformations  and  stresses  of  the  imrestrained  beam  shown 
in  Figure  4. 1.2. 3.4-2  is  illustrated  below. 


E  =  10  X  10  ^Constant^ 


(a)  Cross  Section  o-T  Profile 


FIGURE  1.1. 2. 3,4-2  UNRESTRAINED  BEAM  CROSS  SECTION  AND 
TEMPERATURE  DISTRUBITION 


(1)  The  numerical  calculation  for  the  necessary  step  parameters,  Eq.  (1), 
is  carried  out  in  Table  4. 1, 2. 3. 4-1  (a) 

(2)  Non-dimensional  section  properties  are  calculated  by  substituting  the 
above  step  parameters  in  Eqs.  (2),  (3)  and  (4).  Thus 

\  =  =  ,2320 


\  ^  .0950 

A.  .  2320 


.4095 


1/  =  Tjg  -  A  =  .0728  -  .2320  (.4095)^  =  .0339 

(3)  The  solution  of  Eqs.  (6)  and  (7)  of  Paragraph  4. 1.2. 3. 3  and  of  (5)  and  (6) 
above  for  the  deformations  is  carried  out  in  Table  4. 1.2. 3. 4-1  (b). 

(4)  Ibe  stresses  are  determined  '  Eq.  (8)  of  Paragraph  4. 1.2. 3. 3  by 
o  =  E  -aT  +  e'  +  w'  (u  - 

=  E  -q-T  +  (2259  x  10“®)  +  (262  10“®)  (u -4.095)j 

where  u  =  pd  =  (.4095)  (10.0)  =  4.095 
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CALCULATION  OF  STEP  PARAMETERS 


4. 1.2. 3.4  (Coat’d) 


As  in  the  case  of  continuous  elastic  geometry,  the  equations  for  the  section  pro¬ 
perties  and  deformations  are  simplified  if  the  elastic  geometry  is  symmetric  about  the 
bending  axis  (see  Figure  4. 1.2. 3.4-3). 


u 

n 

s  =—T~ 
n  d 


L., - r-* 

'  I 

Lt - T-^ 

I  t 


46,  -m 


Ref.  Axis 

(Bending  Axis 
I  of  ^mmetry) 

-s,-u 


8  =  -1 
u  =  -d 


FIGURE  4. 1.2. 3.4-3  MULTI-RECTANGULAR  SECTION  WITH  A 
BENDING  AXIS  OF  SYMMETRY 

M  this  case, the  non-dimensional  section  properties  of  Eqs.  (2),  (3),  and  (4)  reduce  to 

A  =  ^  -  27) 

8  dE  b  -  ' 

o  o 


B - 3  ^  "3  ’ 

®  d^  E  b 
o  o 

where  the  step  parameters  are  determined  from  Eq.  (1)  using  the  geometry  on  either  side 
of  the  reference  axis  and  d  is  the  distance  from  the  reference  axis  to  an  extreme  fiber. 

The  solution  for  the  deformations  is  obtained,  as  in  the  case  of  continuous  elastic 
geometry,  by  decomposing  the  total  oT  distribution  into  components  which  are  symmetrical 
and  anti-symmetric^  about  the  bending  axis  (see  Eqs.  (12)  and  (13)  of  Paragraph  4. 1. 2. 3. 3 
and  Figure  4. 1.2. 3. 3-5). 
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4.1. 2.3.4  (Ctont’d) 


For  the  symmetrical  component  of  the  oT  profile,  Eqs.  (5)  and  (6)  reduce  to 


e' 


/  \  =  L.s _  _  2 

'^L^s  (a-  +a’7yT  ^L+1 

Li  1j  8 


ao) 


<«l)8  =  -(^-^'$72  =  « 


ai) 


and  for  the  antl-symmetrical  component  of  the  aT  profile 

I 

Lf  8 


(aj^  -  a'  j^)/2 


=  0 


a2) 


dw' 


(6t).  = 


'L^a  (a^  -  a* 


L»  a  _  2  _ 

«  ^L+2 


as) 


"8 


Once  the  deformation  modes  have  been  determined.the  total  deformations  and 
stresses  are  obtained  by  superposition  from  Eqs.  (16),  (17)  and  (18)  of  Paragraph 
4,1. 2.3. 3. 


Solutions  of  Eqs.  (10)  and  (13)  are  plotted  in  Figures  4. 1.2. 3. 4-5 (a)  for  tl.e 
special  case  of  two  rectangles*  (sections  such  as  channels,  "I"  beams,  tees  and  cruil- 
furms  conform  to  this  configuration)  with  s  =  .97. 


Practically  all  aircraft  structural  sections  can  be  approximated  by  multi-rectangular 
configuratlunB  with  respect  to  the  principal  axes.  %e,  for  example  Figure  4.1.2. 3.4-4 
in  which  a  zee  section  is  approximated  by  a  symmetrical  two  rectangle  geometry. 
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4. 1.2.3. 4  (Cont’d) 

The  solution  for  a  symmetrical  elastic  geometry  is  illustrated  below. 

The  box  beam  shown  in  Figure  4. 1.2. 3.4-6  is  subjected  to  an  ofT  distribu¬ 
tion  which  varies  through  the  depth  as  shown  on  the  right.  It  is  assumed  that  the  aT 
distribution  is  constant  across  the  width.  To  find  the  deformations  €  ' ,  w’  and  the  thermal 
stresses,  it  is  necessary  that  the  step  parameters  be  calculated  from  Eq.  (1)  in  Table 
4.1.2.3.4-2(a);  the  deformation  modes  as  given  by  Eqs.  (10)  and  (13'  are  calculated  in 
Table4.1.2.3.4-2(b). 

Thus,  from  Eqs.  (16)  and  (17)  of  Paragraph  4. 1.2. 3. 3, 
n 

'’  ■=  (  *')  L,8  '  ^  ®  col.  *  I"’®  =  1618  X10-® 


»'  =  Z  =  2  ®  eol.  *  lO'®  = 

L=0 

and  from  Eq.  (18)  of  Paragraph  4. 1.2. 3. 3. 

o-  =  E  -aT  +  (1518  x  10“®)  +  (73  x  lO"®)  u  j  . 

Covers;  Titanium,  E  =  15  x  10^;  Webs:  Aluminum,  E  =  10  x  10^ 


4. 0"  J- 
.10 
(Typ) 


10(IVp) 


aT  =  Z 


=  (eOOs"^  +  600s  +  600)  10~® 


+8,  +  U 


3 

=  X  a\(-s)^  =r900(-8)^  +60ol  10" 

L=o  ^  *-  •» 


FIGURE  4.1. 2.3.4-6  BI-METALLIC  BOX  BEAM  WITH  SYMMETRICAL  GEOMETRY 
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4. 1.2.4  Power  Series  Solution  -  Corrections  for  Bending  Anout  Both  Axes 


Ihe  power  series  solution  discussed  in  Paragraph  4. 1.2. 3  assumes  that  bending 
takes  place  about  only  one  principal  axis  UU  .  This  is  the  case  when  the  W  principal  axis 
is  an  axis  of  symmetiy  for  both  &e  elastic  geometry  and  the  aT  distribution.  Bending  about 
the  VV  axis  (w'  ^  0)  is  caused  by  unsymmetrical  geometry  and  aT  distribution  about  the 
W  principal  aus.  The  correction  requires  the  addition  to  the  solution  of  the  bending  about 
this  principal  axis  VV.  The  final  deformations  are  the  axial  elongation  and  curvature  w'^ 

about  the  UU  axis  solved  previously  plus  the  curvature  w'  ^  about  the  W  axis. 

The  final  thermal  stress  is 

ff  =  E  -aT  +  i '  +  w'^  (u  -  u)  +  w'j^  (v  -  v)  j  (1) 

Note  that  any  distribution  of  aT  can  be  solved  by  superposing  the  solution  into  two  parts, 
each  being  the  solution  for  the  average  distribution  (Figure  4.1. 2.3-2)  about  that  principal 
axis.  The  solution  about  any  axis  can  be  accomplished  by  the  power  series  or  finite  si^m 
method,  whichever  is  most  readily  solvable. 


STATICALLY  INDETERMINATE  (EXTERNALLY  RESTRAINED)  BEAMS 


hi  Sub-section  4.1  it  is  shown  that  in  externally  unrestrained  (statically  deter¬ 
minate)  beams,  thermal  loads  produce  deformations  and  self-equilibrating  internal  stresses 
which  are  compatible  with  the  internal  requirement  of  the  plane  cross  sections  remaining 
plane,  hi  externally  restrained  (statically  indeterminate)  beams,  compatibility  forces  are 
generated  at  the  restraints  in  order  to  make  the  beam  deflections  satisfy  the  external  (bound¬ 
ary)  conditions.  Ihese  compatibilify  forces  (redundants)  and  applied  mechanical  loads 
produce  stresses  and  deformations  within  the  beam  which  are  superimposed  on  the  unre¬ 
strained  thermal  stresses  and  deformations. 


Paragraph  4.2. 1  discusses  beam  deflections  which  must  be  known  in  order  to 
satisfy  compatibility  conditions.  A  knowledge  of  the  deflected  shape  of  a  structure  is  also 
important  from  a  design  point  of  view. 

Fixed  end  reactions  due  to  distributed  thermal  and  mechanical  loadings  are  pre¬ 
sented  in  Paragraph  4.2.2.  It  Is  subsequently  shown  in  Paragraph  4.2.3  how  distributed 
thermal  and  mechanical  loads  can  be  replaced  by  their  equivalent  fixed-end  reactions  at 
discrete  structural  load  points,  thereby  facilitating  the  application  of  the  methods  of  influence 
and  stiffness  coefficients  to  the  solution  of  indeterminate  beam  problems. 


4.2.1  Beam  Deflections 

Under  the  assumption  of  plane  cross  sections  remaining  plane  after  defor¬ 
mations  have  occurred  (internal  shear  strain  energy  neglected),  the  deflections  of 
a  beam  subjected  to  combined  thermal  and  mechanical  loading  can  be  determined 
from  a  spanwise  integration  of  the  total  unit  deformations  of  the  cross  sections. 

The  total  deformations,  which  are  a  function  of  the  distance  x  along  the  span 
(see  Figure  4.2. 1-1),  are  obtained  by  superimposing  the  deformations  due  to 
thermal  and  mechanical  loading,  i.e. ; 
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4.2.1  (Cont'd) 


w  (X)  =  w*  (X)  +  w(x)  =  -  (  ) 

‘  El  El 

7.W  =7’W  +  fW  =  ^ 

AE  AE 


where 


w^(x)  =  Total  rotation  (curvature)  of  cross  section  per  unit  of  length. 

w*  ^)  =  Rotation  of  cross  section  of  unrestrained  beam,  per  unit  of  length 

due  to  thermal  loading  =  -  ■ 

El 

w(x)  =  Rotation  of  cross  section  per  unit  of  length  due  to  allied  and 

redundant  (mechanical)  loading  =  -  — — 

El 

c^(x)  =  Total  axial  strain  at  elastic  centroid 

t'  (x)  =  Axial  strain  of  unrestrained  beam  at  elastic  centroid  due  to  thermal 

loading  =  -' 

AE 

€  (x)  =  Axial  strain  at  elastic  centroid  due  to  amdied  and  redundant  (mechan- 

F 

ical)  loading  =  . — 

AE 

Ihe  total  curvature  w.  (x)  and  axial  strain  e  (x)  have  the  same  significance  in  the 

^  ^  M  F 

calculaticHi  of  diermo-mechanlcal  deflectimis  that  the  familiar  ~~£|-  and  ^  for  purely 

w  T  p«|  |yf 

mechanical  loading  problems.  Thus,  once  the  quantities  '  -  ,  .  ,  -3;;; —  and 

El  AE  El 

have  been  determined  by  the  methods  of  Sub-section  4. 1,  die  beam  deflections  can 
AE 

be  calculated,  as  usual,  by  energy  methods. 


W,  (X)  =  -  ) 

‘  'ei  ei  ' 


FIGURE  4. 2. 1-1  CURVATURE wix)  AND  ELONGATION  ^(x)  DUE  TO  COMBINED 
MECHANICAL  AND  THERMAL  LOADING  AS  A  FUNCTION  OF 
DISTANCE  ALONG  THE  SPAN 


WADD  TR  60-517 


4.2.1  (Cont'd) 


I 

K 

I 


I 


By  the  principle  of  virtual  woilc,  derivable  from  energy  consideraticms  (Paragrai^ 
2. 1.2),  the  deflection  and  slope  at  any  point  on  a  line  structure  subjected  to  combined  me¬ 
chanical  and  thermal  loading  (neglecting  shear  strain  energy)  are 


A  =  - 

J*  w^  *  m  dx  +  J 

•  f  dx 

(3a) 

e  =  - 

J*  Wj  •  m’  dx  + 

fu  ■  * 

(3b) 

where  m  and  f  are  the  virtual  moments  and  axial  forces,  respectively,  caused  by  applying 
a  unit  virtual  load  at  the  point  in  the  direction  of  the  desired  deflection  component;  m*  and 
f '  are  die  virtual  moments  and  axial  forces  caused  by  the  application  of  a  unit  virtual 
moment  at  the  point  at  which  the  slope  is  to  be  determined. 

The  principle  of  virtual  work  equates  the  external  work  done  by  the  virtual  force 
system  acting  throu^  the  actual  external  displacements  to  the  corresponding  internal  energy 
due  to  the  internal  virtual  stresses  acting  through  the  actual  internal  strains.  Because  of 
this,  the  deflection  or  slope  at  the  point  of  applied  virtual  force  is  determined  relative  to  the 
datum  defined  by  the  reactions  to  the  virtual  force.  Ihe  inherent  advantage  in  this  concept 
lies  in  the  fact  that  once  the  actual  stresses  are  determined  for  a  statically  Indeterminate 
structure,  the  deflection  or  slope  of  any  point  on  the  structure  can  be  determined  relative 
to  a  datum  located  in  the  vicinity  of  the  point  by  dealing  with  the  portion  of  the  structure 
lying  in  that  vicinity,  since  the  virtual  stresses  outside  the  region  affected  by  the  virtual 
force  system  are  identically  zero.  The  virtual  force  system  can  be  taken  as  a  simple 
determinate  one,  thereby  avoiding  the  solution  of  an  additional  indeterminate  problem  in¬ 
volving  die  virtual  forces  and  considerably  minimizing  the  work  involved. 

The  preceding  concepts  are  illustrated  by  the  following  problem  in  which  Figure 
4. 2. 1-2 (a)  shows  the  distribution  of  curvature  and  axial  elongation  in  an  indeterminate 
beam;  this  Information  has  been  obtained  from  the  solution  of  the  indeterminate  beam  pro¬ 
blem  given  in  Paragraph  4.2.3. 

Ihider  the  action  of  thermal  and  mechanical  loads,  a  point  initially  located  at  O 
moves  to  the  deflected  position  O' .  In  order  to  determine  the  absolute  deflection  and  ro¬ 
tation  of  this  point  (Figure  4.2.  l-2fli))),  the  virtual  loads  must  be  reacted  at  points  which 
define  a  fixed  datum.  Point  A,  located  at  the  fixed  wall,  provides  one  such  ^tum  since 
this  point  has  zero  vertical  and  horizontal  deflection  and  zero  slope.  Thus,  as  shown  in 
Figure  4.2.1-2(c),  the  virtual  force  systems  are  obtained  by  reacting  unit  virtual  loads 
and  moments  applied  at  point  O  by  determinate  shears,  axial  loads,  and  moments  at  point  A. 


I 


’P. 

I 

f, 

I 

£ 


I 
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4,2.1  (Ck>nt'd) 


Substituting  in  Eqs.  (3a)  and  {3b),  the  absolute  values  of  the  deflections  and 
slope  obtained  are 

5  5  _ 

A  =  -  t  w.  •  m  dx  +  r  €.  •  f„  dx 

Jo  ^  ^  Jo  ^ 

=  ^  Jf  ^  ^  ■  114.1  X  +  231.6)  (X  -  5)  dx  +oj  x  lO"® 
o 

=  1100  X  lO"®  inch. 

5  5  _ 


5 

=  1^0  +J  {2.0  +  10.0  X  -138.9)  (-1)  dxj  x  lO"®  =  436  x  lO'®  inch. 

5  5  _ 

-  J 

^  ^  ^  ^  ~  ^  ^  ^  261.6)  (1)  dx  +oj  X  10“®  =  -49  x  lO"®  radians. 


%  =  - 


Figure  4, 2.  l-2(d)  shows  the  vertical  unit  virtual  load  reacted  at  point  B.  Point  B 
does  not  deflect  vertically.  However,  a  rotation  does  occur  at  this  point.  Thus,  the  vertical 
deflection  of  point  0  obtained  by  reacting  the  virtual  load  in  this  manner  is  equal  to  the  ver¬ 
tical  distance  from  the  tangent  drawn  at  B  tc  the  curve  at  O’  (Figure  4.2.  l-2(e)),  or 

-  j*  (4.0  X  ^  +  10.9  X  -363.4)  (x-5)  j  x  10“®  =  -  138  X  10“®inch. 

The  deflections  of  a  beam-like  structure  can  always  be  obtained  by  integrating  the 
curvatures  and  elongations  as  shoOTi  above.  However,  as  shown  in  Paragraph  4.2.3,  a  more 
efficient  procedure  for  obtaining  deflections,  which  lends  itself  conveniently  to  digits  com¬ 
puting  techniques ,  consists  of  using  flexibility  coefficients  (Paragraph  2 . 1 . 1 . 1).  Ignoring 
shear  and  axial  energy  due  to  mechanical  loads,  the  flexibility  coefficients  are 

/m,  m,  dx 

El 

through  which  it  is  possible  to  determine  the  deflection  at  a  degree  of  freedom  by  super¬ 
position,  i.e. , 

4,  =  I  Sy  Pj.  (5) 

where  the  Pj’  s  are  die  negative  of  the  fixed  end  reactions  due  to  mechanical  and  thermal 
loads,  at  the  locations  of  the  predetermined  j  degrees  of  freedom.  One  of  the  advantages 
of  using  this  procedure  lies  in  the  fact  that  the  flexibility  coefficients  are  approximately 
constant  structural  properties  wh’ch  do  not  depend  on  the  mechanical  and  only  slightly  on  the 
dxermal  loading.  Once  calculated,  they  can  be  used  to  obtain  die  deflections  for  any  set  of 
applied  loads. 
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4.2.2  Fixed  End  Reactions  • 

The  fixed  end  reactions  are  those  mechanical  leads  applied  at  the  ends  of  a 
beam-like  structure  which  do  not  allow  the  ends  to  move  when  the  beam  is  subjected  to 
mechanical  and  thermal  stimuli.  'Fhe  negative  of  the  fixed  end  reactions  to  the  applied 
loads  and  temperatures  can  be  shown  to  be  equivalent  mechanical  loads  acting  at  the 
joints  which  will  produce  the  same  deformations  at  the  joint.  This  is  discussed  in 
Paragraph  2. 1.6  and  Reference  4-4.  Tlie  transformation  of  mechanical  and  thermal 

loads  acting  all  along  the  structure  to  equivalent  loads  at  the  joints  assist  in  permit-  > 

ting  the  reduction  of  the  structural  problem  to  a  finite  number  of  unknovms.  This  as-  I 

sists  in  a  systematic  procedure  for  solving  statically  indeterminate  structures  (also  I 

referred  to  as  indeterminate  structures)  subjected  to  mechanical  and  thermal  loads  as  | 

shown  in  ParagrajJ.  4.  2.  3,  | 

4. 2. 2.1  Sign  Convention  | 

3 

The  sign  convention  for  individual  elemental  beams  is  in  accordance  with  | 

standard  engineering  practices  which  state  that  loads  which  cause  tension  in  a  member  or  | 

compression  in  upper  (positive)  fibers  are  positive.  However,  care  must  be  taken  in  ? 

determining  the  resultant  fixed  end  reactions  at  a  joint.  Tnis  is  shown  by  Eqs.  (1)  through  | 

(3)  and  Figure  4.2.2. 1-1  which  indicate  that  the  resultant  fixed  end  reactions  at  a  joint  in  | 

the  structure  are  obtained  by  first  reversing  the  signs  of  the  axial  and  moment  reactions  of  | 

the  beam  to  the  right  of  the  joint  (the  sign  of  the  shear  reaction  of  the  beam  to  the  right  of  I 

the  joint  is  not  changed)  and  then  adding  algebraically  with  the  corresponding  axial ,  moment  I 

and  shear  reactions  of  the  beam  to  the  left  of  the  joint.  The  fixed  end  reaction  on  each  beam  | 

is  determined  from  Eqs.  (lb),  (2b)  and  (3b)  of  Paragraph  4. 2. 2. 2  and  (1),  (2)  and  (3)  cf  ? 

Paragraph  4. 2. 2. 3.  The  analyst  need  not  bother  to  combine  fixed  end  reactions  on  the  left  | 

and  right  hand  side  of  a  joint  until  the  final  loads  at  a  joint  are  required.  This  last  step  is  | 

simple  to  do  with  Eqs.  (1),  (2)  and  (3)  or  Figure  4.  2.  2. 1-1,  and  is  demonstrated  in  I 

Illustrative  Problem  lA  of  Paragraph  4.  2. 6. 1  and  in  Figure  4.  2.  4-1.  \ 

\ 

* 


'I 

t 


4.63 


4.2. 2.1  <Cont’d) 


For  Joint: 


Positive  P  Loads  are  up  (P^^  =  Pj^j^  +  P^j^) 


(i) 

LR^ 

(2) 

LL  ■  ^LR^ 

(3) 

Positive  direction  and  displacements  and  rotations  are  in  the  same  direction  as 
positive  loads  and  moments. 


Ji 


For  Adjacent  Beams: 

Positive  curvature  w  when  curve  is  concave  downward 
f  Inside  of  curve  to  right  when  going  to  right 
^  Tensile  strains  for  upper  fibers 

Positive  moment  causes  compression  in  upper  fibers 
Opposite  in  sense  to  positive  curvature 
Positive  moment  on  right  side  of  beam  is  counterclockwise 
Positive  moment  on  left  ?ide  of  beam  is  clockwise 

positive  transverse  loads  are  in  positive  y  direction 


Positive  axial  load  causes  tension  in  member 

/  Positive  axial  load  on  right  side  of  beam  is  to  the  right  \ 
I  Positive  axial  load  on  left  side  of  beam  is  to  the  left  j 


FIGURE  4.  2. 2. 1-1  SIGN  CONVENTION  FOR  COMBINING  FIXED  END  REACTIONS  OF 
BEAMS  TO  DETERMINE  RESULTANT  FIXED  END  REACTIOI  S  AT 
A  JOINT 


% 

* 
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4. 2. 2. 2  Applied  Beam  Loads 

Various  types  of  loading  conditions  are  consider-  J  to  act  on  the  beam .  The 
location  of  the  load  is  arbitrary  (Figure  4. 2. 2. 2-1)  but  its  .stribution  is  assumed  to  be 
expressible  as  a  power  function.  Any  loading  can  be  approximated  by  the  superposition 
of  such  loads  at  different  initiation  points  (see  illustrative  problems  in  Paragraph  4. 2. 2. 5) 
The  type  of  loading  (Figure  4. 2. 2. 2-1)  is  as  follows: 

(1)  Concentrated  Moment,  M 

(2)  Concentrated  Transverse  Load,  P 

(3)  Varying  Transverse  Load,  q  =  T 

(4)  Concentrated  Axial  Force,  F,  with  eccentricity,  y 

(5)  Varying  Eccentric  Axial  Force  (Shear  Flow),  t  = 

(6)  Varying  Thermal  Curvature,  w'  =  W  f  ^ 

(7)  Varying  Thermal  Axial  Elongation,  ?'  =  e '  C 

i  j 

With  reference  to  Figure  4. 2. 2. 2-l(e),  let 
~P^  =  Total  transverse  cantilever  load  at  L  due  to  applied  mechanical  loads 

f)2^  =  Total  cantilever  moment  at  L  due  to  applied  mechanical  load 

=  Total  cantilever  axial  load  at  L  due  to  applied  mechanical  load 


qdf  +  P  = 


L 

r  -t- 1 


%L  =  a 


1 

/  q(i- 


f)  df  +  Pa  M 


-4 


Ty  df  -  Fy 


^  =  - hi - 

(r+l)(r+2) 


'4 = • 


rd{ 


Pa  +  M  - 


+  F  = 


ar^y 
k  +  1 


-  jy 


-p-  ^  p  +  A  =  p  +  — ^-+  p 

LoLor-^l  „ 

M-=M-^PL+%=M  +  PL  +  ■7-r,x/-^oT 

Loo  Loo  (r-t-l)(r+2) 


aTLy 


+  Pa  +  M  -  -XTT"  “  ^ 


F.  =  F  =  F  +  -f— +  F  (31 

L  o  L  o  k  + 1  ' 

where  P  ,  M  ,  F  are  to  be  determined  in  order  to  find  the  fixed  end  reactions  (P  ,  P,  , 
o  o  o  '  o  L 


Mo.  M^.  Fo  and  F^). 
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4. 2. 2. 2  (Cont'd) 


(a)  Transverse  Mechanical  Loads 
(M,  P  and  q) 


(b)  Axial  Mechanical  Loads 
(F  and  t  ) 


(c)  Unrestrained  Thermal  Curvature  (d)  Unrestrained  Hiermal  Axial  Elongation 


(e)  Latemal  Cantilever  Load 


FIGURE  4.  2.  2. 2-1  MECHANICAL  AND  THERMAL  LOADS  ACTING  ON 
CANTILEVER  BEAM 
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4. 2, 2. 3  (Cont'd) 


F 

-7^  =  f. 


where 


(c+3)(c+2)  +  (c+l)(c+2)^  -  (c+l)(c+3)  ]  ^ 

(c+l)(c+2)(c+3) 


(c+l)(c+2)  (c+3) 


exponent  describing  curvature  variation  due  to  temperature  or  the 
moment  variation  due  to  mechanical  loading,  e.g. , 


j  =  o,  pure  moment  or  eccentric  axial  load 
j  =  1 ,  concentrated  transverse  load 


j  =  r+2,  for  a  varying  transverse  load,  q  =  f 

Li 


j  =  k+1,  for  a  varying  eccentric  axial  load,  ^  ? 


and  also 


Vl 


1  =  bending  stiffness  ratio  parameter 


e'  =  .  -  1  =  axial  stiffness  ratio  parameter 


V  =  a/L  =  ratio  of  loaded  length  of  beam  to  length  of  beam 

—  C  *1 

c  =  power  variation  of  l/EI  =  1  +  e  ^  )  J 


=  power  variation  of  l/EA  =  1  +  e'  ^  ] 


^o^o’  ~  Bending  stifftiess  at  x  =  O  and  L,  respectively 

E^A^,  =  Axirl  stiffness  at  x  =  O  and  L,  respectively 


c  -  (n+1)  term  of  binomial  expansion,  i.e. ,  the  number  of  combinations  of 
c  items  taken  n  at  a  time  =  c!/n!  (c-n)! 


c  =  First  term  of  binomial  expansion  =  1 


The  above  equations  are  obtained  by  applying  the  mechanical  and  thermal  loads  to 
the  statically  determinate  cantilever  fixed  at  L  and  determining  the  deflections  at  the  free 
end  O.  The  loads  necessary  to  negate  these  deflections  are  P„,  M  ,  and  Fq.  The  solution 
is  given  in  terms  of  each  type  of  load  and  includes  the  effect  of  varying  bending  and  axial 
stif&ess.  Solutions  are  presented  in  terms  of  influence  parameter  (p.  ,  m.  ,  f.  )  which 

Ji  C  Ji  C  Ji  c 

are  the  fixed  end  reactions  (P  ,  M  ,  F  )  to  a  imit  type  of  mechanical  or  thermal  load.  For 
hlo 

example,  m.  =  -  ^  is  the  negative  of  the  ratio  of  the  fixed  end  moment,  M  ,  to  the 

J  >  C  7/c^  O 
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4. 2. 2. 3  (Cont'd) 
cantilever  moment,^  'l,  which  would  cause  a  J 
whose  1/EI  varies  as  a  power  of  c.  Similiarly,  p 


th 


power  variation  of  curvature  on  a  beam 


j.c 


'Zo^ 

TtlK 


and  f 


j.c 


:!o 

n 


The 


formidations  and  graphical  aids  can  be  employed  to  obtain  the  fixed  end  reactions  due  to 
most  types  of  mechanical  or  thermal  loadings.  The  mechanical  and  thermal  loads  are 
first  allowed  to  act  'iton  the  cantilever  beam.  Then  the  loadings  and  thermal  deformation 
are  decomposed  into  a  sum  of  loadings  as  described  in  Paragraph  4. 2. 2. 2  and  illustrated 
m  Figure  4. 2. 2. 2-1.  Each  component  is  then  analyzed  for  the  fixed  end  reactions  (P 

causes.  This  analysis  is  done  in  accordance  with  Eqs.  (1)  through  (5? or 
with  the  gra^ical  aids,  Figures  4. 2. 2. 3-1  through  -6.  The  total  fixed  end  reactions  are 
the  sum  of  all  such  effects. 

Illustrative  examples  follow  to  illustrate  the  computation  technique.  Graphical 
solutions  of  the  equations  are  shown  for  special  conditions  which  simplify  the  general 
^nations  by  eliminating  terms  inside  the  summation  sign  (i.e.,c  =  0or  v  =1). 

These  cases  are  of  practical  utility  and  are  shown  in  Figures  4. 2. 2. 3-1  through  -6  The 
special  conditions  are:  xuc 


(1) 

(2) 

(3) 


Elconstantandany  distribution  of  applied  load  (^'y  =%  ) 

MH.SS'StoTo  ^  “t  P™«  functions 

Catos' aT^So'lr.ir''  u  »t  Power  functions 


/9-x  ,1  f  Paragraph  4 . 2. 2. 3  are  simpler  to  apply  then  (la), 

(2a)  and  (3a)  thereof,  but  care  must  be  taken  that  the  correct  value  of  j  is  employed  for 
each  ^pe  of  load.  ^ 
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nuiiiiiiiiiiiii 

■■■■■■■■■■■■■■■I 

BBBr 


I/ll 

IJIIHIll 

m 

/TiMiriai 


■■■■unuimww^ 


_ r/if5irii 

_ wiw’^.tiwr 

nmaKfjFW/UBi _ , 


M— ■— I 


4. 2. 2.4  Determination  of  Fixed  Ead  Reaction  For  Special  Cases 

CASE  A:  Constant  El  (c=0,  e=0,  .  * .  D=l/12) 

The  beam  of  constant  bending  stlfhiess  (El)  simplifies  the  general  solution  by 
c 

making  the  term  ^  in  Eqs.  (la),  (2a)  and  (3a)  of  Paragraph  4. 2. 2. 3  identically  zero. 

Solutions  for  P  and  M  are  obtained  by  elemental  types  of  loads  and  the  solutions  are 
the  curves  plot&d  in  Figures  4.2.2. 3-1  and  -2.  Tne  values  of  P  and  M.  are  obtained 
from  the  equilibrium  Eqs.  (lb),  (2b)  and  (3b)  of  Paragraph  4.2.272. 
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4. 2. 2.4  (Coat'd) 

(2)  Concentrated  Transverse  Load  P,  Q=l) 

P 


U 


v=  a/L 


Employing  the  same  equations  as  (1)  above  gives 

[t  -  Tfr  <'*'»] 


^  =  Pa  =  v  PL 

_  _  V 

Pl.O  (1+1)(1/12) 


-P^L  -PL 

-^=  "  Pi  o"  (3  -2*')  (Hotted  in  Figure  4. 2. 2. 3-1) 


=2-=  -  1/2  (3  _  2  1/) 


-M 


7n 


~  “l.O"  2a/12)  ["6  ■*'3  (2  ■*'®)] 


-M 


=  m,  „=-J/  (l-V) 


I'PL  1.0 


(Plotted  in  Figure  4. 2. 2. 3-2) 


(3)  Distributed  Transverse  Load  q  =  b  (j=r+2) 


* 

» 

“f  ®  r 

L  - ^ 

S 

Employing  the  sam^e^ations  gives 


m 


vK-  ,j_ 

L  (r+l)(r+2) 


■r+2,0 


-Po^ 


(2a) 


(2b) 


(2c) 


(2d) 


=  [  6  -  ]  (Plotted  in  Figure  4.2.2. 3-1) 


(3a) 
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4. 2. 2. 4  (Cont'd) 

Equations  (1)  through  ^)  define  the  fixed  end  moments  for  all  types  of  mechanical 
and  thermal  loads  on  a  beam  of  constant  cross  section.  The  solution  can  be  obtained  by  direct 
solution  in  the  equations  or  from  the  graphical  solutions  presented  in  Figures  4.2.2. 3-1  and 

-2  for  unit  solutions  which  must  be  multiplied  by  ,  -"P.  and  to  obtain  M  ,  P  and 
1?  Xj  Xj  o  o 

o' 

CASE  B:  Variable  El  (c?^  0}  and  Load  Distributed  Over  Complete  ^an  {v  =  1) 

Another  condition  of  structural  interest  and  simplicity  is  a  beam  of  variable  El 
where  the  loads  are  continuously  distributed  over  the  entire  span  (i'  =  1). 

From  substitution  of  v  =  1  in  Eqs.  (1),  (2)  and  (3)  of  Paragraph  4. 2. 2. 3  the 
general  solution  becomes : 

T.._  .  .  ,2  . 


P  L  =  E  I 
o  o  ( 


F  =  E  A  « 
o  o  o 


LyTj^/  \  ^  f 

o'^  L^j.c  ^  k  +1^^  +  l,c  ^  +  1  +  c,  cj”  (r+l(r+2)  ^^r+2,c 

^o  ^o^o"^  L™j,c  ^  k  +  1  ^°^k  +  l,c  +c,c J  (r+l)(r+2)  ^°^r+2,c^ 

j^L^j.c'^k +1  ^‘k  +  l,c’  ^®%+l-Kj'c^ 


r+2  +c,c 


c  ^*^*^r+2-K:,c 


'  +  e  f,  ,  t  I 
,c  k+l-KJ,c 


where  the  values  of  Pj,c  ™j,c  given  in  Figures  4. 2. 2. 3-3  through  -6.  Terms  such 
as  F,  M  and  P  are  ignored  since  they  are  reacted  directly  at  the  support.  (Note  that  recourse 
must  be  taken  to  Eqs.  (1),  (2)  and  (3)  of  Paragraph  4. 2. 2. 3  if  c?<0  orv  ^^l). 

Example:  The  equations  are  illustrated  for  a  uniform  load  on  a  beam  of  linear  and 

El 
F  I 

-oo  =10 


From  the  data, 

E  I 

t  O  O  n 

E-  E.  ■  ~  '11 

Xj  Ij 

and  from  Figures  4.2.2. 3-3  and  -4, 


^r+2-«c,c  ^3, 

”‘rt2,<!  =  “2,l'--'>‘'’ 

™r+2^c,  c  ~  ™ 

Substituting  in  Eqs.  (6a)  and  (6b)  results  in 
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4. 2. 2. 5  (Ckint'd) 

The  influence  parameters  ^  and  p^  ^  are  obtained  from  £q.  (lb)  of  Paragraph  4. 2. 2. 3. 


m„ 


o 

*0 


/  .5 

A  /JL 

+  jl 

.5 

1 1  4.  R  /Q\  1  L 

\23.5} 

V  1  +1 

;  1 2 

*  6 

1+2 

[1  J 

( 

( 

+  -i-- 

.5 

1  4>  K  /Q\  1  V 

\23.5/ 

V  2  +1 

/  1  2 

2+2 

1 1  +  .0  {y)j  J 

-.5P  [ 

5.5  (.1383)  +4.5 

(.1115)] 

=  -.631P 

+ 

1 

Pj^)  =  P(.6312- 

1.00)  = 

-.369P 

Eqs.  (2a) and  (2b) 

of  Paragraph  4. 2. 

2«3  for  Moment  M  . 

o 

Y  12  \ 

1 

9  + 

3.5  1 

AA9A 

\23,5  } 

\  2  j  1 

6  “ 

12 

6  J 

(  12  \ 

r  1 

3.5  I 

A23.5/ 

V  3  j  1 

6  “ 

12 

8  J 

U^Uo 

^  -  VLP 

• 

■  “l.l 

[l  +e  a 

-v)]  + 

■“2,1  ‘'“j 

■■  -.5LP 

5.5  (- 

.0426)  + 

4.5  (-.0408)]  =  . 

209PL 

'  Mo  + 

P  L  +^-  =  PL  r.209 
O  L  L 

+  f-.6312)  +  .5]  =  . 

r 


.369  P 


+.078  PL 


L/2. 


E^I  =  10  E-  L 
o  o  _  L  L 


T 


1.631  P 
+.  209  PL 


PROBLEM  B;  IMform  Load  In  Center  Third  of  %}an  and  Constant  El 

q  lb.  /in  q  lb.  /in  q  lb.  /in 


t  t  f  f 

5 

L/3-*. 

■rf-  L/3-^ 

♦-  L/3-*- 

q  lb. /in 

V  =  .67 

jf  t  ♦  M  f 

- 2  L/3 - ► 

L/3-^ 

t  M  4 


From  Eqs.  (3e)  and  (3f)  of  Paragraph  4. 2. 2. 2  (r=0), 

.3 


qLL 


‘*L^ 


-(.67r  [e  -  jgjp-]  ,,  33,3 


(1)  (2)  (3) 

~W~  27" 


-32+5 

27 


=  -1/6 


j/=  .33 


2  L/3 
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<-i  ^T> 


4  (-2  +  1)  -  -:^  (-2  +  1/2) 


Q  _  O  /O  1  O 


•=  .0401  -  .1667  +  .1667  =  .0401 

q  lb. /in 

^ _ fTtTT 

.167  qL  k-  L/3  -»|^-  L/3  — >1 


+.  0401  qL 

Using  Figures  4.2. 2.3-1  and  -2, 
!/=  .67,  P20 

»'=  .33,  PgQ 

#  r*n  T  v2_ 


+.  0401  qL' 


167  qL 

,2 


67, 

*0 

to 

0 

II 

.89, 

“20  “ 

33, 

P20  = 

.56, 

“20  “ 

(.89)  - 


(.56)  =  -  .167  q  L' 


LLlk  (1.225) (-.167)  =  .0407  qL^  |  equations 

Cl  ^  ^ 


Graphical  solution 
chedcs  analytical 


PROBLEM  C;  Ibermal  Loading  (i/=  1) 

A  description  of  the  thermal  deformation  Is  approximated  by  a  power  series. 


i 

/  \  1 

1  °  , 

•  • (t) 

(^) '  i 

•lj  (t~) 

where  x  is  the  distance  from  the  O  end. 

(1)  Constant  El  and  EA 

From  Eq.  (4b)  of  Paragraph  4. 2. 2.4,  and  i'  =  1, 
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^L  =  ^o  =  «T  f,  ..  =  E«A^  S  €i 


V‘o  "L  ‘J.c*  ‘'o“o  "  'LJ  ‘J.c’ 


=  E  A  Z  € 
o  o 


«  ( fl«)  a  *1^)  )  ■  “ 


E  A  2 
o  o 


IM. 

j  +1 


4.2.3  General  Solution  of  Statically  Sidetennlnate  Beams 


llie  solution  of  a  structural  problem  requires  the  simultaneous  solution  of  the 
equations  of  compatibility  and  equilibrium.  For  linear  stable  structures  it  is  possible  to 
arrive  at  the  final  solution  by  a  series  of  intermediate  steps,  cuts,  (releases)  and  vestralnts, 
each  of  which  is  an  artifice  to  simplify  the  solution  and  whose  to^  effect  is  zero.  This  is 
analogous  to  the  addition  of  a  chemical  catalyst  which  aids  in  the  chemical  combination  of 
various  elements  but  does  not  enter  into  the  final  form  of  the  chemical  solution.  Compat¬ 
ibility  and  equilibrium  are  maintained  (for  each  degree  of  freedom)  at  each  intermediate 
step  in  the  solution  so  that  the  final  solution  simultaneously  satisfies  equilibrium  and  com¬ 
patibility  but  removes  any  cuts  or  restraints  that  do  not  exist  on  the  actual  structure. 


The  statically  indeterminate  problem  is  simplified  with  the  Introduction  of 
generalized  coordinates  (degrees  of  freedom).  The  relationships  between  these  coordinates, 
and  the  corresponding  loads  are  sufficient  to  determine  the  stresses,  and  deformations  in 
the  structure.  The  relationships  are  either  the  equilibrium  and  flexibility  matrices  or  the 
stifhiess  matrix  (which  Incorporates  equilibrium  in  its  derivation).  The  loads  are  the 
negative  of  the  fixed  end  reactions  determined  in  Paragraph  4.2.2.  The  solution  is  aceom- 
plished  by  solving  the  linear  simultaneous  equations  obtained  from  the  above  relationships. 

4. 2.3.1  Degrees  of  Freedom 

The  solution  to  a  stable  structural  problem  is  complete  when  all  the  loads  and 
displacements  (stresses  and  strains)  at  each  point  of  the  structure  are  known  to  an  accept¬ 
able  degree  of  accuracy.  A  beam-like  structure  can  be  visualized  as  a  network  of  small 
beams  between  points  of  structural  Interest,  i.e. ,  joints,  sudden  changes  in  geometry, 
changes  in  direction,  etc.  The  linear  solution  is  also  considered  complete  if  the  loads  and 
deformations  of  all  such  points  are  known.  Th*?  relative  deformation  1^ tween  the  ends  of 
the  small  beams,  together  with  the  loads  acting  on  these  beams,  could  then  be  employed  to 
determine  the  internal  loads  (stresses)  acting  on  the  beams.  Thus  the  solution  of  a  structure 
resolves  itself  into  the  determination  of  loads  and  deformations  at  the  ends  of  the  elemental 
beams  (all  the  degrees  of  freedom). 

The  possible  deformations  and  loads  which  each  end  (point)  of  the  elemental  beams 
could  undergo  are  defined  as  degrees  of  freedom  of  the  structure  and  are  the  "generalized 
coordinates"  of  the  structural  problem.  M  a  generalized  spatial  problem  of  three  dimensions 
there  are  a  maximum  of  six  possible  degrees  of  freedom  for  a  point.  These  are  the  displace¬ 
ments  in  the  directions  of  the  three  orthogonal  axes  and  the  rotations  about  these  axes,  hi  a 
planar  problem  of  two  dimensions  there  is  a  maximum  of  three  possible  degrees  of  freedom 
for  a  point.  These  are  the  displacements  in  the  direction  of  the  two  or&ogonal  axes  in  the 
plane  of  the  structure  and  the  rotation  about  the  third  axis  which  is  perpendicular  to  the  plane 
of  the  structure,  hi  many  problems  the  structure  will  be  such  that  some  of  the  degrees  of 
freedom  can  be  Ignored,  hi  some  cases,  the  loads  and  deformations  coresponding  to  a  degree 
of  freedom  are  independent  of  other  degrees  of  freedom  (uncoupled)  and  the  structural  pro¬ 
blem  can  be  solved  as  separate  problems,  hi  any  case,  all  possible  degrees  of  freedom  should 
be  investigated  and  simplified  (omitted,  tmcoupled,  etc.)  before  attempting  to  continue  the 
solution. 


i 
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4. 2.3.1  (Cont’d) 

fii  a  given  linear  problem  of  n  degrees  of  freedom,  either  the  applied  load  or 
deformation  corresponding  to  each  degree  of  freedom  is  known,  or  a  known  linear  relation¬ 
ship  exists  between  the  load  and  displacement.  Thus  there  are  essentially  n  quantities  to  be 
determined  before  the  structural  problem  is  solved.  The  necessary  n  simultaneous  equations 
are  supplied  by  the  equations  of  equilibrium  and/or  compatibility  at  each  generalized  coordinate. 

The  solutions  will  be  presented  in  matrix  form  to  simplify  the  manipulation  and 
meaning  of  the  equations. 

4. 2. 3. 2  Equivalent  Loading 

hi  order  to  minimize  the  amount  of  computations  necessary  to  solve  the  structural 
problem  it  is  ccmvenient  to  convert  any  arbitrary  loading  on  a  linear  structure  to  a  series  of 
equivalent  loadings  acting  at  the  points  of  interest  of  the  structure,  which  will  cause  the  same 
deformations  as  the  actual  loads  and  temperatures,  at  the  points  of  interest.  The  interrelation¬ 
ship  between  the  generalized  displacements  and  loads  can  be  expressed  by  a  sti^ess  (K)  or 
flexlbllify  (f)  ;natrix  for  a  given  geometry  and  material  prior  to  applying  the  loads.  Ihere 
are  various  methods  of  obtaining  K  and  f,  some  of  which  are  demonstrated  in  Paragraph  2. 1. 4.  2 
and  2. 1.  3  and  in  References  4-5  and  4-€ .  The  solution  would  then  require  obtaining  equiva¬ 
lent  loads  from  any  arbitrary  loading  and  employing  the  stiffness  and/or  flexibility  matrix  ^d 
the  requirements  of  compatibility  and  equilibrium  at  each  point  of  interest  to  obtain  n  (n  de¬ 
grees  of  freedom)  simultaneous  equations  for  the  n  unknowns.  It  is  possible  to  solve  the  pro¬ 
blem  for  unit  loadings.  This  considerably  reduces  the  work  Involved  in  analyzing  a  structure 
for  more  than  one  set  of  loads,  which  can  be  obtained  from  linear  combinations  of  the  unit 
loads. 

Hie  equivalent  loadings  at  the  points  of  interest  are  the  negatives  of  the  fixed  end 
reactions  (see  Paragraph  4.2.2).  Ihe  fixed  end  reactions  are  exactly  those  mechanical  loads 
which,  when  applied  to  the  elemental  beams,  will  negate  the  end  displacements  caused  by  the 
applied  mechanical  and  thermal  stimulation.  Applying  the  negative  of  these  fixed  end  reactions 
to  the  elemental  beams  would  cause  the  same  defoi  mations  as  the  applied  mechanical  and 
thermal  loads,  ff  more  than  one  beam  has  the  same  degree  of  freedom  (adjacent  beams,  etc.) 
then  the  equivalent  mechanical  load  associated  with  that  degree  of  freedom  would  be  the  nega¬ 
tive  of  the  sum  of  the  fixed  end  reactions  of  all  such  beams. 

The  beam-like  structure  can  be  analyzed  as  follows: 

(1)  hnpose  rigid  restraints  (imaginary  jacks)  at  all  the  n  degrees  of  freedom  of 
the  structure.  The  jacks  are  applied  at  all  the  joints.  Ihis  includes  the 
reactions. 

(2)  Apply  the  mechanical  and  thermal  loads  on  the  structure  and  determine  the 
forces  in  the  jacks.  These  are  the  fixed  end  reactions  whose  solution  is 
shown  in  Paragraph  4.2.2. 


(3)  Remove  the  jacks  and  applied  loads  from  the  structure  and  apply  the  equiva¬ 
lent  loading  (negative  of  fixed  end  reactions)  to  the  actual  structure. 

(4)  Employing  the  flexibility  or  stiffness  method  to  solve  the  generalized  forces 
and  displacements  at  the  n  degrees  of  freedom . 

(5)  Employ  the  forces  and  displacements  at  each  end  of  the  elemental  beams, 
together  with  the  applied  loads  and  temperatures,  to  determine  the  stresses 
and  strains  anywhere  in  the  structure. 
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(1)  Make  sufficient  cuts  to  flie  indeterminate  structure  to  make  it  statically 
determinate.  That  is,  the  internal  forces  acting  at  any  cross  section  due 
to  an  arbitrary  mechanical  load  can  be  computed  from  the  equations  of 
equilibrium  alone. 

(2)  Every  degree  of  freedom  can  be  characterized  by  the  following  subscripts 
(Figure  4. 2.4-1  and  Table  4.2. 4-1): 

(a,  b)  =  subscripts  for  cases  in  which  the  applied  (P  =  -  R  )  is  known 

but  the  deformation  A.  is  imknown.  ^  ® 

b 

(x,y)  =  subscript-  .)r  cases  in  which  the  applied  load  is  the  unknown 
cut  (redundant  =  P  /  load  but  the  deformation  (A  =  0)  is  known  and 
equal  to  zero.  *  ^ 

(r,  s)  =  subscripts  for  cases  in  which  the  load  is  unknown  (P  =  ?)  but 
&e  deformation  (A  =  0)  is  known  and  equal  to  zero.  The  s  s&scripts 
refer  to  degrees  oifre^om  which  establish  the  datum  of  the  cut  (sta¬ 
tically  determinate)  structure.  The  datum  defines  the  position  in  space 
from  which  the  displacements  are  measured.  The  number  of  subscripts 
of  the  cut  structures  are  limited  to  the  number  of  equilibrium 
equations  of  the  cut  structure  (e.g. ,  two  subscripts  for  a  straight  beam 
with  no  axial  load,  2V  =  2M  =  0).  These  coordinates  are  a  sub-group 
of  group  (x,y).  The  selection  of  this  group  is  arbitrary.  However,  a 
wise  selection  will  reduce  the  computations  in  determining  the  flexibility 
matrix  and/or  the  accuracy  and  ease  of  the  solution. 

(c,d)  =  subscripts  for  cases  in  which  the  cut  load  (P  )  is  unknown  as 
well  as  the  deformation  (^^j).  There  exists,  however;  a  linear  relation¬ 
ship  between  the  deformation  and  loads.  The  forces  of  the  c  type  can  be 
visualized  as  redundants  which  are  on  elastic  supports  rather  &an  on 
fixed  supports  such  as  x  type  forces.  The  deformation  A^  can  be  com¬ 
puted,  once  all  the  loads  acting  on  the  structure  are  know,  by  the  linear 
relationship  which  exists  between  the  loads  and  deformations. 

All  degrees  of  freedom  described  above  can  exist  at  a  point  in  a  beam,  e.g. , 
a  rigid  transverse  support  (y  or  s)  with  a  flexible  axial  support  (d)  and  with  no 
rotational  support  (b).  Each  degree  of  freedom  is  associated  with  two  consecu¬ 
tive  symbols.  One  symbol  denotes  a  load  and  the  other  symbol  denotes  a  de¬ 
formation.  When  a  matrix  is  described  by  two  consecutive  subscript  symbols 
it  expresses  a  relationship  between  degrees  of  freedom  of  the  same  type.  When 
the  subscripts  are  not  consecutive  the  matrix  expresses  relationships  between 
two  different  types  of  degrees  of  freedom. 

(3)  Tlie  properties  of  the  sub-structure  are  computed.  The  equilibrium  matrix  g,. 
relates  the  loads  to  the  reactions.  Tbe  flexibility  matrix fy  , the  elements  of 
which  express  the  deflection  at  i  due  to  a  unit  load  at  j,  is  computed  by  various 
mediod  available  in  the  literature,  e.g. ,  Paragraph  2. 1. 1. 1  and  2.1.1. 2  and 
References  4-5  and  4-6. 
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(4)  The  equivalent  loads  (loads  in  imaginary  jacks)  due  to  mechanical  and 
thermal  stimuli  are  applied  at  all  the  degrees  of  freedom.  Each  point  in 
a  planar  structure  may  have  three  degrees  of  freedom  and  each  degree 
of  freedom  can  be  a  different  type  (see  (2)  above). 

(5)  Equal  and  opposite  unknown  internal  loads  (P^^  -  P^_  and  P^^  "  ~  ^ 

and  applied  at  each  side  of  the  cuts.  P^  and  P^  act  on  sub-structure  and 

P  and  P  act  on  supporting  structure  (Figure  4. 2.4-1).  These  unknown 

X“  C“ 

(redundant)  loads  are  exactly  those  required  to  maintain  equilibrium  and 
compatibility  at  each  cut. 

(6)  In  essence  there  are  n  unknown  quantities  to  find  in  order  to  be  able  to  com¬ 
pletely  solve  the  problem.  They  are  the  b  deformations  (A.  ),  the  x  loads 
(P^),  the  r  loads  (P^),  and  the  c  loads  (P^)-  Thus  n  =  b  +  x°+  r+  c. 

There  are  r  equations  of  equilibrium,  b  equations  of  deformation  and  x  +  c 
equations  of  compatibility.  These  are  sufficient,  in  total,  to  solve  for  the 
n  unknowns.  The  following  equations  are  in  matrix  notation: 

"r"  Equations  of  Equilibrium  (EM  =  0,  2V  =0,  SF  =  0,  "r"  <  3)  for  each 
sub-structure) 


-P=g  P+g  (P+P)+g  (P+P) 

r  ®ra  a  ®rc  '  c  ca'  ®rx  '  x  xa' 

-P  =  (g  P  +g  P  +g  P  )  +g  P  +g  P 
r  '^ra  a  ®rc  ca  ^rx  xa'  ^rc  c  ^rx  x 


-P=g  P+g  P+g  P 
r  ^ra  a  ®rc  c  ^rx  x 

"b"  Equations  of  Deformation 

^Pa'^bc  <Pc"Pca>"'bx<Px"Pxa> 

^b  “  ^^a  ^a  ^^c  ^ca  ^xa^  ^^c  ^c  ^^x  ^x 

"^b  "  \a  ^a  ^  ^bc  ^x  ^x 
"x"  Equations  of  Compatibility  of  Cut  Supports 

0  =  A=f  P+f  (P+P)+f  (P+P) 

y  ya  a  yc  '  c  ca'  yx  '  x  xa' 

0=7  P+f.  P+f,  P 
ya  a  be  c  bx  x 


aa) 

(lb) 


(2a) 

(2b) 

(3a) 

(3b) 


:2 
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miiaR 


13  (s) 

8(b) 

9  (b) 

10(b) 

11(b) 

14  (y 

7(s) 

l(s) 

2(b) 

3  (y) 

4(d) 

5(b) 

12(b 

6(y 

(a)  Structure  Itader  Load 
■?„ 


P  P  P 

^  a8  a9  .  alO  ^ 

Mp,_  MP.._  M 


^all 

^al2 

Pa5 

*  |'■x6a 

Pr7( 


R  =s  Fixed  End  Reaction 


■'’xa  -Pctl^4  '  -'^cd  '■c4 


-1  „  '■xet 


(b)  Load  on  Substructures 
Positive  Sense  Shown 


^x3R  ^  ^x3L^ 


'x3L  f  4  x3R 

d 


'’a9  = 


■  ^a9R  ■  \9L^ 


"a9L  * a9R 

(c)  Addition  of  Equivalent  Load 
FIGURE  4 . 2 . 4-1  FLEXIBI1,ITY  METHOD 


TABLE  4. 2.4-1  DEGREES  OF  FREEDOM 


Type 

Total  External  Load  On  the  Beam 

Deformation 

Degrees  of  Freedom 

(a,b) 

known 

unknown 

2, 5, 8, 9, 10,11,12 

(c.d) 

unknown 

unknown 

4 

(x.y) 

unknown  (compatibility) 

known 

3,6,14 

(r.s) 

unknown  (equilibrium) 

known 

1.7,13 
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«  =  'da  Pa  "  <'dc"WPc"'dxPx 


where 


g„  -  geometry  of  structure  employed  In  equilibrium  equations  (either  1 
’  or  moment  arm  ratios  1^) 


f..  =  flexibility  matrix  of  statically  determinate  sub-structure  =  deflection 
^  at  i  due  to  unit  load  at  j.(First  subscript  denotes  the  row  and  second 
denotes  the  column  of  matrix.  Second  subscript  of  pre-multiplier 
must  be  same  as  first  subscript  of  post-multiplier.) 


K~^  =  flexibility  of  elastic  supports  of  "c-d"  coordinates  =  deflection  of  d 
due  to  a  unit  load  at  c  (note  inversion  reverses  subscripts) 

fj^  =  grouping  of  flexibility  sub-matrices  =  (fj^  fj^  fj^) 

-  r  ^ 

P  =  grouping  of  load  vectors  =  P 

®  which  represents  the  _ 

equivalent  applied  loads,  j  ~  I 


Aj  =  deflection  at  "j" 


P  =  load  at  "a"  (due  to  applied  loads  =  negative  of  fixed  end  reactions) 

P.  =  equivalent  load  at  coordinate  "i"  due  to  applied  loads  (neg.  of  fixed  end 
reactions) 

P^,  P^  =  redundant  (cut)  loads. 

The  solution  of  the  simultaneous  equation  results  in  unit  type  solutions 

in  terras  of  (g..,  f..,  K~^)  and  the  applied  loads  (F^^)  =  r  ^  (Reference  4-5). 


The  loads  and  displacements  at  each  point  of  interest  are  as  follows: 


Pc  =  «ca  Pa 

Px  =  I^xa  Pa 


-Pr  =  Or; 


a  Pa 


A.  = 


b  =  “ba  Pa 


=  -K'i  P„  =  -K-\  P„ 
d  cd  ca  a  cd  c 
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4.2.5 


A  =  A  =  0 

y  8 


where 


“ca  =  -  {'da*K;J  -  [f*,(fi)  fye]}'  ['da  ' 'dx  (f;^) 'yaj 


=  -  (f  )“^  f  f  +  f  H 
yx  \  ya  yc  ca 


j  =  influence  coefficients  of  the 
'  uncut  structure  (similiar  to 
influence  line) 


'  (Sraiero|8r*)r-i-'|  ' 


=  influence  coefficients  of  the 
uncut  structure 


“ba  =  (  ^a  !  ^c  !  %x)  f-  i  -1  =-■  flexibUity  of  the  uncut 

'  I  I  '  „  structure. 


Equation  (10)  represents  the  flexibility  of  the  statically  indetervninate 
structure  whereas  f^  represents  the  flexibility  of  the  cut  structure. 

The  problem  is  simplified  to  a  great  extent  if  no  flexible  supports  (c,d 
degrees  of  freedom)  exist,  hi  that  case, 

P  =  -  f“^  T  T 
X  yx  ya  a 


Z  i  s 
^ra  ,  ^rx 


t-i-m 


f 

yx  ya 


^  =  (\ai'bx)r-i- 


-f'^  f 
yx  ya 


A  =  A  =0. 

y  8 


'(12b) 


Mechanics  of  SoiuUon  by  the  Stiffness  (Slope  -  Deflection)  Method  (Figure  4. 2.5-1) 


(1)  Hace  imaginary  jacks  (restraints)  at  each  degree  of  freedom  which  fixes  all 
degrees  of  freedom  in  space  and  will  not  allow  them  to  move  no  matter  what 
loads  are  applied. 

(2)  The  stiffiness  matrix  K^j  is  obtained  by  forcing  one  of  the  imaginary  Jacks  to 
move  a  imit  deformation  while  all  the  others  remain  fixed  in  space.  Ihe 
loads  imposed  on  die  imsglnary  jacks  are  noted  as  ^oad  at  i  due  to  a 
unit  movement  at  j).  Note  that  element  Ku  =  0  for  all  points  i  which  are  not 
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H)  Imaginary  Structure 


b)  Determination  of  Kij 


f’r 

c)  Applied  Stimulation  To  Imaginary  Structure  d)  Structure  With  Imaginary  Jacks  Removed 


K‘  t^’a"  where 


e)  Loads  In  Ridividual  Members 


p  ^ 
a 

•s 

It 

=•  k  1 
ab 

^ab' 

^a 

P  ^ 
r 

=\b 

=  ^b 

Pa 

II 

p2 

a 

1,2 

ab 

P^ 

r 

11 

1,3 

*  1- 
ab 

p3 

r 

=  k  ^ 
rb 

FIGURE  4 . 2 . 5-1  STIFFNESS  METHOD 
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'4 

V 


in  the  immediate  vicinity  of  j  since  there  is  relative  motion  of  the  jack  only 
at  j.  It  should  also  be  noted  that  all  elemental  beams  meeting  at  a  common 
degree  of  freedom  are  springs  in  parallel  since  they  all  have  the  same 

motion  and  the  =  S  kj^  where  k|j  is  a  force  at  i  due  to  a  unit  deforma¬ 
tion  at  j  of  elemental  beam  bounded  at  j.  Hie  values  of  the  elemental  kl.'  s 
are  given  in  Paragraph  2.1.4. 

(3)  The  mechanical  and  thermal  stimuli  are  now  applied  to  the  restrained 
structure  and  the  equivalent  fixed  end  loads  are  resisted  by  the  imaginary 
Jacks. 


i 


(4)  Since  the  displacements  at  the  degrees  of  freedom  resisted  by  the  imaginary 
jacks,  it  is  assured  that  compatibility  at  each  point  of  Interest  is  satisfied. 
Equilibrium  at  each  joint  is  maintained  by  loads  in  the  imaginary  jacks  which 
exactly  balance  the  equivalent  applied  loads  resulting  from  loads  acting  on  the 
elemental  beams  between  the  joints. 

The  degrees  of  freedom  can  be  characterized  by  the  following  subscripts: 


I 

I 


(a,b)  =  subscripts  for  cases  in  which  the  deformation  is  unknown  (A, ) 

W  &e  tqiplied  loads  are  known  (P  ). 

& 

(e,f)  =  subscripts  for  cases  in  which  the  deformation  is  unknown 

but  the  applied  load  is  zero  (P  =  0).  This  coordinate  does  not  require 
an  imaginary  jack  except  for  tie  determination  of  K 

(r,  s)  =  subscripts  for  cases  in  which  the  deformation  is  known  to  be 
zero  (Ag  =  0,  an  actual  support)  but  the  redundant  load  (P^)  is  unknown. 

This  coordinate  does  not  require  an  imaginary  jack  since  the  structure 
supplies  an  actual  jack  (restraint). 


K 


s 

k 


m 


m 


Note  that  elastic  supports  (c,d)  need  not  be  specified  by  generalized  co¬ 
ordinates  but  are  separated  into  two  components.  The  elastic  member 
is  incorporated  into  the  overall  structure  and  coordinates  (c,d)  which 
described  where  tiie  elastic  member  siqpported  the  sub-structure  be¬ 
comes  (a,b);  the  other  end  of  the  elastic  member  which  represented  the 
actual  datum  becomes  (r,s).  The  (x,y)  coordinates  are  in  the  general 
(r,  s)  group. 

(6)  Remove  all  imaginary  jadES.  The  structure  will  now  deform.  The  load  in 
the  imaginary  jack  produces  deformations.  The  final  deformation  will  be 
one  in  which  the  equivalent  spiled  forces  are  exactly  balanced  by  die  forces 
produced  by  the  relative  deformation  of  the  element^  beams  whose  common 
ends  all  deform  the  same  amount  (KA  =  P).  The  jacks  could  have  been  re¬ 
leased  one  at  a  time  and  dien  reai^ied;  such  a  procedure  would  be  a  trail 
and  error  method  (e.g.,  Hardy-Cross  Moment  Distribution  Method). 

(7)  The  requirement  of  equilibrium  at  each  degree  of  freedom  results  in  the 
simultaneous  equations 


is 


i 

I 


■I 


■i 

.1 

i| 

■«% 

I 


4.2.5  (Coat’d) 


^eb^"Kef^"Ke8^-Pe  =  0 


+  K  .  A,  +  K  A„  -  P^  =  0 
ro  o  rf  f  rs  s  r 


The  boundary  conditions  are: 


P  =  0 
e 

^8  =  0 

whose  solution  is 

^  =  -  •'S  Keb'i^* 

Pr  = 

W^  TX  _  y*^  TP" 


"  Pra=<Krb*'ab  1  H 


where 


K*  '  <Kab-««t'^;f  Keb> 

=  of  flexibility  method. 


=  total  reaction  (including 
loads  directly  aj^lied  to 
reactions) 


=  flexibility  of  actual  structure 


^rb  =  ^^rb-^rf^ef  Keb> 


=  reactions  due  to  a  unit  de-  (8b) 
deformation  at  b 


P  =  equivalent  loads  acting  at  points  oflier  than  the  siqiports 
& 

P^^  =  equivalent  loads  acting  at  the  supporte 

=  load  in  member  at  "a”  due  to  imit  displacement  at  ”b" 

The  end  loads  on  each  elemental  beam  are 

pi  =  Slb  Pa 

“  “ib  ^b"  Pa 

which  are  combined  with  the  loads  and  temperatures  applied  to  the  beam  to 
obtain  the  stresses  and  strains. 


4.2.6 


Selection  of  Method  of  Analysis 


Tbe  best  method  to  employ  cannot  be  decided  arbitrarily  but  must  be  evaluated 
after  due  ccmsideration  is  given  to  the  structural  problem  as  reg^ards  the  computing  tools 
and  time  available,  supplementary  structural  information  (e.g.,  available  solution  of  sub- 
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structures  larger  than  the  elemental  beam),  past  experience  (ease  of  visualizing  pro¬ 
blem),  etc.  Generally,  If  the  structure  Is  primarily  a  set  of  elemental  beams  (e.g. , 
cantilevers)  in  series,  i.e. ,  the  number  of  d  +y  degrees  of  freedom  is  less  than  the 
number  of  b  degrees  of  freedom  (d  +  y  <  b).  then  the  flexibility  method  is  better*,  ff 
however,  the  structure  is  primarily  a  set  of  elemental  beams  in  parallel  (bents,  etc. ) 
in  which  d  +y  >  b,  then  the  stif&iess  (slope  deflection)  method  is  better.  When  the 
number  of  redundant  degrees  of  freedom  is  relatively  small  it  is  usually  simpler  to 
visualize  the  flexibility  method.  As  the  number  of  redundant  degrees  of  freedom  in¬ 
creases,  howev*ir,  the  selection  of  the  simplest  datum  becomes  more  and  more  complex 
and  the  atiffnesR  method  which  does  not  require  selecting  a  datum  (the  datum  of  the 
actual  structure  is  employed)  becomes  less  involved.  Because  of  &e  lack  of  engineering 
intuition  required  in  the  stiffiiess  method  it  is  more  easily  adaptable  to  computing 
machine  techniques.  Hie  flexibility  method  becomes  more  and  more  involved  as  the 
generalized  coordinates  (c,  d)  increase  in  number,  especially  when  loads  can  be  applied 
on  these  elastic  supports. 

The  flexibility  and  stifhiess  methods  of  solving  beam-like  structures  are 
illustrated  below.  Hie  problems  are  treated  in  great  detail  to  familiarize  the  analyst 
with  the  methods  of  an^ysls.  Hie  following  problems  are  considered: 

PROBLEM  lA  -  Statically  indeterminate  beam  by  the  flexibility  method 

PROBLEM  IB  -  Statically  indeterminate  beam  by  the  stifhiess  method 

PROBLEM  n  -  Sandwich  beam  by  the  flexibility  method. 

4.2.6. 1  Problem  lA  -  Statically  jhdeterminate  Beam  by  the  Flexibility  Method 

Hie  beam  shown  in  Figure  4. 2. 6. 1-1  is  loaded  with  mechanical  loads  and 
temperatures  as  described  in  Figure  4. 2.6. 1-2.  It  is  required  to  determine  the  re¬ 
dundant  loads  on  the  structure.  Hie  problem  is  solved  in  the  following  steps: 

(1)  Determine  and  classify  the  degrees  of  freedom  of  the  beam  Lrom  the 
geometry  (Figure  4.2.6. 1-1). 

(2)  Establish  the  static  equilibrium  equations. 

^)  Establish  the  flexibility  matrix  by  methods  described  in  Section  2  of  diis 
Manual. 

(4)  Mvert  the  flexlbility.matrix  associated  with  the  cut  redundant  loads  and 
express  the  cut  redundants  in  terms  of  the  applied  loads. 

^)  Obtain  unit  solutions  of  the  redundant  loads  in  terms  of  the  applied  loads 
by  combining  (2)  and  (4). 

(6)  Apply  the  mechanical  loads  and  temperature  and  determine  the  fixed  end 
reaction  by  emplojing  Paragr^ih  4.2.2. 

(7)  Substitute  the  negative  of  tiie  fixed  end  reactions  into  the  relationship 
established  in  step  (5)  to  d3tain  the  solution  shown  in  Figure  4. 2. 6. 1-3. 


*  The  number  of  s  degrees  of  freedom  is  not  too  significant  since  the  geometry  matrix 
te^j)  need  not  be  inverted. 
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(4)  hverse  (Stlffiiess) 


-^f~^  =f  • 

E!  ^yx  \  -. 


.01373 

.00429 


-.00429 

+.00171 


AE  ^88  ~ 


From  Eq.  (4a)  of  Paragr^h  4.2. 2.4,  the  cut  redtsidant  loads  can  be  solved 
in  terms  of  the  applied  loads. 


-P  =  +  f"^  f  P 
X  yx  ya  a 


(?)=( 


0100  .043  -.172' 

0  0  1  0  .043  .129i 


Iteit  Solutions 


^2  =  P2a  " 

.043  Pg^ 

-.171 

Poa 

^3  =  P3a  " 

.043  Pg^ 

+.129 

Poa 

Pi  =  Pla  - 

.086  Pg^ 

+.043 

Poa 

P4  =  P4a  - 

•29  Pga 

+.14 

Poa 

*ba  ^a  ^  ^  ^x 
EIAg  =  1.40  Pg^  -  .75  P^^ 

EIAg  =  -.75  Pg^  +  2.80  Pg^ 


1-100  lb 


aT  =  400(10) 


Qr'P=100(10) 

*  dT=200(10)  ''  aT=200(10)  '1 

-m - 10" - - 10"  — ^ 

12  3 

FIGURE  4. 2. 6. 1-2  TEMPERATURE  AND  LOAD  ON  BEAM 


aT=200(10) 
-10"  - « 


-§•  =  P  f  +  P  f 
C,  ^8a  *88  ^8  *88 


-^8  = 


“^8  = 


-  ^8  = 


^8a  ^88 


__8a 
1  +AE/B 


AET^ 
L  Jo 
1  +AE/ 


.  _  _ o 

^  K„ 


KL  =  lO^lb/in. 

®  IT  I) 

E  =  lO'lb/in. 

A  =  1  sq  in. 

I  =  .08  in.*^ 
d  =  1  in. 
aT  Linear  Hirou^ 
Deptii  c.g.  at  ^  of 
Cross  Section 
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=  -16  +  32  =  +  16 


r  1  ^ 

^L1  , 

{  ^  6  \  1 

L^LO  “  6  ^L2  •♦** 

j  +1  ' 

1  j+2  jj 

=  (10)^  (.08)aor®  ^  0  -  -|-  400  ^  =  -53.3 


(10)^(.08)(10r®(200) 

+  160  =  R^„ 


M,  =  M^  +  P  L 
Loo 


RgL  =  -53.3  +  10  (16)  =  106.7  ^  160  +  10  (0)  =  160  =  Rg 

V7Tn-/ ITTTTTrTA  J  V I U  T.ll  ll  iJL 


T16 

'^.3 


.  .Ik  +160 

v^l  V. 

+106.7' 


Hie  total  equivalent  loads  are  obtained  with  die  aid  of  Eqs.  (1)  and  (3)  of 
Paragraph  4. 2. 2.1 

«L  =  »LL  ^  ^LR 

%a  =  50  +  16  =  66  =  -P^^ 

+R2^  =50  +  60  -  16  =  94  =  -P^^ 

"«3a  =  55  =  -P3a 
^  “lL  ■  *®LR 

^4a  "  [o-K25)]  +  [o-(-53.5)]  =  178.2  =  -P^^ 

+Rg^  =  -125 -(-100)j  +  [^+106.7  -  160 j  =-78.3  =  -Pg^ 

+Rg^  =  (-100  -  0)  +  (160  -  0)  =  60  =  -Pg^ 

(7)  Hie  Reaction  Loads  are  Obtained  From  the  Uait  Solutiona. 

-Pg  =  -94  +  .043  (+78.3)  -  .172  (-60)  =  -80.3Hb 

-Pg  =  -60  +  .043  (+78.3)  +  .129  (-60)  =  -64.37  1b 

-Pj  =  -66  -  .086  (+78.3)  +  .043  (-60)  =  -75.311b 

-P^  =  -178.2  -  .29  (+78.3)  +  ,14  (-60)  =  -209.31  In-lb 
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Since  tiie  beam  is  straight,  it  is  easier  to  determine  Pg  by  direct  solu¬ 
tion  of  the  compatibility  equation. 

€dx  10”®  (2x^  +  lOx)  dx  +j[  300  dx'] 

^8a  ""  f-L  .  “  20 

<  A  » _  •• 


Jo  AE 


(1)  10' 


=  -|-  [2  +  10 +  300  (10)]  = 


2083  U) 


=  8a  ^  2083 

'  ®  ~ 

10**  (20) 


=  13891b 


209.31 


64.37 


FIGURE  4. 2. 6. 1-3  SOLUTION 

4. 2.6. 2  Problem  IB  -  Statically  ^determinate  Beam  by  the  Stiffiiess  Method 

The  bending  portion  of  the  above  problem  is  solved  in  the  following  steps : 

(1)  The  degrees  of  freedom  are  classified. 

(2)  The  stiffiiess  matrix  is  determined  by  methods  described  in  Section  2 
of  this  Manual. 

(3)  The  displacements  are  determined  from  the  equilibrium  equations 
at  each  degree  of  freedom.  Ihis  requires  inverting  the  stiffness 
matrix. 

(4)  The  redundant  loads  are  expressed  in  terms  of  the  displacement;,  to 
obtain  a  solution  in  terms  of  the  applied  loads. 

(5)  Repeat  steps  (6)  and  (7)  of  Problem  lA. 


Classification  of  Degrees  of  Freedom 

(r.s)  =  (1,  2,  3,  4) 

(a.b)  =  (5,  6) 
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StlffiiesB  Matrix  -  The  stiffness  matrix  is  determined  as  shown  in 
Figure  2. 1.4. 3-1. 

„  Unit  Displacement  at 


3  6  2  5  1  4 


.012 

-.06 

-.012 

-.06 

■■ 

n^yni 

-.06 

.4 

;.06 

.2 

0 

0 

-.012 

.06 

+.024 

=  (.012  +  .012) 

0 

=  (-.60  +  .06) 

-.012 

-.06 

-.06 

2 

0 

=  (.06  -  .06) 

.8 

=  (.4  +.4) 

+.06 

0 

0 

-.012 

.06 

+.012 

.06 

0 

0 

-.06 

.2 

+.06 

Equilibrium  Equations  and  Displacements 

P5a  ^  ^55  ^  ^  =  0  =  Psa  ^  ^  ‘2®!^ 

Pea  ^  ^es^^s  ^  ^6^  =  «  =  Pea  -2  ^ 


El 

^  = 

1.43 

P5a 

-  '^2  Pea 

El 

^6 

-.72 

Psa 

+  2.85  Pg^ 

(Check  flexibilitjr  equations  of 
Problem  lA) 


Reactions 


Pi 

*^15  ^6 

P2 

^5  *^6 

L^eJ 

P3 

K35  ^ 

«^45  ^6_ 

Pi' 

.086  -.043 

•q 

w 

p 

_ 1 

P2 

.043  .172 

P3 

-.043  -.129 

L*  J 

P4 

.  _ 

+.286  -.144 

-.72 
2. 85 


5a 


•6a 


(Checks  Flexlbliify  Equations  of 
Problem  lA) 
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4. 2. 6. 3  Problem  II  -  Sandwich  Beam  by  the  Flexibility  Method 


The  sandwich  beam  of  this  problem  is  subjected  to  temperatures  of  and 

above  the  datum  on  the  top  and  bottom  faces,  respectively.  A  general  solution  is  presented 
for  the  stresses  and  redundant  forces  in  the  sandwich  beam  in  terms  of  geometry  and  end 
fixity.  Ihe  problem  is  solved  by  utilizing  the  geometric  relations  for  a  sandwich  beam 
established  in  Paragraph  4. 1.2. 2,  solving  for  the  unrestrained  deformations,  determining 
the  fixed  end  reactions,  and  solving  for  the  reactions  and  stresses. 


-  ^  ^  h 

®l‘^l'*^®2^2  ,  ^2^2 

^1*1 


(See  £q.  (1)  of  Paragrai^ 


4.1. 2.2) 


Ihirestrained  Deformations 


“l”^!  -  “A  “l"^! 


or„T„  .  a,  T 


=  ( 1  -  -M-)=  (1-a)  (See  Eq.  (3)  of 

n  V  otjXj  /  a  Paragraph  4. 1.2. 2) 


E.A.o-.T.  +E2A2a  Tg  /i+«a\ 

€  ‘  j  ^  T  ( )  (See  Eq.  (2)  of  Paragraph 

EjAj  +  E2A2  1  1\  1  +  e  /  4,1  2.2) 


“I  1  2  2 


o-j  =  ^2  =  0 


(See  Eq.  (4)  of  Paragraph 
4. 1.2.2) 


where 


and  a  = 


Fixed  End  Reactions 


P  =  0  M  =  El  w'  F  =  -  EA  €  (See  Eqs.  (1)  through  (3),  Paragraph 4.2 .2 .3; 

P^=0m=lf=l) 

0,0  0,0  0,0  ' 


where 


EA  =  Ej^Aj^  +  E2A2  =  E^Aj^  (1+  e) 


El  =  EjAj  h^-y^(EjAj  +  E2A2) 


(1  +  e) 


Fo  =  -EjA^a^Tj  (1  +  ae) 
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^2^1 ^1 

1  ae 

1  -  a 

1  +e 

E  A  (1-te) 

I  1 

EAhV  e  ] 

^F 

.1 

HKp 

II 

g 

II 

0  (unrestraint!),  then  =  Og  =  0. 

(3d) 

K  Kp 

=  = 

00  (completely  restrained),  then 

-E  0!  T 

II 

X  1  ± 

1  -f-e 

-  (1  -t-e)  =  -  Eja^Tj_ 

(3e) 

"S^l'^l 

■  p(l+e)  =  -  EgngTg  . 

^^2  = 

1  +e 

(3f) 

4.2.7  Curved  Beams 

K  the  beam  is  straight,  the  axial  problem  can  be  separated  from  the  bending  problem. 
Ihis  cannot  be  done  in  a  curved  beam,  and  the  problem  must  be  solved  with  all  the  degrees  of 
freedom  at  a  point  coupled.  Most  curved  beams  in  aircraft  structures  are  frames  of  relatively 
few  load  redundants,  and  the  flexibility  method  is  utilized  since  the  frame  is  essentially  a  re¬ 
strained  cantilever  beam.  The  utilization  of  equivalent  loads  requires  determination  of  fixed 
end  reactions  which  are  quite  complex  (except  for  special  geometries  and  loads)  and  which 
do  not  reduce  the  computation  work  except  in  problems  involving  many  redundants. 

The  flexibility  of  the  frame  which  results  from  mechanical  loads  is  primarily  de¬ 
termined  by  the  bending. flexibility.  This  is  because  of  the  bending  energy  of  the  frame,  due 
to  mechanical  load»j.  is  usually  much  greater  than  the  axial  aid  shear  energies.  This  can  be 

seen  by  comparing  the  values  of  ds,  ds,  and  ds.  The  axial 

energy  due  to  temperature  ^€^ds) ,  however,  may  be  a  significant  portion  of  the  thermal  bend¬ 
ing  energy  ( f  -w'*  ^dB)  and  should  be  included  in  the  calculations.  The  change  in  axial  and 
bending  stiffnesses  due  to  temperature  can  be  quite  significant  and  can  be  calculated  with  the 
aid  of  equations  in  Paragraph  4. 1.1.1. 

Ihe  frame  problem  is  solved  by  the  flexibility  procedure.  The  structure  is  made 
statically  determinate  by  cutting  the  frame,  fixing  one  end,  and  applying  redundant  loads 
^M’  ~  ^^Siire  4. 2. 7-1)  at  the  cut  to  enforce  compatibility.  The  deflection  at  the 

cut  is  computed  by  virtual  work  in  terms  of  the  mechanical  and  thermal  deformations  times 
the  virtual  forces  and  by  the  redundant  loads  times  the  flexibility  coefficients. 

Let  f^p  (etc)  =  Element  of  flexibilify  matrix;  deflection  at  cut  in  F  (axial)  direc¬ 
tion  due  to  a  unit  load  in  P  (radial)  direction 

(etc)  =  Redundant  load  at  cut  in  M  (rotational)  direction 

mp  (etc)  =  hitemal  virtual  force  of  m  (rotational)  type  due  to  a  unit  load  at 
cut  in  F  (axial)  direction 

Ap  (eta)  =  Deflection  at  cut  In  P  (transverse)  direction  due  to  applied  loads, 
temperature,  and  redundants. 
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Section  A-A 


1.  Tension  is  positive  (increasing  axial  strain  e  ) 

2.  Compression  on  iimer  (upper)  fiber  is  positive  (increasing  curvature  w) 

3.  Inward  shear  is  positive 

4 .  Q  =  Angle  from  negative  Y  axis  to  normal  through  section  measured  counter¬ 
clockwise 

5.  Applied  clock./ise  moments  are  positive 

6.  Applied  horizontal  loads  are  positive  to  the  left 

7.  Applied  vertical  loads  are  positive  in  the  up  direction. 


FIGURE  4. 2. 7-1  SIGN  CONVENTION 


The  flexibility  coefficients,  neglecting  axial  and  shear  energy,  are  evaluated  from 
the  virtual  moments  shown  in  Figure  4. 2. 7-2.  The  results  in  matrix  form  are  shown  as 
follows: 


The  following  compatibility  equations  express  the  requirement  that  the  relative 
motions  at  the  cuts  are  zero.  The  virtual  force  system  is  the  unit  load  at  the  counterclock¬ 
wise  side  of  the  cut  with  reactions  on  tiie  other  side  of  the  cut. 


^  “m  *  ^MF^F‘"^MP^P  ® 

^  “f  ^  ^  ^FM^M  ^FF^F  ^^FP^P  ^  ® 

Ap  =/[(-w  -w’)  mp  +  («  +«)fp]  ds  +  +  fppXp  +fppXp  =  0 
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4.2.7  (Cont’d) 
or 

/-^dB  -/w’dS  .X„/-^*Xj,/^  *^flw  -" 

/'ll  ■  /w’ydB  t/j'coseds  +  X^,/^  •►  *  Xp/*^  =  0  (2b) 

/^  -  /«■  -/^■’ =■“«■>*  *  >S./W  -  -  ='p/ #  =  » 

where  ^jyj  =  0  and  J*€  cos  0  ds  and  J 7  sin  0  dx  are  usually  small  and  assumed  equal  to 
zero. 

The  redundants  X^,  Xp,  Xp  are  obtained  by  solving  the  simultaneous  Eqs.  (2b). 


f„  =  0  f ,,  =  cos  0  f„  =  -  sin  0 

Mr  r* 

Pjj  =  0  Pp  =  +  Sin  0  Pp  ~  ® 

FIGURE  4. 2. 7-2  DETERMINATION  OF  VIRTUAL  FORCES  m,f,p 

I 
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4.2.7. 1  Values  of  i',  w*  and  M 

Hie  values  of  e'and  w*  can  be  obtained  by  an  analysis  of  the  cross  sections  as 
shown  in  Sub-section  4.1. 

A  simple  approximation  of  the  aT  distribution  in  a  cross  section  is  to  assume 
a  linear  variation  dirough  the  depth.  In  the  case  of  a  linear  distribution,  the  values  of  T ' 
would  be  aT  at  the  centroid  of  the  cross  section  and  the  value  of  w'  would  be  tbe  difference 


(aT). 


inside 


(aT), 


outside 


)  .  Ihe  linear  varia- 


of  the  (aT)*8  divided  by  the  depth  (w*  = 

u 

tion  of  aT  usually  results  in  a  good  approximation  of  the  distortions  of  a  cross  section  ( c ' 
and  w’ )  due  to  temperature.  These  are  the  parameters  that  determine  the  redundant  loads. 

Ihe  moments  on  the  cantilever  (cut  frame)  beam  can  be  determined  by  statics  of 
the  applied  loads. 


^n  = 


=  I  [“iVyi)  ^  ^i] 

i=l 


or  can  be  obtained  in  a  table  based  on  incremental  moments,  as  follows: 


where 


= 

"^Mn 

-  AM^n' 

"  ^Hn 

(1) 

Vn.l 

II 

+  AV^  ; 

^Vn  = 

\  <"n.l  ■ 

-V 

«n.l 

=  »n 

+  AH^  ; 

^Hn  = 

«n  6^n.l  • 

•v 

AM,,  =  Moment  about  (x  y  ^, )  of  all  loads  between  (x  ,  y  )  and  (x  , 
Mn  .  n-^l  n+l  n  n  n+l 


AV_ 


^n-tl^ 

=  Vertical  load  ^sitive  up)  between  (x  ,  y^)  and  (x  ,  y  ^,) 

n  n  ii'^x  n+i 


AHj^  =  Horizontal  load  ^sitive  to  left)  between  (x^^,  y^^)  and 

(x  ,y  )  =  Coordinates  of  centroid  of  n^  element 
u  u 


As_ 


=  Length  of  the  n*^  element. 


Notes:  (a)  Frame  length  between  (x^^  ,  y^)  and  (Sjj+j  »  ^0+’^  equal  to  .5  (As^^  +  As^^j). 

(b)  The  loads  on  the  frame  must  be  self-equilibratiag.  This -should  be  checked 

before  the  deformations  due  to  die  applied  loads  are  calculated.  (See  last 
row  of  columns  32,  34,  and  42  of  Table  4.2. 7.3-1). 


ft  is  advantageous  for  the  purpose  of  analysis  to: 

(1)  Keep  the  lengdis  of  As  small  so  that  section  properties  are  fairly  constant  in 
each  AS 

(2)  Start  new  segments  when  sectfcms  change  radically 

(3)  Locate  a  station  (centroid  of  segment  of  length  As)  where  load  changes  sli^tly 

(4)  Make  As  zero  where  maximum  stresses  are  expected  (concaitrated  loads,  etc. ) 


WADD  TR  60-517 


4,108 


4. 2. 7.1  (Cont'd) 


Ilie  total  loads  acting  on  any  section  are 


^n  =  ^n  "  "  ^n  \ 


=  (Hn  +  Xp)  (4fiin  0)  +  (V^  +Xp)  (+ cos  6) 
4. 2. 7. 2  Special  Cases 


(2) 


The  solution  of  the  curved  beam  problem  can  be  modified  in  special  cases  to 
reduce  the  amount  of  computations.  Ibe  following  cases  are  considered: 


Case  I  -  Siymmetrical  Structure 
Case  n  -  Elastic  Center  Method 
Case  m  -  Relaxation  of  Boundary  Conditions 


Case  I;  ^mmetrical  Structure 


M  many  structural  problems  the  geometry  s,  AE,  El  on  one  side  of  an 
axis  is  a  mirror  image  of  the  geometry  on  the  other  side,  e.g. ,  El  (y  ,  +  x  )  =  El  fir  ,  - 
Xjj).  This  is  usually  the  case  in  aircraft  structures  (except  for  some  slight  variation  (fte  to 
temperature  effects)  because  of  the  probability  of  the  load  being  applied  from  either  side  of 
&e  frame.  When  the  structure  is  symmetric^,  some  of  the  influence  coefficients 
*xds 


(/- 


=  f  =  f  =  =  f  =  f 

El  *MP  ^PM  El  *FP  PF 


=  0  ^  are  identially  zero  and  the  others 


need  only  be  evaluated  for  half  the  frame  and  then  doubled,  e.g. , 
,s(27r)  „  ,s(7r) 

2 


/  JL^=  2  / 

•'n  El  2  El 


where  s(7r)  =  length  of  frame  between  6  =  0  and  tt) 

The  solution  is  simplified  as  follows: 
Mxds 


'  -(/^  -  -/j'smeds)// i 


'ds 


El 


/JL^  -  I 

r  sM. 

\{  fUdB 

J*w'ds  j 

j  El  J 

'  El 

JV  El 

f  ds 
'  El  J 

1(/^- , 

J*w'yds  +  J*i'cos  0  ds]  J 

(la) 


(/f-)(/^)  if^)' 
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4,2,7.2  (Cont'd) 

S  die  applied  loads  (diermal  and  mechanical)  are  also  symmetrical,  e.g. ,  M  (y^,  x^)  = 

M  (7^,  -x^)>  then  the  radial  deflection  of  the  cantilever  (in  P  direction)  due  to  applied  loads 

is  zero  and  the  other  deflections  need  only  be  evaluated  for  half  die  frame  and  then  doubled. 
If  the  applied  loads  are  antisymmetrical,  e.g. ,  M  (y^^,  x^)  =  -  M  -Xq)i  then  the  hori¬ 
zontal  deflection  and  rotation  of  the  cantilever  is  zero  and  the  radial  deflection  is  evaluated 
for  half  the  frame  and  then  doubled.  The  following  equations  summarize  the  solution  of 
symmetrical  frames  since  any  loading  can  be  separated  into  symmetrical  (S)  or  antisym¬ 
metrical  (A)  components. 

For  symmetric  loads: 


Xps  =  0  (lb) 


4. 2. 7. 2  (Cont’d) 


X’  = 

A  p 


-  fw'  X'  da-  Je'shi  6*  ds  ) 

f  (^')^d8_ 

J  El 


(2)  cont'd 


where  all  the  above  terms  are  described  in  Figure  4. 2. 7. 2-1. 

It  is  seldom  advantageous  to  employ  the  elastic  center  method  unless  the  location 
y)  and  direction  (v}^  is  readily  discernible .  hi  the  case  of  symmetry  about  the  "Y"  axis 
&e  value  of  q>=0  and  x  =  0  so  that  y*  =  y  -  y  and  x*  --  x.  If  symmetry  exists  about  both  axes 
it  would  be  advantageous  to  establish  the  origin  at  die  center  of  symmetry. 


FIGURE  4. 2. 7. 2-1  ELASTIC  CENTER  METHOD 

The  transformaticu  equations  are: 

yt  =  ^_y)  cos  <p  -  (x-x)  sin  <p 
X*  =  (y-y)  sin  <p  +  (x-x)  cos  <p 

e*  =  e  -  .p 
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4. 2. 7. 2  (Cont’d) 


2  [JSLM. 

^  J  El 

f  y^ds  _  r  2 

ds 

J  El  J* 

El 

Y  =  ryds  /  rds. 
y  J  El  /  j  El 

-  _  /*  X  ds  /  /*  ds_ 

*  j  El  /  j  El 

Case  ni;  Relaxation  of  Boundary  Conditions 

It  is  often  convenient  to  determine  the  effect  of  changing  the  frame  by  inserting 
hinges,  etc.  It  is  also  convenient  for  computational  techniques  (digital,  etc. )  to  maintain 
a  standard  form  to  solve  all  frame  problems.  Employing  the  same  virtual  force  system 
permits  to  use  of  standard  tabular  forms  or  digital  procedures  without  modification  for 
each  special  structural  problem. 

Equations  (2a)  of  Paragraph  4.2.7  can  be  viewed  as  the  relative  deformations 
at  each  side  of  the  cut.  S  a  hinge  existed,  then  would  not  equal  zero  but  the  redundant 
load  would  equal  zero. 

For  the  case  with  a  hinge,  die  compatibility  equations  become 

/I  2 

ds  -  j*w’  y  ds  +  Jf'  cos  e  ds  +  +  Xp  =  0  (4a: 

-  ^w’  X  ds  -  /c-sin  e  ds 

Solution  of  these  equations  results  in  die  redundant  loads  X^  and  X-.  Note  diat 
the  tabular  form  shown  in  Table  4. 2. 7. 3-1  can  be  employed  to  obtain  tire  desired  quantities. 

4. 2. 7. 3  Sample  Problem  -  Frame  Subjected  to  Ihermal  and  Mechanical  loads 

Table  4. 2. 7. 3-1  is  designed  to  solve  a  general  frame  problem  with  a  maximum 
of  diree  redundants.  The  problem  selected  was  a  special  one  wherein  the  structure  and  loads 
were  symmetrical.  It  was  chosen  in  order  to  indicate  the  simplification  of  work  and  calcula¬ 
tions  which  result  when  symmetiy  of  loads  and  structure  exists.  Only  half  the  rows  in  die 
table  need  be  calculated  and  many-of  the  columns  can  be  eliminated  as  indicated  below. 

(1)  Column  8  (dentrt^  by  (^)need  not  be  computed  if  the  structure  is  symmet¬ 
rical  since  2  wouldequal  zero. 

(2)  Columns  15,  19,  22,  24  and  27  (denoted  by  (^ )  need  not  be  computed  if  the 
loads  are  symmetrical  since  £  of  these  columnswould  equal  zero 

(3)  Columns  13,  14,  17,  18,  23  and  26  (denoted  by  @ )  need  not  be  computed 
if  die  loads  are  ass]rmmetrical  since  the  ^  would  be  zero. 

The  summation  (value  of  integral)  of  die  column  is  therefore  ei&er  twice  the 
first  half  (2  =  2£' )  or  zero  since  die  value  of  the  sjrmmetrically  located  station  in  the 
second  half  is  either  die  same  or  opposite  to  that  of  the  first  half.  The  first  half  of  columns 
21  and  22  is  usually  computed  for  the  purpose  of  employing  Eqs.  (2)  of  Paragraph  4. 2. 7. 1  in 
obtaining  die  total  loads  acting  on  a  cross  section. 
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4. 2. 7. 3  (Cont’d) 


2000  (Neg) 


@®®@ 


rABLE  ^  2  7  3-1  SAMPLE  FRAME  PROBLEM  (Figure  4  2  7  3-2) 


4.2.7.3  (Cont’d) 


utilized. 


For  symmetrical  geometry  and  load,  Eqs.(lb)  cf  Paragraph  4. 2. 7. 2  are 


-  [s*  @  (S'  (13)  -  S'  @  )  -  S’  @(S'  (m)-  S'  (l^  +  S'  (g))] 

^  S'  @  S'  (?)  -  (S'  0  f 

Xj^  =  -  -[15,740  (lOr"^  [-218,006  (10)"“^-  (-34.0756  -^  )] } 

-  376.995  (10)“”^  -11,118,000  (10)“^  -  (-427.56  -^ )  +  9.761  oT 

(12.5665)  (10)“”^  (15,740)  (10)“”^  -  (§76,995  (10)“’)^ 

Xj^  =  -  13652  in  lb  -  67.388  (10)®  +  .361(10)®  o-T 

-  S'  @  (S'  (S)  -  S'  @  +  2'  (g)  )  -  S’  0  (S'  (g)  -  S'  (^)] 

^  S'  0  S’  0  -  (S’  0  f 


= 


Xj.  =  103331b  ->^1.3424  (10)®  -  .022  (10)®  aT 
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SECTION  5  -  THERMO- ELASTIC  ANALYSIS  OF  JOINTS 


This  section  considers  the  thermo-elastic  analysis  of  mechanical  joints.  The 
analysis  presented  is  directly  applicable  to  problems  where  the  stress  levels  lie  in  the 
elastic  range  (low  ductility  materials  such  as  the  ceramics,  refractory  materials,  beryl¬ 
lium,  etc.,  generally  remain  in  the  elastic  range  almost  to  failure).  In  addition,  certain 
aspects  of  the  analysis  are  shown  to  be  of  value  in  the  solution  of  problems  with  stress 
levels  in  the  inelastic  and  plastic  ranges. 

As  shown  in  Figfure  5-1,  a  mechanical  joint  is  one  that  is  composed  cf  plate-like 
materials  joined  by  fasteners  (such  as  rivets,  pins  or  bolts)  for  the  purpose  of  load  transfer. 


I  a 


_ 

_ 

■n 

» - M 

*  1  ' 

I  Ij 

1  1  1 

n  r 

1  •  ' 

1  1 

1  1 
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1  » 
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'  1 

'  . 

•  1 

•  *  • 

1  1 
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1 .  1 

iT- 

^  V. 

FIGURE  5-1  MECHANICAL  JOINT 


It  is  assumed  that  the  heat  conduction  problem  has  been  solved  for  the  temperature 
distribution  in  the  joint.  To  find  the  loads  in  the  attachments  and  the  stresses  in  the  cross 
sections  for  the  known  temperature  distribution  and  a  given  applied  mechanical  load,  two 
classes  of  problems  will  be  considered.  Ute  first  is  the  one-dimensional  case,  wherein 
eacn  plate  is  restrained  from  deflecting  out  of  its  own  plane.  Hie  second  case  to  be  con¬ 
sidered  is  the  two-dimensional  problem  wherein  the  plates  bow  or  deflect  out  of  plane. 

General  solutions  are  presented  and  it  is  shown  how  these  degenerate  to  the  more 
familiar  elementary  joint  equations  when  the  ai^licable  simplifying  assumptions  are  made. 

The  following  symbols  are  used  throughout  this  section: 


e  Difference  between  attachment  and  attachment  hole  diameter  (slop),  inches 

f  Attachment-hole  flexibility  factor,  in/lb 

h  Plate  thickness,  inches 

i  Running  subscript 

j  The  j***  attachment,  or  bay 

w  Rotation  of  a  plate  per  unit  distance  due  to  thermal  loading  (thermal  curvature, 

see  Paragraph  4. 1.1. 2) 
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X  Longitudinal  distance  along  splice,  inches 

y,p>yg  Distances  from  elastic  axes  of  top  and  bottom  plates,  respectively,  to  the 
contact  surface,  inches 

y  Distance  in  the  thickness  direction,  inches 

A  Cross  section  area,  square  inches 

AE  Effective  axial  stiffness  of  a  plate;  / EdA  (see  Paragraph  4. 1. 1. 1),  Ibs- 

A.„,  B.„  Non-dimensional  coefficients  for  the  determination  of  attachment  loads 
^  ^  (Figure  5. 1.2-1). 

D  Diameter,  inches 

E  Young's  Modulus,  psl 

_  2 

El  Effective  bending  stiffness  of  a  cross  section,  (see  Paragraph  4. 1.1.1),  Ibs-in 

I  Cross  sectional  moment  of  inertia,  in^ 

K  Stiffness,  Ibs/in 

L  Longitudinal  spacing  between  adjacent  attachments,  inches 

M  Externally  applied  bending  moment,  in-lbs 

N  Total  number  of  joint  attachments 

P  Attachment  shear  oad,  lbs 

T  Temperature,  degrees  F 

X  Mechanical  load,  lbs 

Z  Non-dimensional  ratio  of  axial  flexibility  to  attachment-hole  flexibility 


a  Coefficient  of  thermal  expansion,  in/in-'F 

A  Linear  displacement,  inches;  an  increment 

d  Slop  displacement  between  adjacent  loaded  attachments,  inches 

e  Axial  strain  of  a  plate  due  to  thermal  loading;  /EorTdA/  /  EdA 

0  Free  axial  thermal  expansion  in  the  i^ane  of  the  plate;  /i  dx,  inches 


Subscripts 

B  Refers  to  bottom  plate 

j  Refers  to  the  j^^  attachment,  or  bay 

jN  Refers  to  the  j“  attachment  of  a  splice  having  N  total  attachments 

T  Refers  to  top  plate 
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5.1  THE  ONE-DIMENSIONAL  PROBLEM 

The  general  problem  is  simplified  if  the  overall  geometry  of  the  joint  does  not  allow 
the  joint  to  bend  out  of  plane.  Such  conditions  are  realized  when,  for  example,  the  joint 
consists  of  a  splice  strap  in  a  flexurally  rigid  beam  flange  as  shown  in  Figure  5. 1-1.  In 
such  a  case,  the  problem  Is  one -dimensional  in  that  the  joint  displacements  and  attachment 
loads  are  essentially  dependent  on  the  axial  flexibility  of  the  joint  components  in  the  direction 
of  the  applied  external  loacUng. 


FIGURE  5.1-1  SPLICE  STRAP  FOR  A  RIGID  BEAM  FLANGE 

The  solution  for  the  load  distribution  to  the  joint  attachments  is  obtained  by  satisfying 
compatibility  conditions  for  the  joint  displacements  and  the  equilibrium  equation. 

The  following  analysis  is  applicable  to  a  mechanical  joint  composed  of  two  arbitrarily 
dissimilar  elastic  materials.  It  is  assumed  that  the  attachments  initially  fill  the  holes  and 
that  each  attachment-hole  combination  deforms  elastically  under  load. 

The  presence  of  "slop"  (which  results  from  a  combination  of  manufacturing  tolerances 
and  differential  thermal  expansions  between  the  plate  holes  and  attachments)  and  its  influence 
upon  the  load  distribution,  is  then  considered.  A  detailed  derivation  of  all  solutions  is  pre¬ 
sented  in  Reference  5-1. 
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The  Joint  Equations 


Equilibrium 

Figure  5. 1. 1-1  shows  a  longitudinal  section  through  a  typical  joint  under  consideration. 
Denoting  the  shear  load  acting  at  the  j  attachment  by  Pj,  equilibrium  of  forces  requires  that 


N 

X=  Z 
j=l 


(1) 


where  a  tensile  a(^lied  load  X  and  attachment  loads  acting  to  the  right  on  the  upper  sheet  are 
considered  positive. 


FIGURE  5. 1, 1-1  ONE-DIMENSIONAL  JOINT  EQUILIBRIUM 
Compatibility  Conditions 

As  shown  in  Figure  5. 1. 1-2,  compatibility  of  displacements  requires  that  the  axial  con¬ 
traction  or  expansion  of  the  plate  material  at  the  common  surface,  measured  from  a  datum 
(defined  by  the  unloaded,  unteated  spacing  between  the  centerlines  of  adjacent  pins)  must  be 
identical  for  the  u(^r  and  lower  plates. 
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5.1.1  (Cont'd) 


FIGURE  5. 1.1-4  DEFORMATION  OF  THE  JOINT  DUE  TO  LOCAL  DISTORTIONS 
OF  THE  HOLES  AND  ATTACHMENTS 


The  compatibility  Eq.  (5),  which  constitueS'N-1  equations,  together  with  the  equili¬ 
brium  Eq.  D)  provides  N  linear  algebraic  simultaneous  equations  for  N  unknown  attach¬ 
ment  loads,  Pj.  Since  Eq.  (5)  is  in  the  form  of  a  recurrence  equation,  it  can  be  used  to 

express  all  the  attachment  loads  in  terms  of  P^,  the  load  in  the  first  attachment ,  that  can 

then  be  evaluated  from  the  equilibrium  equation.  Solutions  can  also  be  obtained  by  solving 
the  simultaneous  equations  directly  or  by  iteration  and  relaxation  techniques.  In  general, 
no  simple  relationships  exist  between  successive  Pj '  a.  This  difficulty  arises  from  the  fact 
that  the  recurrence  equation  coefficients  are  variable  since  they  are  functions  of  flexibilities 
and  temperature  distributions  which  may  vary  from  bay  to  bay. 

5.1.2  The  Sbeclal  Case  of  Constant  Bay  Properties 

Consider  the  case  where  the  flexibilities  of  the  sheets  and  attachments,  as  well  as 
the  temperature  distribution,  are  the  same  in  each  bay  (constant  bay  properties).  From  a 
practical  point  of  view  diis  situation  is  attained  when  the  sheet  thicknesses  are  constant, 
die  attachments  are  all  of  the  same  type,  size  and  spacing,  and  when  the  temperature  varia¬ 
tion  throu^  the  splice  thickness  does  not  vary  appreciably  in  the  direction  of  mechanical 
loading.  The  coefficients  of  the  Pj's  in  the  compatibility-recurrence  Eq.  then  become 

constant  and  a  general  solution  can  be  obtained  with  simple  relationships  between  successive 
Pj  s.  Thus,  Eq.  becomes 


WADD  TR  60-517 


5.8 


5.1.2  (Cont’d) 


[(■^)  *  (l^)  ]  [  ^ 


pj.A0-Pjf*P,.jf.x(-^)^  , 

(j=l,  2 . N-1) 


where 


A0=/  (i.j.-€g)(ix 


f  f -p  +  ^3  • 

Eq.  (1),  together  with  the  equilibrium  Eq.  (1)  of  Paragraph  5. 1. 1  yields  the  following  solu¬ 
tion  for  the  joint  loads: 


^JN [^jN  ®jN  (  -^  )  •(f)]*‘^®jN 


where  the  subscript  jN  refers  to  the  j  attachment  in  a  joint  of  N  attachments.  Values  of 

the  coefficients  A.„  and  B.„  vs.  Z ,  where 
jN  jN 


are  plotted  in  Figures  5. 1. 2- 1(a)  through  -1  O’)  for  j  =  1—5  and  N  =  2  —  20.  Equations  for 
the  numerical  calculation  of  these  coefficients  are  derived  in  Reference  5-1. 

By  interchanging  the  designation  of  the  top  and  bottom  covers,  the  curves  presented  can 
be  used  to  obtain  all  of  the  loads  in  joints  having  as  many  as  ten  attachments.  When  the  total 
number  of  attachments  exceeds  ten,  the  curves  give  the  loads  in  the  first  five  attachments  from 
either  end  of  the  splice. 

The  first  term  on  the  right  hand  side  of  Eq.  (2)  represents  the  contribution  of  mechanical 
loading  to  the  attachment  load.  The  second  term  represents  the  c(xitrlbution  of  thermal  loading. 
Thus,  Eq.  (2)  conveniently  separates  the  thermo-mechanical  problem  into  its  superimposable 
components.  Note  that  for  constant  bay  properties  the  thermal  compmient  of  load  at  the  center 
of  the  joint  must  be  zero  from  a  symmetty  argument.  Therefore,  the  center  bolt  of  an  odd 
number  of  bolts  has  no  load  due  to  thermal  effects  (Figure  5. 1. 3-2).  Because  of  this,  B„„  = 
Bgg  =  ®47*  • "  =  0,  as  indicated  in  Figures  5. 1. 2-1.  In  addition,  it  is  significant  that  when  the 

joint  has  constant  bay  properties,  the  attachment  loads  due  to  thermal  loading  alone  are  sym¬ 


metrical  about  the  center  of  the  splice  which  yields  =  -Bj^, 


®2N  ~ 


■®(N-1)N  ’ 
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§ 


The  solution  for  the  attachment  loads  in  a  joint  is  illustrated  by  the  following  problem. 
A  titanium  plate  and  an  aluminum  plate  are  bolted  together  with  six  attachments  as  shown  in 
Figure  5. 1.  2-2(a).  Find  the  attachment  loads  when  the  titanium  and  aluminum  plates  are 
subjected  to  imiform  temperature  rises  of  300“F  and  70*F,  respectively,  and  a  mechanical 
load  X  of  20, 000  pounds  is  applied  to  the  joint. 


It  is  assumed  that  the  bolt  hole  flexibility  has  been  determined  experimentally  to  be 

f  =  .  900  X  10  ®  in/lb  (See  Sub-section  5. 3). 
Considering  the  titanium  plate  to  be  the  top  plate,  the  plate  flexibilities  are: 


(1.5)(.  125)(15)x 


IF 


=  .  356  X  lO"®  in/lb, 


(-it) 


-6 


B 


(1.5)(.  250)(10)x  10 


=  .  267  X  10  in/lb 


Since  the  temperature  rise  in  each  sheet  is  uniform,  the  incompatibility  due  to  unrestrained 
thermal  expansion  in  each  bay  is  given  by 


=  [{aAT),j.  -  (aAT)gj  L 


.  [e. 


5(300)-  12(70)  (l)xlO 


=  1110  X  10"®  inch. 


The  above  quantities  are  now  substituted  into  Eq.  (2)  resulting  in 


jN 


=  [a  +  b 

jN  jN\.900j 


(20,000)  *  (ii^) 


or 


P,„  =  20,000  A.„  +  9135  B.„ 
jN  ’  jN  jN 


(J) 


The  coefficients  A..,  and  B,„  _rc  now  determined  from  Figures  6. 1.  2-1  for 
jN  jN 


Z  = 


=  .692 


and  N  =  6. 
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Ajg  =  .  0140 
Agg  =  . 0239 
Agg  =  . 0500 
A^  =  .  1090 
Agg  =  .2450 

Bjg  =  . 8000 

Bgg  =  .3200 

Bgg  =  .0880 

B^  =  -.  0860 
Bgg  =-.3200 


Figure  5. 1. 2-l(a) 
-1(c) 
-1(e) 
-1(g) 
-1(1) 

Figure  5. 1. 2-l(b) 
-1(d) 
-1(f) 
-1(h) 
'  -1(J) 


(4) 


The  curves  give  values  of  A^^j  and  B^jj  up  to  j  =  5  and  the  splice  under  consideration 

has  6  attachments.  In  order  to  obtain  the  coefficients  for  the  last  attachment,  the  designation 

of  the  top  and  bottom  plates  as  shown  in  Figure  5. 1. 2-3  must  be  interchanged  such  that  the 
last  attachment  (J  =  6)  in  the  original  designation  becomes  the  first  attachment  ( j  =  1)  in  the 
interchanged  designation. 

Denoting  quantities  in  the  interchanged  designation  by  primes,  results  in 


(b)  Interchanged  Designation 

FIGURE  5. 1. 2-3  ALTERNATE  TOP  AND  BOTTOM  SHEET  DESIGNATION 
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The  load  in  the  top  plate  and  the  attachment  loads  are  plotted  In  Figures  5. 1.  2-2(b) 
and  (c).  The  results  show  that  the  maximum  load  occurs  in  the  first  attachment  and  that 
the  two  end  attachments  carry  more  than  half  of  the  total  applied  mechanical  load.  When 
the  bay  properties  are  constant  the  maximum  load  always  occurs  in  an  end  attachment. 
However,  as  discussed  in  Paragraph  5. 1. 3,  when  plastic  deformations  occur  in  the  vicinity 
of  the  bolt  holes,  the  bolts  tend  to  cany  equal  loads. 

5.1.3  Constant  Bay  Properties  -  Rigid  Sheets 

Now  the  case  is  considered  in  which  the  sheets  have  negligible  axial  deformation 
as  compared  to  the  deformations  caused  by  local  distortions  of  the  holes  and  attachments 
(rigid  sheets). 

From  a  practical  point  of  view,  this  condition  is  realized  when  the  plates  are  thick 
and  the  attachments  have  small  diameters  —  or,  when  local  yielding  causes  the  effective 
attachment-hole  flexibility  factor  to  become  large  as  compared  to  the  axial  flexibility  of 
the  sheets. 

In  the  limiting  case. 

and  —^0 

Vae^t  Vae/b 

and  the  compatibility  Eq.  (1)  of  Paragraph  5. 1. 2  reduces  to 

p  =  p  - 

j  + 1  j  f 

•..r,  in  terms  of  the  first  attachment  load  . 

Pj  =  Pi  -  a-1)  •  ( 1 

is  obtained  by  summing  Eq.  (1 }  over  the  total  number  of  attachments; 

N  A.*.  N 

z  P,  =x  =  NP  -  2  (j-1) 

j=l  J  j=l 

=  NPj  -  f  (N-1)^ 


p  =  X  +  (NdD  ^  . 
N  2  f 


Substituting  (  2  )  in  ( 1  )  results  in 


p  *  +1 

f  N+1  \  A0 

“  N  1 

12  V  f 

Equation  ( 3  )  gives  the  attachment  loads  for  a  given  thermal  and  mechanical  loading  and  a 
known  value  of  attachment-hole  flexibility,  f  . 


WADD  TR  60-517 


5.24 


5.1.3  (Cont'd) 

The  solution  shows  that  for  the  case  of  constant  bay  properties  and  infinitely  rigid 
sheets,  the  mechanical  load  distributes  equally  to  the  attachments  while  attachment  loads 
due  to  thermal  effects  vary  symmetrically  about  the  transverse  centerline  of  the  joint  with 
magnitudes  inversely  proportional  to  the  attachment-hole  flexibility  (Figure  5. 1.3. 2). 

For  high  loads  which  cause  extensive  plastic  deformation  in  die  vicinity  of  the  attach¬ 
ment  holes,  the  effective  attachment-hole  flexibility  may  become  large  as  compared  to  the 
sheet  flexibility,  in  which  case  the  solution  of  Eq.  (3)  is  approached.  If  these  plastic  effects 
become  large  enough,  the  increase  in  f  tends  to  wipe  out  the  effects  of  thermal  loading  with 
the  result  that; 

r,  X 

p  /s/  — — 

j  N 

This  Indicates  that  near  the  failure  of  ductile  materials,  the  mechanical  load  tends  to 
distribute  equally  to  the  attachments  regardless  of  temperature  distribution.  The 
effect  of  an  infinite  sheet  rigidity  for  the  splice  of  Figure  5. 1.2-2 (a)  upon  attachment 
loads  may  be  calculated  where,  as  before  in  Paragra]^  5.1.2, 

X  =  20.000  lbs 
f  =  .  900  x  10"®  in/lb 
A0  =  1110  X  lO"®  in. 


However, 


(  AE  )„  =  (  AE  I 


Substituting  the  above  in  Eq.  ( 3  ), 


20,000 

6 


Thus: 


=  3,. 333  +  (3.5  -  j)  1233  . 

=  3,333  +  (3.5-1)  1,233  =  6,420  lbs 

=  3,333  +  (3.5-2)  1,233  =  5, 180  lbs 

=  3,333  +  (3.5-3)  1,233  =  3,950  lbs 

=  3,333  +  (3.5-4)  1,233  =  2,720  lbs 

=  3,333  +  (3.5-5)  1,233  =  1,480  lbs 

=  3,333  +  (3.5-6)  1,233  =  250  lbs 


Pj  =  20, 000  lbs 
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The  results  are  plotted  in  Figure  5. 1. 3-1.  It  Is  seen  that  the  attachment  loads  vary 
linearly  with  the  distance  along  the  splice.  A  compari.son  with  the  flexible  sheet  results  of 
Figure  5. 1.  2-2  shows  that  the  attachment  loads  in  the  rigid  sheet  solution  drop  off  constantly 
as  one  proceeds  from  the  first  to  the  last  attachment,  while  in  the  flexible  sheet  solution  the 
attachment  loads  are  minimum  at  the  center  of  the  splice  and  build  up  toward  the  ends. 


Load  In  Top  Plate 


6,420  5,  180  3,950  2,720  251 


FIGURE  5. 1.3-1  RIGID  SHEET  SOLUTION 
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5.1.4  Constant  Bay  Properties  -  Rigid  Attachments 

The  attachments  may  be  considered  rigid  if  the  attachment-hole  flexibility  is 
negligible  when  compared  to  the  axial  flexibility  of  the  sheets  as,  for  example,  when  the 
sheets  consist  of  flexible  (soft)  materials  and  the  attachments  are  housed  in  large  Jia- 
meter  rigid  bushings.  Although  this  situation  seldom  occurs  in  practice,  the  problem  is 
of  interest  from  a  qualitative  point  of  view,  since  it  represents  another  limiting  case  of 
the  general  one-dimensional  problem.  In  the  limiting  case,  f  »  0  and  the  compati- 
bility  Eg.  (1)  of  Paragraph  5.1.2  yields 


(i) 


Thus,  from  the  equilibrium  equation. 


Pn  =■•  ^-Pi 


(2) 


The  above  equations  show  that  for  infinitely  rigid  pins  and  constant  bay  properties,  the 
two  end  attachments  carry  all  the  thermal  and  mechanical  loads. 


then 


When  the  upper  and  lower  sheets  are  each  heated  to  iifferent  uniform  temperatures. 


A*  =  [(aAT).j.  -  (arAT)gj  L 


so  that 


X  +  (AE).j.  (arAT).j,  -  (aAT)g 
(AEij. 


1  + 


(AE), 


(3) 


=  X  -  Pi 


and  the  intermediate  attachment  loads  are  all  /.ero. 
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The  effect  of  Infinitely  rigid  attachments  for  the  splice  of  Fleure  5  1  2-2fa»  iinnn  tho 
attachment  loads  may  be  calculated  where,  as  before  in  Paragrl^  5  i.2  ^ 


X  =  20,000  lbs. 


~  •  356  X  10  in/Ib 
iAv\  ~  •  267  X  10  in/lb 


[.  [  (aAT).j.  -  (aAT)g  j  =  llio  x  lO"”  inch 


but  f  =  0  , 


&ib8titutmg  the  above  quantities  in  Eq.  (3)  gives 


_  20^ooo+(^)(ino) 


=  13,200  lbs. 


For  rigid  attachments  as  stated  above, 

■’2  =  ^  ■  '’4  -  Ps  '  »  • 
snd  for  ec^ilibrium 

Pg  =  20.000-13.200  =  6.800  lbs. 
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5.1.5  The  Influence  of  "Slop"  on  the  Load  Distribution 

The  presence  of  "slop",  due  to  manufacturing  tolerance  and  differential  thermal 
expansions  between  the  plate  holes  and  attachments,  affects  load  distribution  through  the 
basic  joint  compatibility  equation. 


The  "slop"  at  each  attachment  is  indicated  by  the  difference  in  diameters  of  the 
plate  hole  and  attachment  (Figure  5. 1.5-1),  as  expressed  by 


where 


e  =  e  ,  +  e.  ; 
mfg  temp 


e  >0  (i.e. ,  e  must  always  be  a  clearance)  , 


®mfg 


-  Initial  room  temperature  manufacturing  tolerance  (clearance  or  interfer¬ 
ence.  Interference  has  negative  sign.) 


e  =  thermal  slop  (clearance  or  interference  due  to  differential  thermal 
expansion  between  plate  holes  and  attachments) 


l^^'^^sheet 


-(aT) 


attach.  hole 


e  e  , 

— j2|^  -42  I*- 


FIGURE  5. 1.5-1 


FIGURE  5. 1.5-1  ATTACHMENT  IN  AN  OVERSIZE  HOLE 


As  discussed  in  Paragraph  5. 1.  l,the  joint  displacements  (for  compatibility  purposes) 
have  been  measured  from  a  datum  defined  by  the  initial  spacing  between  the  centerlines 
of  adjacent  attachments.  When  slop  is  present,  and  thermal  and  mechanical  loads  are 
applied  to  the  joint,  the  attachments  are  displaced  from  the  centers  of  the  holes  until 
they  bear  up  against  sheet  material,  as  shown  in  Figure  5. 1.5-2. 
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-e.y  P. 

^jT  "  2 

and  for  the  bottom  sheet,  by 


lilillT  ZiiL 


Wi\ 


iB 


:i±L 


2  |P^|  2  |P.^^| 

where  a  positive  5  Increases  the  spacing  between  adjacent  attachments  and 


I  p|  =  for  a  positive  attachment  load, 

P  =  -  1  for  a  negative  attachment  load. 

|P| 

The  Incompatibility  due  to  slop  is  therefore  given  by 


p 


P. 


(1) 
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Equation  (1)  is  significant  in  that  it  brings  out  the  very  nature  of  the  slop  problem. 
Consider,  for  example,  that  the  slop  is  the  same  at  all  attachments.  In  this  case,  Eq.  (1) 

reduces  to  _  -i 

P.  P. 

AS.  =  (e^^eg)  -  1^  . 


P. 

_i_ 

l^ilJ  * 


As  the  mechanical  loads  applied  to  the  joint  increase,  all  the  attachment  loads  tend  to  act  in 
the  same  direction  (opposite  to  the  externally  applied  load)  or. 


JilL  =  _1L_ 

M  hi 


=  ±  1. 


The  bracketed  quantity  in  Eq.  (2)  thus  becomes  zero  and  therefore 


A6j  =  0  . 

Since  the  Adi's  determine  the  influence  of  slop  on  the  load  distribution,  Eq.  (3)  in¬ 
dicates  that  for  high  joint  loadings  the  effects  of  uniform  slop  are  eliminated.  To  solve  for 
the  load  distribution  with  slop,  the  basic  one-dimensional  compatibility  expression.  Eq.  (5) 
of  Paragraph  5.1.1,  must  be  modified  by  the  addition  of  Ad . .  Tlie  compatibility  equations 
then  become  ^ 


(■#)„ iM.  1  '■*  ‘itl 


Tlie  above  equation,  together  with  the  equilibrium  onnation 


N 

X  -  Z 

P. 

J 

j=l 

provides  N  equations  for  the  N  required  attachment  loads.  .  Tlie  solution  of  these  equa¬ 
tions,  however,  involves  more  than  simply  solving  a  set  of  simultaneous  algebraic  equations. 

TTie  values  of  Adj  on  the  right  side  of  Eq.  (4)  are  given  by  (1)  from  which,  in  order  to  determine 

the  Ad.'s,  the  sign  of  the  attachment  loads  ^positive  or  negative)  must  be  determined.  But  this 

is  not  known  in  advance.  Hiis  presents  one  of  the  major  difficulties  of  the  slop  problem.  Tlie 
suggested  method  of  attack  is  as  follows; 

(1)  Assume  a  set  of  directions  for  the  attachment  loads. 

(2)  Determine  the  Ad^'s  from  Eq.  (1)  and  solve  the  simultaneous  compatibility  and 
equilibrium  equations  (Eq.  (1)  of  Paragraph  5. 1. 1  and  Eq.  (4)  above). 
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(3)  If  the  directions  of  the  attachment  loads  as  obtained  from  the  solution  agree 
with  the  initially  assumed  directions,  the  solution  is  correct. 

(4)  If  the  directions  of  the  attachment  loads  as  obtained  from  the  solution  do  not 
agree  with  the  initially  assumed  directions,  the  solution  is  incorrect.  The  procedure 
must  be  repeated  with  a  new  set  of  attachment  load  directions,  preferably  the  ones 
obtained  from  the  solution. 

The  solution  is  the  correct  one  when  the  assumed  set  of  attachment  load  directions 
yields  a  soluticm  with  the  same  set  of  directions. 

Obviously,  a  digital  computer  program  is  desirable  in  solving  problems  of  this  sort. 

The  following  example  illustrates  the  method  of  solution. 


Scarfed  steel  aluminum  plates  are  bolted  together  with  three  attachments  as  shown 
in  Figure  5. 1. 5-3.  Find  the  attachment  loads  when  the  steel  and  altuninum  plates  are  subjected 
to  uniform  temperature  rises  of  640®F  and  80“F,  respectively,  and  a  mechanical  load  of 
X  =  5000  lbs.  is  applied  to  the  joint.  The  manufacturing  tolerance  is  to  be  taken  as  e^^^  = .  0003 

inch  for  all  holes.  It  is  assumed  that  the  bolt-hole  flexibilities  have  been  determined  experi¬ 
mentally  to  be: 

f,  =  1. 300  X  10"®  in/lb 
^  —6 

=  1.  200  X  10  in/lb  (Refer  to  Sub-section  5. 3  for  a  discussion  of  bolt-hole 
fg  =  1.300  xl0‘®  in/lb.  ^exibility) 


The  appropriate  quantities  for  substitution  in  Eq.  (4)  are  first  determined. 
Using  average  thicknesses  for  each  bay. 


/_k_ 

\  = 

1.25 

=  .119  X  10”®  inhb 

\AE 

/it 

6 

(.  175)(2)(30)  X  10 

f  ^  ' 

1.  25 

=  .  167  X  10~®  in/lb 

V  AE, 

'2T 

(.  125)(?)(30)  X  10® 

(  ^ 

)  . 

1.  25 

=  .  278  X  10"®  in/lb 

\  AE 

'iB 

(.  225)(2)(10)  X  10 

(  ^ 

\  = 

1.25 

=  .227  X  10“®  in/lb. 

V  AE  / 

2B 

(.  275)(2)(10)  X  10® 
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Since  the  temperature  rise  in  each  oay  is  uniiorm,  the  incompatibilities  due 
thermal  expansion  are  given  by 

=  A<i>2  - 


4000  X  10"®  inch  . 


(aAT)^-  (aAT)gj  L 

(6.5)(640)  -  (12.  0H80)]  x  1.  25  x  10 


-  unrestrained 


Assuming  the  temperature  of  each  bol*'  tc  be  the  ramc  as  the  surroimding  sheet 
material,  the  sHps  due  to  ter.<perature  are  given  ty 

^temp  j  top  ~  sheet  ^®^\op  oi  attach.  1  ^hcle 

=  ^(6.5X640)  -  {6.0H640)j  x  .3125  x  lO"® 

=  100  X  10'^  inch  . 


iL 
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5.1.5  (Coat'd) 

for  which  the  solutim  is 


i? 

I’S 


!l 


’I 

4 

a 


a 


a 

S 


Pj  =  +  3880  lbs 
Pg  =  +  1650  lbs 


Pg  =  -  530  lbs  . 

The  above  solution  would  be  correct  if  no  slc^  were  present.  However,  since  joint 
sl<^  is  present,  the  solution  contradicts  the  initial  assumption  that  the  bolt  loads  are  all 
positive  and  it  is  therefore  incorrect.  As  a  second  trial,  assume  that  the  directions  of 
the  attachment  loads  are  as  given  by  the  first  solution,  namely,  that  the  loads  in  the  first 
two  bolts  are  positive  while  the  load  in  the  last  bolt  is  negative.  Expressions  (a )  and  (b ) 
then  become 


1. 697  Pj  -  1, 200  Pg  =  4595 
.  394  Pj  +  1. 594  Pg  -  1. 300  Pg  =  3986  . 


and  as  before. 


Pj,  +  P2  +  Pg  =  5000  . 


3 

s 

i 

I 

i 

I 


for  which  the  solution  is 

Pj  =3730  lbs 
Pg  =  1440  lbs 
Pg  =-170  lbs. 

This  is  the  correct  solution,  since  the  directions  of  the  bolt  loads  are  in  agreement  with  the 
initial  assumption. 

Expressions  (d)  and  (e)  show  that  there  is  not  much  disagreement  between  the  solutions 
with  and  without  slop.  This  was  to  be  expected,  since  the  slop  for  the  joint  under  consideration 
is  small. 


3. 

s 

JO 

S 

5S 

^5 


5.  2  THE  TWO-DIMENSIONAL  (BOWING)  PROBLEM 

When  the  boundary  conuitions  are  such  that  the  joint  is  allowed  to  bow  out  of  its  own 
plane,  the  solution  is  much  more  complicate,!  than  in  the  one-dimensional  case.  Additional 
factors  such  as  rotational  and  out-of-planc  viisplacements,  beam-column  effects,  moments 
at  the  attachments,  etc. ,  enter  into  the  problem.  The  present  slate  of  the  art  makes  an  exact 
analytical  solution  l-'  the  problem  impracticable. 

The  purpose  of  the  analysis  presented  here  is  to  '-btain  a  first  approximation  to  the 
solution  of  the  two-dimensional  (bowing)  problem  by  modifying  Ine  equations  of  the  one¬ 
dimensional  (uniaxial)  solution. 

A  detailed  derivation  of  the  solution  is  presented  in  Reference  5-1. 
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5.  2. 1  The  Joint  Equations 

P.  wing  '{  the  joint  (Figure  5.  2. 1-1)  occurs  Jue  to  the  conibineJ  effects  of 
non-uniform  ten:perature  -iistribution  and  externally  applied  mechanical  loading. 

The  Eclution  presenteJ  gives  the  shear  loads  in  the  attacheients  for  a  known 
set  f  applied  mechanical  and  thermal  loads  where  the  following  simplifying  assumptions 
are  made: 

(t)  The  bay  properties  are  constant  (sheet  thicknesses,  attachment  size  and 
spacing,  stiffnessess,  etc. ,  are  the  same  for  each  bay).  The  thermal  loading  is  assumed 
n  't  to  vary  in  the  longitudinal  direction,  but  may  vary  through  the  thickness. 

(2)  Vertical  out-of-plane  deflections  and  clamping  loads  are  assunmd  to  have  a 
negligible  effect  on  the  load  distribution  (negligible  beam  column  effects). 

(3)  Momen  s  at  the  attachments  have  a  negligible  effect  on,  or  are  included  in, 
the  attachment-hole  flexibility. 

(4)  The  contact  faces  of  the  top  and  bottom  plates  of  the  joint  are  initially  plane; 

the  external  axial  loading  is  applied  parallel  to  this  plane  in  the  direction  of  the  line  of  attach¬ 
ments. 

(5)  As  in  the  one -dimensional  case,  the  joint  materials  are  assumed  to  deform 
elastically  under  load. 


elastic  Axis  Plate 


y^j-M 


j-1  j  j+1 


FIGURE  5. 2. 1-1:  (a)  JOINT  IN  UNBOWED  CONFIGURATION 

(b)  BOWING  OF  JOINT  DUE  TO  COMBINED  EFFECTS 
OF  NON-UNIFORM  TEMPERATURE  DISTRIBUTION 
AND  MECHANICAL  IjOADING 
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5.2.1  (Coat’d) 

Under  the  above  assumptions  the  requirement  of  compatibility  at  the  attachments 
yields  the  following  compatibility  equations: 

j  _ 

Pj  =  -  P.j  +  P^^i  f  +  (j  =  1.  2.  .  .  ,  N-1)  ,  (1) 


j’-l 


where 


AT 

2 


f.  = 


A  ^  =  A  0  ~  L 


AT 


/^\  .  (^\  . 

\Ae)^  \AEJq  (EI).p  +  (EI) 

[(EI)^  +  (Ef)g  J 
/  L  \  ^  Mi^  nvT^yB^  1 

i**/T  *  L'®>T*'®bJ 


•yr*  V 


(2) 

(3) 

(4) 


and  w  is  the  curvature  due  to  temperature  (R&ragraph  4. 1. 1).  If  the  thermal  gradient  is 
linear  through  the  thickness,  then  w  approximately  equals gAT  where  ATis  the  linear 

h  h 

thermal  gradient  through  the  plate  thickness  (positive  for  higher  temperatures  on  the  upper 
face  of  the  plate). 


Equation  ( 1  )  together  with  the  equilibrium  equation 
N 

X=  I 

j--l 


provides  N  simultaneous  equations  for  tlie  determination  of  the  N  unknov/n  attachment 
shears. 

A  comparison  of  Eq.  (1)  with  the  one-dimensional  compatibility  equation,  Eq.  (1)  of 
Paragraph  5.1.2,  shows  that  the  two  forms  are  identical.  Thus,  when  the  bay  properties 
are  constant,  the  procedure  for  the  two-dimensional  solution  Is  exactly  the  same  as  for  the 
one-dimensional  case  if  the  one-dimensionei  coefficients 


a 

■9 


'i 


A 

i 


1 

% 


3 

•3 


[(^)  •  (irll  •  !"1  ■  K#)  1 


are  replaced  by  the  expressions  on  the  right  side  of  Eqs.  (2),  (3)  and  (4),  respectively. 
Coefficients  A^j^  ax)  can  then  be  obtained,  as  before,  from  Figures  5. 1.2-1  for  deter¬ 
mination  of  the  attachment  loads  (Eq.  (2)  of  Paragraph  5. 1. 2). 


'i 

i 

I 
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5. 3  DETERMINATION  OF  THE  ATTACHMENT-HOLE  FLEXIBIUTY  FACTOR 


The  flexibility  of  a  g^ven  attachment -hole  combination  must  be  determined  quantitatively 
in  order  to  make  use  of  the  solutions  presented.  If  load  deformation  curves  for  the  specified 
splice  materials  and  temperatures  are  available  (Figure  5. 3-1),  an  initially  determine  slope 

Kp  =1^  gives  the  stiffiiess  (or  flexibility)  in  the  elastic,  low -load  range. 


Initial  Slope 
Line 


Kg  =  Secant  Stiffness 


Secant  Slope  Line 


A  (Deflection) 

FIGURE  5.3-1  ATTACHMENT-HOLE  LOAD  VS.  DEFLECTION  CURVE 


This  initial  slope  is  larger  than  the  secant  slopes  encountered  at  higher  load  levels: 
using  this  initial  value  would  give  a  conservatively  greater  stiffness  (lower  flexibility)  than 
actual  for  succeedingly  higher  load  ranges.  This  would  result  in  an  overestimate  of  the 
maximum  attachment  load.  When  load  deformation  data  is  available,  and  the  joint  analysis 
shows  loads  corresponding  to  secant  stiffnesses  that  are  appreciably  different  from  those 
initially  assumed,  then  the  stiffnesses  should  be  corrected  and  the  analysis  repeated.  Such 
a  procedure  should  converge  rapidly  to  a  valid  solution. 


If  load  deformation  data  is  not  available,  the  limit  bearing  load  criteria  of  Reference  S-2 
may  be  used  to  obtain  an  estimate  of  the  attachment-hole  flexibility.  These  criteria  result  in  an 
overestimate  of  the  attachment-hole  flexibility  and  an  underestimate  of  the  maximum  attachment 
load  at  load  levels  below  yield. 


As  an  example  of  the  way  in  which  the  criteria  of  MIL-HDBK-5  (Reference  5-2)  may  be 
used  to  estimate  the  attachment -hole  flexibility  factor,  consider  the  joint(in  the  Illustrative 
problem)of  Figure  5. 1. 2-2  in  which  the  bolt  diameter  is  1/4  in., the  upper  sheet  is  .  125  in. 
thick  titanium  and  the  lower  sheet  is  .  250  in.  thick  aluminum. 


Assuming  the  aluminum  plate  to  be  of  clad  2024-T6  material.  Table  3.  2.  3.  0(f)  of 
Reference  5-2  gives  a  bearing  yield  stress  of  78,000  psi.  The  load  at  this  yield  stress  is 
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5.3  (C0Bt*d) 

P^lum,  =  78,000  (.  250)  X  1/4  =  4875  lbs. 

If  the  titanium  sheet  is  taken  to  be  6AL-4V  material.  Table  5. 2. 4. 0(b)  of  Reference  5-2 
gives  a  bearing  yield  stress  of  198.000  psi.  The  load  at  this  yield  stress  is 

**tlUn  ""  198.000  (.  125)  x  1/4  =  6200  lbs. 

The  average  yield  stress  load  is  thus 


6200  +  4875 


=  5590  lbs. 


To  find  the  bolt-hole  flexibility,  the  deformation  for  which  the  average  yield  load  occurs 
Is  taken  as  being  equal  to  2%  of  the  nole  diameter  (Reference  5-3,  Paragraph  3. 6111).  For 
this  deformation 


.  99  X  10~®  In/lb 
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SECTION  6  -  THERMO-ELASTIC  ANALYSIS  OF  PLATES 


This  section  is  concerned  with  the  determination  of  thermal  stresses  in  plates.  For 
example,  solid  and  hollow  bulkheads  are  plate-like  major  components  in  the  semi-monocoque 
Qrpe  of  construction  used  in  air  and  space  vehicles. 

The  thermal-mechanical  problems  related  to  plates  may  be  divided  into  bending,  slab, 
instability  types.  The  first  two  are  discussed  in  this  Section  6  while  the  instability  type  of 
problem  is  treated  in  Section  9. 


a,  b 
h 

r,e 

u 

u,  V,  w 

X.  y.  2 

U*,V* 

D 

£ 

M.„ 


The  following  symbols  are  used  throughout  this  section: 

Planform  dimensions  of  rectangular  plates;  radii 
Thickness  of  plate 
Polar  coordinates 
Radial  component  of  displacement 
Middle  plane  displacement  in  the  x,  y,and  z  directions 
Rectangular  coordinates 
Displacements  in  the  x  and  y  directions 

Eh^ 

12  (l-v'i’) 

Young'  8  modulus 
r  h/2 

oE  /  Tzdz 


Mx“y“xy 

N.„ 


Nx.Ny.N^ 

P 

T 

Tjj,AT 

a 
e 


-h/2 

Moments  per  unit  of  length 
h/2 


a£ 


I 


Tdz 


XX’  'yy 
^xy]  * 


yz’  *2x 


h/2 

Forces  per  unit  of  length 

Distributed  lateral  load 
Temperature 

Temperature  difference  between  the  upper  and  lower  faces 
Coefficient  of  linear  expansicm 

zz  [ 

r  Components  of  strain 


J 


Poisson's  Ratio 


I 

I 


I 


r. 

a 

I 

% 

I 
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6.1  THEORY  OF  DEFORMATION  OF  PLATES 


6.1.1  Definition  of  a  Plate 


A  plate  is  defined  as  a  non-rigid  three-dimensional  structure  in  which  one  dimension, 
the  thickness,  is  much  smaller  than  the  remainine  two  dimensions.  In  its  simplest  form,  the 
theory  of  plates  can  be  regarded  as  an  extension  of  beam  theory . 

6- 1-2  Assumptions  For  Linear  Plate  Theory 

The  classical  theory  of  plates  is  based  upon  the  following  assumptions: 

(1)  The  material  is  assumed  to  be  homogeneous,  isotropic,  and  to 
obey  Hooke's  Law. 

(2)  The  constant  thickness  of  the  plate  is  small  compared  to  its  other 

dimensions. 

(3)  The  deflections  of  the  plate  are  limited  in  magnitude  and  are  of  the 
order  of  the  plate  thickness.  It  can  be  shown  that  this  restriction  means  that  the  effects 
of  the  normal  deflections  upon  stretching  of  the  middle  plane  of  the  plate  are  negligible. 
Consequently,  only  negligible  stresses  are  induced  in  the  median  plane  of  the  plate  when 
the  plate  is  loaded  normally. 

(4)  Plane  sections  which  before  bending  are  normal  to  the  median  p’ane 
of  the  plate  remain,  under  the  above  conditions,  plane  and  normal  to  the  median  plane 
after  bending. 

The  median  plane  of  the  plate  is  assumed  to  lie  in  the  }Qr-plane  and  the 
thickness  of  the  plate  is  h.  If  the  plate  is  loaded  by  forces  normal  to  the  xy-plane 
then  the  element  will  distort  as  shown  in  Figure  6. 1. 2-1,  where  u*  and  w  are  the 
displacements  in  the  x  and  z  directions,  respectively. 

From  the  assumption  that  the  deflections  are  small  and  that  no  median 
plane  displacements  or  stresses  are  induced  under  deformaticm ,  the  point  O  will  be 
displaced  normally  to  the  strainless  median  surface  (the  upper  one)  and  the  plane 
secti<m  AOB  will  rotate  into  position  AjOB^.  The  angle  between  the  horizontal  x-axis 

and  the  tangent  to  the  deformed  plane  at  point  O  is 

ax 

In  accordance  with  the  assumption  that  plane  sections  remain  plane  and 
normal  after  bending,  the  angle  of  rotation  of  the  cross  section  A^OB.  will  also  be 
dw.  Then  for  the  small  assumed  deflections 


In  a  similar  manner,  the  displacement  in  the  y  direction  for  any  point  a 
distance  z  from  the  median  plane  is  g^lven 
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6.1.2  (Cont'd) 

(5)  The  normal  stresses  through  the  thickness  of  the  plate  are  negligible 
because  the  surface  loads  are  small  compared  to  the  bending  stresses  induced  in  the 
plate. 


6.1.3  Three  Iflnds  Of  Plate  Problems 

The  thermal -mechanical  pr<Alems  to  be  cimsidered  may  be  divided  into 

(1)  Bending  Problems  -  occur  when  the  temperature  varies  in  the  thick¬ 
ness  direction  and  the  mechanical  loads  are  normal  pressures. 

(2)  Slab  Problems  -  occur  when  the  plate  is  loaded  by  mechanical  forces 
parallel  to  the  middle  plane  of  the  plate  which  are  uniform  through  the  thidcness  and  the 
temperature  varies  in  the  planform  direction  only.  This  is  a  plane-stress  problem 
(see  Section  2  for  definitimi  of  plane-stress)  and  is  considered  in  Sub-section  6. 3. 

(3)  Instability  Problems  -  take  place  when  there  is  edge  restraint  to 
expansio'  m  the  direction  parallel  to  the  middle  plane  of  the  plate  (see  Section  9). 
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Ftodamental  Eqmalloas  Of  Thenflo-Eiartic  Plate  n»eory 

The  direct  epproach  to  plate  problems  Is  to  derive  the  equa^oDs  of 
equilibrium  of  forces  and  compatibility  of  dlqdacementn.  These  equations  ere  In 
the  form  of  partial  differential  equations  which  must  be  solved  subject  to  prescribed 
boundary  conditions. 

The  differential  equations  for  the  thermal -mechanical  problem  plates 
are  discussed  next,  followed  by  an  illustrative  ejample.  The  ry-plaae  Is  assumed  to 
be  the  middle  plane  of  the  (date  of  constant  thickness  h  and  the  shape  of  the  boundary 
is  arbitrary.  The  components  of  displacement  in  the  x,  y.  and  a  d'.rectimis  are  de¬ 
noted  by  u*.  V*.  w  (the  symbols  u.  v.  In  this  section  are  reserved  for  middle  plane 
displacements  in  the  x-  and  y-  directions. respectively).  Under  the  assumptions  that 
plane  sections  remain  plane,  the  displacements  u*.  v*.  w  are  of  the  form: 

u*(x.y.z)«u(x.y)-z  ^  (x.y) 


V*  (x,y,z)«v(x.y)  -  z  ^  (x.y) 
w  «  w  (x.y) . 

The  strain  components  in  planes  parallel  to  the  ly-plane  are  : 


Ou 

d^w 

dx  “ 

dx 

dv 

d^w 

8y 

dy 

9y 

Ou*  . 

dyf 

dy 

dx 

8y 

Note;  1^.  are  the  strain  components  in  the  middle  plane  of  the 

-  9x  9y  ay  ax 

plate  and  arise  as  a  result  of  in-plane  deformations.  The  additional  terms  are  due 
to  the  bending  of  the  plate. 

The  corresponding  stress  components  are  (T  s  temperature  above  room 
temperature  datum): 


(.  -  (1  ••') 


V  2(1  4V) 
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6.1.4  (Cont’d) 

which  introduce  the  following  forces  and  moments  per  unit  of  length  (Figure  6.  1. 4-1); 

h/2 

h/2 

""x  -/ 

or  dz 

}OC 

M  «  r 

X  j 

(7  zdz 

XX 

-h/2 

-h/2 

h/2 

h/2 

N  «  r 
y  J 

<T  dz 

yy 

M  »  r 
y  J 

(7  zdr.  (4) 

yy 

-h/2 

-h/2 

h/2 

h/2 

N  -  / 

XV  J 

<7  dz 

XV 

M  « -M  -  f 

VX  XV  J 

c7  zdr.  . 

XV 

FIGURE  6. 1.4-1  POSITIVE 

DIRECTIONS  OF  FORCES  AND  MOMENTS 

Substitution  of  Eqs. 

(2)  and  (3)  into  Eqs. 

(4)  yields 

N  - 

(  !fM 

N.^ 

T 

*  l-F^ 

\  ax 

^dy) 

1-F 

„  Eh 

•  2 

y  1 

f- 

Vay 

+  V  ^  1- 
ax  / 

N.r. 

T 

1-F 

N  - 

/  8u 

+  ^  ^ 

3Qr  2(1  +F  ) 

V  3y 

ax  ) 
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6.1.4  (Cont'd) 


1  Mt 

ax^  ay^  i 

r  i-v 

’a\  .  „  a^w  ^ 

,  M., 

2  ^  2 

L  ay  ax  i 

)-  1-V 

(5)  cont*  d 


%-  <1  -■' '  °{^y 


where  the  bending  rigidity  per  unit  of  length  of  the  plate  is 

n=  Eh^ 

“  ~  I2(l-y*) 


h/2 

N._=  aE  /  Tdz 
^  -h/2 

h/2 

M„  s  a  E  /  Tz  dz  , 

^  -h/2 

where  a  and  E  are  assunaed  to  be  constant. 

The  equations  of  equilibrium  in  planes  parallel  to  the  j^r-plane  are 

8N  9N 

^  -  0 
8x  3y 

8N^  aN 

■  ^  ^  m  0  , 

ax  ay 

and  these  equations  imply  the  existence  of  a  stress  function  it>  (x,y)  such  that 


■  N 

axay  jcy 


f, 

I 

I 


e 


i 


6.1.4  (Cont'd) 

Integration  through  the  thickness  of  the  compatibility  equation  for  the  plane 
stress  problem  (Reference  6-1)  gives  : 


where 


3x^  3y^ 


(10) 


’^"(4  ^4  )(4  •  4) 

\3x  ay^  l\  3x^  ay^  / 


The  equation  of  equilibrium  in  the  z  direction  (Reference  6-2)  is 


a^M 


ax 


ax^ 


a^M 


=  -  P  -  N 


■(> 


2 

aw 


2 

aw 


ax 


2  ^  ^^xy  ax8y 


+  N 


2 

aw 


ay 


}(^i) 


where  P  (x,y)  is  the  distributed  lateral  load  in  the  positive  z  direction;  and 

M  ,  M  ,  M  are  the  conventional  bending  moments  per  unit  of  length.  If 
X  y  xy 

the  quantities  M^,  M^,  are  expressed  in  terms  of  the  displacements  from 
Eq.  (5),  then  the  equilibrium  equation  in  the  z  direction  becomes: 


D  V  w  =  P  +  N 


-  N  ^  -  2N 
2  y  xy 


ax 


a  w 

cixOy 


iTV  M 


T  •  (12) 


The  solution  of  a  problem  requires  in  general  that  Eqs.  (10)  and  (12)  be 
solved  simultaneously  subject  to  appropriate  boundary  conditions. 

If  the  blate  is  supported  so  that  N^,  N^,  are  negligible,  as  would  occur 

if  there  was  no  restraint  in  the  median  plane  of  the  plate  and  no  applied  in-plane 
forces,  then  the  simpler  equation  may  be  used: 


D  v'*  w  =  P  -  M.J. 


(1:J) 


It  is  clear  that  the  equation  expressed  by  (1.3)  is  equivalent  to  a  "mechanical 
problem"  with  normal  loading  =  P  -  A.  M  ,  so  that  all  the  known 

l-v  * 

techniques  (Reference  6-1)  for  non-thermal  problems  may  be  used. 
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6.1.4  (Cont'd) 


This  is  an  equi-dimensional  differential  equation  and  the  solution  is  readily 
found  in  an  elementary  differential  equations  text, 

2  2 

w  =  A  log  r  +  B  r  log  r  +  Cr  +  D  . 


(16) 


However,  the  deflection  and  bending  moment  must  remain  finite  as  r,-»0. 

This  implies  that  A  -  B  =  0.  Therefore,  w  reduces  to 

w  =  Cr^  +  D  .  (17) 

dw 

The  clamped  boundary  conditions  are  w  =  0  when  r  =  R.  There¬ 

fore,  suDstitution  of  Eq.  (17)  into  the  boundary  conditions  yields  w=0, 
i.e. ,  the  norma!  deflections  are  identically  zero. 


From  Eqs.  (5)  or  analogous  equations  in  polar  coordinates,  the 
radial  and  transverse  moments  per  unit  length  are  given  by 


-M„ 


M  =  = 


e 


1  -V 


where  from  Eq.  (7) 


M,j,  =  a  E  / 


h/2 

/ 

-h/2 


(To  Tj) 


+  (T^-T,) 


z 

1'  h 


z  dz 


or 


M.J.  = 


QrE(T^-T^)  h‘ 


12 


The  components  of  maximum  stress  in  the  radial  and  transv'-rse 
directions  are 


rr 


=  O’, 


•max 


eel  ■  .  2  ■  **r  '  .  2  ^ 

'max  h  h 


orE  (Ti-Tq) 
2(1  -  V) 


rr 


max 


ee 


aE  AT 


max 


2(l-v)  ’ 


where  A  T  =  T^  -  T^  =  difference  in  temperature  between  the  upper  and 
lower  faces,  respectively. 


Note  that  in  the  simply  supported  case  with  boundary  conditions 


w  =  =  0,  there  result  zero  stress  and  paraboloidal  deflec'ions  (see  Kiragraph 


6.  2.  2. 3).  More  precise  analysis  yields  spherical  deHections. 
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as) 


(19) 


(20) 


(21) 


_ _  _ _ 


6.  2. 1. 1 


Unrestrained  Rectangular  Plates 


A  free  rectangular  plate  subjected  to  a  linear  temperature  distri¬ 
bution  through  the  thickness  and  constant  temperature  over  the  planform  is  unstressed  • 
The  plate  becomes  curved  and  fits  a  sphere  of  radius  inversely  proportional  to  the 
difference  in  surface  temperatures  and  inversely  proportional  to  the  thickness. 


6.  2. 1.  2 


Clamped  Rectangular  Plates 


Maximum  Stress: 


EcrAT  h 

^xx  ^  ‘Vy  *  ^f-T)  corresponds  to  face  z  =  +  -  j)  (1) 


where  the  temperature  difference  is  defined  by 
AT  =  T  (-  i)  -  T  . 

Deflection;  The  transverse  deflection  w  is  identically  zero. 


6.2. 1.3 


Deflection  (see  Figure  6. 2. 1-1): 


m=l  ,3,5. 


sin^ 

a 


COSh(SPi 


cosh  a 


where 


_  mid? 
®m  2a 


Bending  Moments  Per  Unit  of  Length; 

M  =  ^«AT(1  -V^)  V  sin  cosh  ) 

X  X  h  m  cosh  a 

m=1.3,5... 


M  =  gATil-y"}D 

y  It 


4DaAT  (1 
xh 


-A  S 


m=l,3,5. 


sln(E^)cosh(^) 
_ a _ a 

m  cosh  a 


The  series  for  w  converges  very  rapidly  while  the  series  for  the  moments 
converge  moie  slowly.  Judgment  must  be  used  in  choosing  a  suffir '  it  number 
of  terms  for  the  required  accuracy.  Howevei;  the  formulas  for  the  maximum 
bending  moments  and  stress  are  e?q>ressible  in  closed  form  as  given  below. 
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Maximum  Bending  Moments: 
(.Reference  6-2) 

(M^)  =  (M  ) 

y  =  b/2  ^  x  =  o,  x=a 


-t-Eh^ttAT 

12 


(3a) 


Maximum  Bending  Stress-, 

(O  =  (a  ) 

y  =±b/2  ^  x=o,  x=a 


EofAT 

2 


(3b) 


Equations  (la),  (2a),  and  (2b)  have  been  evaluated  in  non-dimensional  form 
for  the  square  plate  as  shown  in  Figures  6. 2. 1. 3-1  through  -3. 


FIGURE  6.2.  1.3-1  DEFLECTION  (w)  VS.  POSITION  (x)  FOR  y  PARAMETERS 
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FIGURE  6.  2.  1.  3-3  BENDING  MOMENT  (M^)  VS.  POSITION  (x)  FOR  .y  PARAMETERS 


6.  2. 1.  4 


Square  Plate  —  One  Edge  Free 


Figures  6. 2. 1. 3-1  through  -3  demonstrate  the  deflections  and 
bending  moments  per  unit  of  length  vs.  position  in  non-dimensional  form. 

This  shows  the  effect  that  freeing  an  edge  has  on  the  deflections  and  moments 
(Reference  6-3).  The  quantity  Ma  in  the  denominators  of  the  moment  expressions 
is  defined  by  _ 

4DaAT  (  1  -V  )  .  (4) 


Ma  = 


6.2.2  ponriinfT  pf  Circular  Plates  with  linear  Temperature  Gradient  Through 
the  Thickness 


Formulas  and  curves  for  the  deflection  and  stresses  of  circular  plates 
(see  Figure  6. 2. 2-1)  subjected  to  a  linear  temperature  distribution  through  the 
thickness  are  now  presented. 


z 


FIGURE  6. 2. 2.-1  PLATE  GEOMETRY 


6.  2.  2.  1  Unrestrained  Solid  Circular  Plates 

A  free  circular  plate  subjected  to  a  linear  temperature  gradient  through 
the  thickness  is  unstressed.  The  plate  becomes  curved  and  fits  a  sphere  of  radius 
directly  proportional  to  the  difference  in  surface  temperatures  and  Inversely  pro¬ 
portional  to  the  thickness. 


6. 2. 2. 2  Clamped  Solid  Circular  Plates 


The  maximum  stress  a 
-  rr 


00 


± 


EaAT 
2(1-1'  ) 


occurs  at  the  faces  where 


AT  is  the  temperature  difference  between  the  upper  and  lower  surtaces.  The  transverse 
deflection  is  identically  zero. 


6. 2. 2. 3  Simply  Supported  Solid  Circular  Plates 

Ihe  plate  is  unstressed.  Ihe  deflection  w  is  given  by 


w 


-g  AT 
2h 


(a 


r^) 


where  a  is  the  radius  of  the  plate. 
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6.2.3  Circular  Plates  -  Temperature  Difference  as  a  Function  of  the  Radial 
Coordinate 

The  differential  equation  for  this  radially  symmetric  case  is 
V^w  =-  Tq  . 

where  Tq  is  the  temperature  difference  between  the  upper  and  lower  faces.  The 
variation  of  temperature  is  assumed  to  be  linear  through  the  thickness,  however, 
the  variation  with  r  is  arbltraiy. 


(1) 


It  is  assumed  that  the  temperature  T  is  expressible  by  a  convergent  power 
series  expansion 

2  ®  K 

T*--r-2  a^r  +C  (a,,,  C  are  constants) 

h  K  K 


so  that  the  temperature  difference  T^^  is  given  by 

®  K 

Tj-  -  2  a^r"^  . 

°  K-0 


(2) 


(Note:  Positive  z  is  downward) 


The  solution  of  Eq.  (1),  with  the  temperature  difference  representation 
as  shown  in  Eq.  (2)bis 


w 


C,  4  ^  C  " 


a2 


z 

K=0 


K+2 


(K+2)‘ 


(3) 


where  C^,  C-  are  arbitrary  constants  so  far  and  must  be  determined  by  the 
boundary  con&tions. 
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6. 2. 3.1  Clamped  Plates 


For  power  series  temperature  distribution,  the  solution  of  Eq.  (3)  of  Paragraph 
6.  2.  3  for  a  clamped  plate  of  radius  a  is 

00 


w.J!^  Z 


a 


K 


2  rK^2  ,  ^K.2  _  ^2^K^^^2) 


K-^0  (K+2) 

Tlie  bending  moments  in  the  radial  and  transverse  directions  are 


Mr  = 


M^  =  - 


Eh^  a 

VJL* 

T 

n 

V 

12(1-1/  ) 

_  K=0 

K+2 

Eh^  a 

"  00 

y 

1 

12  a-*' ) 

_K=0 

K+2 

K 


K 


(1) 


(2) 


.(3) 


For  monomial  distribution,  the  deflections  and  moments  in  non-dimensional  form 
when  Tjj  Is  expressed  by  the  monomial  r^  are 


wh 


(l+i/)a^aTp(a)  <K+2)^ 


f-^)  -  (-^  +  1)  (-^  )  + 

^a  '  '2  '  a  '  2 


M 


Eh^ 

12 

a^a) 

K+2 

Me 

1 

Eh^ 

12 

or  Te(a) 

K+2 

i_  r  +  (1  )  1 

1-2  L  (1  -  i'  )  J 


r  K 

(K+1)  {-^)  + 


(1  1 

(!->')  J  • 


(4) 


(5) 


(6) 


where  Tjj(a)  is  the  temperature  difference  at  r  =  a.  Curves  of  non-dimensional  deflections 

and  moments  are  presented  in  Figures  6. 2. 3. 1-1  through  -3  for  K=  0,  1,  2,  ...  5.  Super¬ 
position  may  then  be  used  for  given  by  polynomials  in  r.  The  determination  of  the  poly¬ 
nomial  describing  the  radial  variation  of  Tj^  can  be  obtained  in  the  same  manner  as  shown  in 
Paragraph  4. 1.2.3. 1. 
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Approximate  Solution  of  Free  Plate  with  Arbitrary  Temperature  Varia- 
tion  Through  the  Thickness  Only 


The  problem  of  the  determination  of  the  stresses,  strains,  and  displace¬ 
ments  in  an  unrestrained  plate  of  arbitrary  planform  (Figure  6. 2. 4-1)  which  is 
subjected  to  an  arbitrary  temperature  variation  in  the  thickness  direction  has  been 
solved  approximately  (Reference  6-1).  The  procedure  used  is  to  solve  the  problem 
as  a  three  dimensional  elasticity  problem  using  the  semi-inverse  method  of  St.  Venant. 
This  simply  means  that  the  form  of  the  stress  distribution  is  assumed  and  then  the 
equations  of  equilibrium,  compatibility  and  boundary  conditions  are  examined  in  the 
light  of  this  assumption. 


FIGURE  6.  2. 4-1  PLATE  WITH  ARBITRARY  PLANFORM  AND  CONSTANT  THICKNESS 


The  temperature  of  the  plate  varies  in  the  thickness  direction  only,  that 
r(z).  \\^th  this  assumption,  it  is  further  assumed  that 


a  =0 
3ty 


(J  =  f(z) 

yy 


It  will  now  be  shown  that  the  function  f(z)  may  be  determined  so  that  the 
equations  of  equilibrium  and  compatibility  are  satisfied  identically.  The  boundary 
conditions  of  free  traction  (no  restraints)  are  satisfied  on  the  average. 


Substitution  of  Eqs.  (1)  into  Eqs.  (1)  of  Paragraph  1.  2.  1  (no  body  forces) 
shows  that  the  equilibrium  equations  are  satisfied  identically.  Furthermore,  substitu¬ 
tion  into  the  compatibility  equations  (Section  1)  reveals  that  three  of  the  compatibility 
equations  are  satisfied  identically,  while  the  other  three  equations  will  be  satisfied 
only  if 
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6.2.4  (Cont'd) 


d^  ff  +  aET  )  . 

3  V^r^j-'^- 


which  has  the  solution 

f  =  C-  +  C_  z  -  =  a  =  (T  . 

1  2  1  -  V  XX  yy 

where  the  constants  C^  and  are  to  be  determined  from  tlie  boundary  conilitions 
of  zero  traction.  It  is^not  possible  to  satisfy  the  boundary  conditions  pointwise. 
however,  the  constants  C.  and  C,  may  be  determined  so  that  the  resultant  force 
and  momept  per  unit  of  length  produced  by  a  and  a  are  zero  over  the  edge  of  the 
plate.  ^  yy 


a  dz 

XX 


fh/2 

=  I  <r  dz  =  0 

•'-h/2  yy 

.h/2 

=  /  a  zdz  =  0 

^-h/2  yy 


a  zdz  =  /  a 

-h/2  ^  J-h/2  yy 


Substitution  of  Eq.  (3)  into  Eqs.  (4)  yields 

»»x  "yy  ■  W  [-’■  *  h  / 


80  that  finally 


°xx  ^yy  1  -  V 


h/2 

^12z 

h/2 

f 

rdz 

r  rzdz] 

'-h/2 

4 

'  -h/2  ■* 

::x  . 

12z 

Mt  ] 

h 

h-'^ 

’ 

where  N.^.  and  are  defined  in  Eq.  (7)  of  Paragraph  6.  I.  -1.  The  parallel  to  the 
beam  equation  is  apparent. 

According  to  St.  Venant'  a  principle,  the  solution  (5)  is  a  very  good  ap¬ 
proximation  for  traction-free  edges  at  distances  from  these  edges  larger  than  two 
or  three  plate  thicknesses. 

Once  the  stresses  have  been  determined,  the  strains  are  found  from  the 
stress-strain  relations  (Hooke' s  Law).  The  displacements  are  then  determined  from 
the  strain-displacement  relations.  The  complete  solution  then  appears  as  follows; 


Stress  Components : 


WADD  TR  60-517 


j _  =  a  = 

XX  yy 


aEr  + 


•^«x] 


(X  ^  0  ^  O  ““0 

22  2X  zy  xy 


6.2.4  (Coni' d) 


1  r 

strain  Components:  € _  =  €  -r— 

- ^ -  XX  yy  E  L  h 

€  =  r 

Z2  (1  -V  )E  L 


+  g  M.J, 


N 


T  4.  12z  „ 
a 


]  i^) 


aT 


=  0 


xy  yz  '  zx 

Displacement  Components:  (Exclusive  of  Rigid  Body  Motion) 

N„ 


“  =  4[ 

ft 


T  ^  12z  „  1 

h  ^3  “t  J  * 


+  ^  M.J.  1  y 


] 


w 


h  *^T 


-  Mr} 


(7) 


(8) 
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6.3  SLAB  PROBLEMS  -  PLATES 


Slab  problems  occur  when  the  plate  is  loaded  by  mechanical  forces  which  are 
parallel  to  the  middle  plane  of  the  plate  and  uniform  through  the  thickness,  and  the 
temperature  varies  in  the  planform  direction  only.  This  is  a  plane  stress  problem, 


i.e.  ,  a  =  o_  =  q  =  0.  The  effects  of  the  mechanical  loads  and  temperature 

ZiX  zz 


may  be  superpo.sed. 


The  differential  equation  for  the  slab  problem  is  now  derived.  In  the  plane 
stress  problem  only  one  equation  of  compatibility  is  satisfled,  namely 


=  _ M 

ax  ay 


(See  Reference  6-4) 

If  the  stress-strain  law  expressions 


*xx  *  1  ^“"xx  ■  ^  ^  crT(x,y) 


*yy  '  E  <V 


xy  E  xy 


Iff  =  ff  =  ff  =  0)  , 

'  zz  zx  zy 


are  substituted  into  Eq.  (1)  and  the  stress  equilibrium  equations 


0(7 

9a 

—SL 

=  0 

Ox 

ffy 

9a 

9a 

-JDL 

=  0 

Ox 

sy 

there  results  the  equation 


<‘"xx  *  "  • 


where 


2  a^  a^ 

V  =  ——  +  — -  in  rectangular  coordinates. 
dx^  tiy^ 
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6.3  (Ckmi'd) 


This  is  the  cfMnpstlbility  equstion  in  terms  of  stresses  and  temperature  only. 
If  a  "stress  function"  0(x.y)  is  introduced  such  that  the  components  of  stress 
are  derivable  frmn  ^  fay 


XX 


_  ^ 
2  ' 
ay 


a  = 

yy 


_  ^ 

■  ax^ 


=  _ 

^xy  dxBy 


(5) 


then  the  equilibrium  Equations  (3)  are  automatically  satisfied,  and  the  com- 
patlbility  equation  <»  0  becomes 

=  -  EaV^T  ,  (6) 


where 


in  rectangular  coordinates. 


Since  the  effects  of  the  mechanical  loads  and  temperature  loads  may  be 
superposed,  it  is  sufficient  in  many  areas  to  consider  only  the  thermal  problem 
with  the  boundaries  unrestrained  so  that  the  components  of  stress  normal  and 
tangential  to  the  boundary  are  zero  at  all  points  of  the  boundary  (condition  of 
zero  traction). 


I 

I 

i 

I 

1 


I 


I 

1 


The  solution  of  Eq.  (6)  for  circular  plates  or  rings  subject  to  general 
asymmetrical  temperature  Astributions  has  been  solved  in  References  6-5  through 
6-8.  The  results  of  these  investigations  are  shown  in  Paragraphs  6. 3. 1  and  6. 3. 2. 

The  particular  case  of  radial  symmetry  is  treated  in  References  6-9 
through  6-11,  and  the  results  of  these  investigations  are  given  in  Paragraph  6. 3. 3. 

Theoretical  and  experimental  work  has  been  done  for  the  plane  stress  solu¬ 
tion  of  rectangular  plates  stdrject  to  (danform  variation  of  temperature,  for  example. 
References  6-12  and  6-13.  However,  detailed  parametri-:  stupes  have  not  been 
made.  The  above  problem  Indicates  an  area  which  should  be  explored.  No  further 
discussion  will  be  given  to  the  slab  problem  of  rectangular  plates  in  this  Manual. 
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6. 3. 1  Thermal  Stresses  in  Rings  -  Asymmetrical  Tempentture  Distribution  | 

I 

The  plane  stress  linear  elastic  solution  of  a  tracticm-free  circular  ring  | 

of  inner  radius  a  and  outer  radius  b,  subjected  to  a  general  two-dimensimial  | 

temperature  distribution,  was  considered  in  References  6-7  and  6-8.  Theory  | 

and  formulae  were  develc^d  for  the  determination  of  the  polar  coordinate  stress  | 

components  corresponding  to  temperatures  of  the  form  U 


,  r  -  .k: 

T  *  T^  ^  g  J  cos  ne  or  T  =  ^  g  j  sin  ne. 


where  K  and  n  are  restricted  to  non-negative  integers.  The  purpose  of  this 
section  is  to  give  a  tabular  set  of  quantities  for  the  direct  calculations  ct  the 
stress  components  corresponding  to  values  of  K  and  n  from  0  through  3  for 

&  =  0. 2,  0.  S,  0. 8, respectively.  This  range  for  the  parameters  K  and  n  should 
Be  adequate  for  most  practical  application.  A  numerical  example  is  given  for  a 
particular  temperature  distribution  to  demonstrate  the  application  of  Table 6. 3. 1-1. 


Tlie  stress  components  corresponding  to  a  temperature  distribution  of  the 
K 


form 

may  be  expressed  in  the  form 


(1) 


rr 


EaT 


cos  n  O 

Ivf  0 


're 


EaT 


C<r  .  sin  n  e 

K,n 


(2) 


^ee 


EaT„ 


*  _  cos  ne  , 

iv,n 


while  corresponding  to 

the  stress  components  are 


(3) 


'rr 


E.T„  =  ®K.n  ’'"“® 


CO.  ne 
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6.3.1  (Cont'd) 


00 

v7^  =  D„  ^  Sin  n  e 

EaT  K.n 


The  quantities  and  D„  „  are  functions  of  ?  '  u'  *"•  “  and  may  be 

Kin-'  K,n  K,n  bo  *' 

found  from  Table  6.3. 1-1.  Use  of  this  table  is  demonstrated  by  the  following;  example. 


1 

.3 

i 


t-^oCe)  a-‘»»e)*T,  =  T^ 


cos  0  +  T- 


then 


f  =0.5. 


rr 


Bo  A  -  ,  cos  e 


"2.0  "2.1 


I 

<• 

i 


r0 

Edt^  S.O  ■  S.l  ^ 


E^^  ^  °2,0  “  °2.1  ®  * 


(5) 


The  numerically  greatest  stress  component,  for  exany>le,  is  given  by 


*^00  1 

1*^00  j 

- 

max 


=  -.375  -  .1733  =  0.55 


r/b  =  1.  0  =  X 

This  corresponds  to  a  compressive  stress  in  the  transverse  direction  at  the  outer  boundary 
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6.3.1  (Coat'd) 
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6. 3. 2  Thermal  atreaaea  in  Solid  Circular  Plates  Due  to  Asymmetrical 

Temperature  Distribution 

Formulae  and  curves  are  presented  for  the  stresses  and  displace¬ 
ments  in  an  unrestrained  solid  plate  (plane  stress  solution)  corresponding  to  the 
temperature 

T»To(g)  co8ne(K  =  0,1.2...,  n  =  0,  1,  2...). 

Superposition  may  then  be  applied  if  there  are  several  terms  in  the  temperature 
ejqpression. 

The  formulas  for  the  stress  components  are: 

Case  It  K  /  n-2 

=  (a  +  bp  **  ^  +  cp**)  E  cos  n© 

Oqq  «  (Ap*^  +  Bp®"**  +  Cp®)  EotT^  cos  n© 

‘^r©  ^  *  w“)  “O 


(1) 


Case  n;  K  =  n-2 

o  =  (a‘p®"^  +  b'p““^lop  +  cp®)  EaT  cosn© 
rr  '  ® 

n-2  „ .  n-2  ,  +  Cp®)  EaT  cos  n  © 

Oq©  =  (A'p  ^  V  B'p“  ^'Inp  '  o 

a  =  {6  ’P®"^  +  P  *p®”^ln  p  +  y  P®)  EoT^j  sin  n  © 
r© 


(2) 
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6.3.2  (Cont'd) 
where 


(K+2)^  -n^ 


-n  (K+1) 
(K+2)^  -n^ 


b  =  --PgrAJF--^i _  =  _B  =  _ 

“  r  2  21“^ 

2  [(«C+2r -n  J 


2(K+2+n) 


2(K+2-4i) 


2(K*^2m) 


=  -  B'  =  - 


,  _  -n  -3n  +2  _  -(n-^1) 


n  -  K  -  2 


2  2 
(K+2r-n‘^ 


The  stresses  a _ ,  ct~  are  plotted  in  Figures  6. 3. 2-1  through  -3  for  n  =  1.  2.  3 

rr  c/U  rw 

with  K  as  a  parameter.  The  axisymmetric  case,  n  =  0  is  shown  in  Figure  6. 3. 2-4.  From 

symmetry,  the  shear  component  a  equals  0. 

ru 

The  following  should  be  noted: 

2 

(1)  When  K  =  n,  the  temperature  is  a  harmonic  function  (i.e. .  V  T  =  0)  since 

r“  cos  n0  is  the  real  part  of  z°  (z  =  x  iy).  Thus  the  corresponding  stress  com¬ 
ponents 

‘^rr  =  ‘^re  =  *^00  =  ®* 

<2)  When  T  =  sinn0(n  =  l.  2.  ...).  then  in  the  formulas  for  the 

stress  components,  Eqs.  (1)  and  (2).  cos  n0  and  sin  n0  must  be  replaced  by 
sin'n0  and  -cos  n0,  respectively. 

In  the  following  example  in  which  a  circular  bulkhead  of  radius  b  is  subjected  to 
a  temperature  distribution 

"  "^o  (  T  )  (1  -  cos  O)  +  T^ 


(e)  -’'o(e)  ““9* 


where  T^,  T^  are  constants,  the  expressions  are  desired  for  the  stress  components. 
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6.3.2  (Cont'd) 


FIGURE  6. 3. 2-2  HOOP-STRESS  DISTRIBUTION  IN  DISK  WHEN  TEMPERATURE 

DISTRIBUTION  T  =  T^  (r/b)K  cosn  0  (n  =  0,  1,2,3)  IS  MAINTAINED 
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6.3.2  (Cont’d) 


(1)  Stress  components  corresponding  to  J  :  (K  =  2,  n  =  0); 
Eq.  (1)  yield  the  coefficients 


-4 

^  "  16 


1 

4 


A  =  -i2M  =  .  3 

"  2  4 

(4)^ 


6=0 


b  =  0  . 

C  =  -{lX-2)  =  i 
2  (4)  4 


r  -  OK?)  _  i. 
2(4)  '  4 


P  =  0 
Y  =  C 


which  in  turn  yield  the  desired  stress  components 


rr 

=  (- 

12^1, 
4^  ^  4> 

EaT 

o 

'^ee 

=  (- 

3  2^1. 

4P  +  4) 

EoT 

o 

^re 

—  n 

EorT 

—  V  4 

(2)  Stress  components  corresponding  to  T^{^)  cos  O:  (K  =  2,  n  =  I); 
Eqa.  (1)  yield  the  coefficients 


-3 

®  ~  15 

6  =  0. 


c  =  ±^=i 
2(5)  5 


A  = 


-12 

15 


B  -  0  , 


C  = 


2(5) 


4 

5 


3 

5 


*  'S  .5 


P  =  0 
1 


which  in  turn  yield  the  desired  stress  components 


‘^rr 

/  1  2 

EaT„  - 

(-5'' 

fee.  = 

EaT 

\  5 
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6.3.2  (Cont’d) 


re 

EaT. 


( 


sin  e  • 


(3)  Stress  components  corresponding  to  Tj  <tre:  “*^0"  ^00” 

(4)  Total  stress  components  are: 

=  I  (  1  -  p2)  +  [I  (p-  i)j  cos  0 
f  [  1  -  3p2]  +  ^  [4  p  -  3]  cos  0 

*^re  p  .  _ 

e5t"*  5  (P-  1)  sm  0  . 

o 
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6.3.3  Circular  Disk  with  Concentric  Hole  Sibiect  to  a  Power  Law  remperature 
Distribution 

The  thermal  stresses  in  thin  circular  disks  of  constant  thickness  with  a 
concentric  hole  subject  to  a  power  law  distribution  in  the  radial  direction  are 
determined.  The  following  three  cases  will  be  considered; 

I  Tlie  disk  with  a  central  hole 

n  The  solid  disk 

m  The  disk  mounted  on  a  shaft 

Formulas  and  curves  will  be  given  for  the  radial  displacement  and  stress  components 
assuming  a  condition  of  plane  stress  (Paragraph  2.1.7).  The  following  symbols  are 
used  in  this  paragraph: 


a 

b 

n 

r 

u 

E,P,a 

T 

T* 


rr 

^ee 

Suffix  a 
Suffix  b 


Inner  radius  of  plate 

Outer  radius  of  plate 

Exponent  in  temperature  distribution 

Radial  coordinate 

Radial  displacement  of  points  on  disk 

Modulus  of  elasticity.  Poisson's  ratio,  and  coefficient  of  linear 

expansion,  respectively 

Temperatuie 

Mean  temperature  when  referred  to  the  square  of  the  radius  = 


o  /  2  2,-1  f 

2  (r  -  a  ) 


Trdr  =  (r^-aV^X 

^  & 


Radial  component  of  stress 

Tangential  component  of  stress 

Refers  to  the  inner  radius  of  the  disk 
Refers  to  the  outer  radius  of  the  disk  . 


A  circular  disk  of  radius  b  and  constant  thickness  and  with  inner  concentric 
hole  of  radius  a  is  subject  to  the  radial  temperature  variation 

P) 


where  Tj^  is  the  temperature  at  r  »  b. 


The  variation  of  the  temperature  distribution  versus  with  n  as  a  parameter 
is  shown  in  Figure  6. 3. 3-1. 

The  expressions  for  the  radial  displacement,  and  the  radial  and  transverse  com¬ 
ponents  of  stress  are: 

„ .  A, .  i  (2, 
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5.3.3  (Cont'd) 


*  ^2  [^<1**')  ^  -^"2"^"  (1 -*/ ^Xr^  -  aV*]  (3) 

=  — ^  [a<i  +y)  -  (1  - y  ^)  aT  ^  (1  -  y^)  ~ y* .  (4) 

1-y^  r^  2r 


.  (4) 


where  A  and  B  are  coaetanta  which  must  be  determined  from  the  boundary  conditions 
and 


T*  =  2(r^  -  a^)"^  4  Trd^  . 


Case  I  -  Uorestrained  Disk  With  Concentric  Circular  Hole 

The  boundary  conditions  =:0atr  =  a,  r  =  b  are  imposed. 

The  expression  for  the  displacement  u  in  non-dimensional  form  is 


aa^T* 


(1  -»' )  *{1  +V)  -  1  ) 


while  the  e]q>ressions  for  a  ^  and  a__  are: 

A  A  Ov? 

^  ,  T*  -  T*  . 

-  (l  )(__  ] 

^QQ  1  p  j.2  2  ^ 

^  ^  Tb  -2T  Ml  -  T*]  . 


Figure  6. 3. 3-2  shows  the  radial  variation  of  for  a  disk  with  a  hole 

j  /  a  ^ 

•  0,  0.4,  0.8)  corresponding  to  n  »  l/3,  1,  3  A  0  means  a  very  small 
hole,  not  a  solid  disk). 

Figure  6. 3. 3-3  shows  the  tTia»iniiim  radial  components  of  stress  versus  n. 

From  Egs.  (1)  and  (t), 

«  S.  «  2  r  ln+1)  b-»a  1 

T.  fr+l)(n*2)  I  a +b  J 


2  _ i-1 

^  L  (n+l)(n+2)(a^)  2  J 
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6.3.3  (Cont’d) 


*^00^  ‘'eGjj 

Curves  showing  the  variation  of  ■  and  -„.—  with  a/b  and  n  are  given 

uJ!*l|^  Of  J!i  1]^ 

in  Fig^ures  6. 3. 3-4  and  6. 3. 3-5. 


Case  II  -  Solid  Disk 


The  displacement  and  the  stress  components  for  a  solid  disk  ( a  =  C)  are 


determined  by  imposing  the  conditions  uj^_Q  =  0  and 


=  0. 


pHj 


The  radial  displacement  is 


u  = 


aT*  r 


[(1  -  V)  +  (1  +v)  ^1  . 

L  1%^  J 


(11) 


In  particular,  the  radial  displacement  on  the  boundary  is 

"]r-b  -  oTJ  b  . 


(12) 


Ibe  equations  for  a  and  in  non-dimensional  form  are 
rr  tJo 


rr 


oET. 


J_ 

2 


( 


II  \ 
fh  ) 


(13) 


otETj,  2  V  Tj, 


ee 


T* 


2T 


(14) 


When  T  varies  according  to  the  power  law  (Eq.  (1))  with  n  positive,  a  falls 

3ile)  value  at  the  center  of  the  disk  to  zero  at  peri 


from  its  maximum  (tensile) 


periphery. 


At  the  center,  a  =  and  a  _  falls  montonically  with  increasing  radius  (in  an 
rr  uy  0y 


algebraic  sense)  having  its  maximum  compressive  stress  at  the  boundary  r  =  b. 
From  Eqs.  (13)  and  (14), 


ee_ 


oET. 


otET,. 


±(21. 

9.  '  T. 


T_ 


)  = 


n+2 


(15) 


and 


00, 


b  _ 


oET,. 


n 

n+2 


(I'O 


rr_ 


00^ 


Figure  6. 3. 3-6  shows  the  variation  of  >  •nd  with 


n  for  a  solid  disk. 
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TEMPEfUTUHE  PROFILES  FOU  n  «  l/3,l/2,l,2a3 
FIEWE  S33-I 


moial  variatkh*  of  radial  stress  for  a  disk 

WITH  A  HOLE  (o/b:  0,0  4,00,0:  1/3,1  R  3  ) 
FISURE  0.3  3-2 


wrhtnm  of  max.  raoial  stress  with  R  • 

0/b  FOR  A  DISK  WITH  A  HOLE 
FWURE  0.S.S-3 


WtRUTION  OF  TANOEMTIAL  STRESS  AT  IMNER  ROUNOART* 
WITH  n  •  O/b  FOR  A  DISK  WITH  A  MOLE 
FISURE  0  3.3-4 
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6-3.4  Circular  Mate  -  Caitral  Hot  apot 

Ibe  stresses  in  a  circular  plate  due  to  a  concentric  hot  spot  are  determined  (Refer- 
mices  6-10,  6-11).  The  central  hot  spot  may  be  another  material  at  constant  temperature  or 
a  hot  fluid  passing  throu^  the  plate.  The  method  of  solution  is  to  solve  the  steacfy-state  heat 
conduction  eqnatlmi  subject  to  prescribed  boundary  temperatures.  Once  this  temperature 
distribution  is  determined,  the  equatlm  of  equilibrium  in  the  radial  direction  and  die  enforce¬ 
ment  of  single-valuedness  of  displacements  yields  the  solution. 

The  following  symbols  are  used  in  this  paragraph: 

a  Radius  of  hot  spot  (Figure  6. 3.4-1) 

b  Outer  radius  of  plate 

r  Radial  polar  coordinate 

t  Thickness  of  plate/thickness  of  hot  spot 

u  Radial  displacement  ^ 

T  Excess  of  temperature  of  hot  spot  over  that  relative  to  the  outer  edge 

of  plate 

Radial  compmient  of  stress 

‘^ee  Transverse  or  tangential  component  of  stress 

The  following  assumptions  are  made: 

(1)  The  hot  spot  is  at  constant  temperature  T  relative  to  the  outer  edge  of  the  plate 

(2)  The  plate  is  assumed  to  be  insulated  so  that  all  heat  enters  at  radius  a  and 
leaves  at  radius  b  which  is  at  temperature  0. 

(?)  Mate  is  assumed  to  be  thin  so  that  plane  stress  analysis  (Section  2)  may  be  used. 
The  outer  boundary  is  assumed  to  be  unrestrained. 

(4)  Ea  is  constant. 

The  following  design  equations  pertain  to  this  problem: 

(1)  Temperature  Distribution  in  14ate: 


Temperature  =  T 


where  a  -  r  =  b. 


Log  (b/a) 


(2)  Radial  Displacement  at  Junction  line  r  =  a: 


u]  = 
J  r=ft 


=  aTa  + 


(t 


+  B  - 


where 


n  =  --EOT 

2  log  b/a 


A  =  -Bb‘ 


[1  -  (1-y )  q  -  t)  log  f>/a)] _ 

fa  +y )  +  a  )t  bW  +  (1  -V )  a  -tj 
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mm^m 


6.3.4  (Coni' d) 


?S??Syv3s^'W';fr  1^,l!<*;>.*^v'^'»^<sts^^^ 


A  graph  of  versus-— ,  with  t  as  a  parameter,  is  shown  in 

Figures  6. 3. 4-2^ and  6.3.4-2b. 

The  components  of  stress  in  the  radial  and  transverse  directiras  are 


and 


EaT  f  Cl  -  q  -»)fl  -  t>  Log  to/aJtb^/r^  -  1 ) 
•^rr  2  Log  b/a  \  f(l  +V)  +  (1  -VHjbii/aZ  +  (i  -y  )  (1  -1) 


ee 


EaT  f 
2  Logb/at 


1  - 


Cl  -  (1  -y)(l  -  t)  Log  to/a)3  fl>w  ^1) 

[  a  +*')  +  (1  -V)fjbz/a2  +  (i  -V)  (1  -t) 


'fhe  variation  of  a  and  a  -  with  r/a  is  shown  in  Flg»»re  6. 3.4-3  for 

TV  TT  UU 

V  3  0.3,  b/a  =  2.  3,  aoandfort>0,  0.2,  0.5,  1.  2.  S  and  gyValues  of  may 
be  found  by  combining  the  given  curves. 

Figure  6. 3.4-4  shows  the  variati<«  of  -  Oqq  at  r  =  a  and  r=b  with  b/a,with 
t  as  a  parameter. 


then 


The  following  special  cases  are  considered; 

If  the  extent  of  the  plate  is  large  compared  with  that  of  the  hot  spot  (b/a  large)  , 


-  _  -EaT  r.  ,  (1  -V)  (1  -tj  a^  1 

(5) 

*’*'  2  [  ^  J.2  J 

_  -EaT  r .  (1  -y  K1  -  t)  a^  I 

(6) 

ee  2  [(1  +*')  +  (1  t j  J 

and 


‘^rr-^e  =  -®=“T 


[•  (1  (1  -  t)  a^ _ 1 

C[(1  41^)  +  (1 -y)  t]r^  •* 


(/) 


Note  diat  the  majority  of  the  plate  is  subjected  to  bi-axial  compression  of  magnitude 
.  nie  stress  difference  has  a  maximum  value  obtained  by  substituting  r*a  into 


Eq.  (7)  which  varies  with  t  as  shown  in  Figure  G. 3.4-5. 

If  b/a  is  near  unity,  the  plate  becomes  a  thin  ring,  resulting  in 


rr 


and 


a  _  -  a. 


r-a 


rr 
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HGURE  6. 3, 4-5  VARIATION  OF  MAXIMUM  STRESS  DIFFERENCE  WITH 

t  FOR  b/a  LARGE.  MAXIMUM  OCCURS  AT  r  *  a. 
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3.4  (Cont'd) 


If  t  is  large,  the  stresses  become 


EaT 

‘^rr  2  Ix)g  b/a 


and 


00  2 


[  LOS  ^/aj  |bVr^  1).  _ 


(b- 


(9> 


With  the  usual  conversions  from  plane  stress  to  plane  strain  (Section  2),  these  are  the 
stresses  in  a  pipe  containing  fluid  at  temperature  T. 


For  t-1 .  the  plate  is  of  uniform  thickness  throughout  and  the  stresses  are 
simplified  to 


CT 


rr 


Ear 

2  Ijog  b/a 


Log  (b/r)l 


(1  ) 


and 


00 


2  2 

EaT  f,  _al_  f  ^ 
2  l>og  b/a  •  21,2  V  ^2 
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SECTION  7  -  THERMO-ELASTIC  ANALYSIS  OF  SHELLS 


Ibe  deformations  and  stresses  in  shells  which  have  axisymmetric  geometry,  loads, 
and  temperature  distributions  are  presented.  Ibe  case  of  thermal  loading  is  shown  to  be 
equivalent  to  a  pressure  loading  which  is  proportional  to  the  local  meridional  temperature. 

Solutions  are  also  given  for  the  case  of  edge  loads  and  moments  on  the  shell.  Hie 
deformations  at  the  shell  edges  are  then  employed  to  calculate  the  forces  required  to  enforce 
the  edge  boundary  conditions  (compatibility).  For  the  most  part,  the  analysis  cosiders 
temperature  distributions  which  are  constant  through  die  thickness  of  thin  shells,  although 
special  consideration  is  given  to  right-circular  cylindrical  shells  having  temperature  varia¬ 
tions  throui^  the  thickness. 

The  foUowing  symbols  are  used  throughout  this  section: 

a,b  hmer  and  outer  radii,  respectively 

h  Thickness:  Thermal  conductivity 

Attenuation  length 
r  Radius 

r  Reference  radius 

t°  Time 

w  Normal  deflection 

X  Distance  along  meridion 

D  Flexural  rigidity  = - 5— 

12(1-f 

E  Young'  8  modulus 

R  Edge  loading  functions 

H*^  Horizontal  force  per  unit  of  circumferential  length 

7,'  Value  of  H  at  a  shell  edge 

K  Hoopring  stiffiiess;  hicremental  stiffness  due  to  restrained  ends;  Thermal 

diffwivity 

L  Meridional  length  of  a  shell  section 

M  Bending  moment  per  unit  of  length 

771  Value  of  M  at  a  shell  edge 

N  Normal  force  per  unit  of  length 

P  Surface  traction  fforce  per  unit  of  area) 

Q  Meridicmal  shear  force,  per  unit  of  circumferential  length,  perpendicular  to 

shell  wall 

R  Radius  of  thin-walled  cylinder 

T  Temperature 

AT  Temperature  rise  above  reference  level 

W  Wei^t 

a  linear  coefficient  of  thermal  expansion 

6  Radial  (horizontal)  deflecticm 
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A 

€ 

V 
e 

V 

a 

4> 


Vertical  extension 
Strain 

Value  of  N  at  a  shell  edge 
Azimuthal^angle 
Pofsson*  s  ratio 
Stress 

Angle  between  axis  of  revolution  and  the  normal  to  the  shell  surface 


Superscripts 

'  Quantities  corresponding  to  a  particular  solution 

o  Quantities  corresponding  to  the  meridional  loading  membrane  solution 


Subscripts 


e 

h 

i,o 

e 

X 

rr.ee.zz 


Resulting  from  edge  loadings 

Horizcntal  component 

Inner  and  outer 

Hoop  component 

Meridional  component 

Components  in  cylindrical  coordinates 


7.1  TRUNCATED  CONICAL  SHELLS 


An  approximate  analysis  is  presented  which  may  be  regarded  as  adequately  describing 
the  behavior  of  truncated  conical  shells  (Figure  7. 1-1)  subjected  to  axissrmmetric  load  and 
temperature  distributions  (Reference  7-1)  when  the  following  conditions  apply: 

(1)  The  shell  is  thin  walled  (h< .  2r). 

(2)  The  inclination  angle  <p  is  between  45*  and  135*  (preferably  between  60®  and 
120*)  and  the  shell  is  rather  short. 

(3)  Deformations  due  to  thermal  and  mechanical  loading  are  linear-elastic  and 
the  principle  of  superposition  may  be  employed. 

For  very  flat  conical  shells  (<p  between  30*  and  45*)  the  analysis  gives  reliable  re- 
srilts  when  the  cone  is  analyzed  in  sections  that  are  short  (L< 3.0),  i.  e. ,  where  the  meridional 
length  L  of  each  section  analyzed  is  less  than  three  times  the  so-called  "attenuation  length" 
of  the  shell  (Paragraph  7. 1. 1). 


h 


FIGURE  7.1-1  TRUNCATED  CONICAL  SHELL  GEOMETRY 
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7. 1. 1  Hadial  Loading  Perpendicular  to  the  Cone  Axis 

Any  general  axlsymmetric  loading  can  be  resolved  into  radial  and  meridional  com¬ 
ponents  as  shown  in  Figures  7. 1. 1-1  (a)  and  (b).  A  shell  analysis  for  the  radial  (horizontal) 
component  of  the  loading,  based  on  the  so-call^  hoopring  approximation  of  shells,  is  pre¬ 
sented.  The  analysis  is  valid  when  the  conditions  listed  in  Sub-section  7. 1  apply. 

A  membrane  analysis  for  the  meridional  loading  component  is  presented  in  Paiagp:aph 
7. 1. 2.  The  solution  of  the  conical  shell  problem  for  arbitrary  axlsymmetric  loading  is  ob¬ 
tained  by  superposing  the  hoopring  solution  for  the  radial  component  of  the  loading  and  the  mem¬ 
brane  solution  for  meridional  loading  component. 


FIGURE  7. 1.1-1: 


(a)  CONICAL  SHELL  WITH  AXISYMMETRIC  BUT 
OTHERWISE  ARBITRARY  LOADING 

(b)  RADIAL  AND  MERIDIONAL  LOAD  COMPONENTS 

P.  AND  P  ,  RESPECTIVELY 
n  X 


7. 1. 1. 1  The  Hoopring  Approximation  for  Radial  Loading 

The  axlsymmetric  shell  under  axi^rmmetric  radial  loading  is  visualized  as  an 
assembly  of  beams  in  the  meridional  direction  (Figure  7. 1. 1.  l-l(a)),  supported  by  an  elastic 
foundaticm  (hooprings)  of  stifbiess 


K  = 


Eh  sin  <f) 
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(1) 


7.4 


7. 1,1.1  (Cont’d) 


FIGURE  7. 1.1. 1-1  CONICAL  SHELL  -  HOOPRINGS  AND  MERIDIONAL  BEAM  STRIPS 
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7.1. 1.1  (Crat’d) 


It  is  convenient  to  find  a  particular  solution  for  Eq.  (2)  where  the  loading  is  ex¬ 
pressed  as  a  polynomial. 

In  general,  this  particular  solution  will  not  satisfy  the  boundaiy  conditions  at  the 
edges  of  the  shell;  i.  e. ,  the  horizontal  edge  loads,  moments  or  edge  deflections  and  rotations 
derived  from  the  particular  solution  do  not  satisfy  prescribed  conditions.  Additional  horizontal 
edge  loads  and  moments  must  then  be  applied  to  the  shell  which,  when  superposed  on  the  edge 
loads  and  moments  resulting  from  the  particular  solution,  satisfy  the  prescribed  boundary  con¬ 
ditions. 

Following  this  approach,  the  loading  term  on  the  right  side  of  Eq.  (2)  is  expressed 
by  a  polynomial ,  such  that 


A  given  merioional  load  distribution  can  be  expressed  in  this  manner  by  the  method  of  Paragraph 
4. 1. 2.3. 1. 

A  particular  solution  of  Eq.  (2)  can  then  be  obtained  in  the  form  of  a  polynomial 


k+2 

I 

j=2,4,6,. 


a^  r^ ,  if  k  is  even 


j— 1, 3, 5, . . . . . 


a^r^,  if  k  is  odd  , 


where 


=  -  (-1)  2  (k+2)  [  (k+1)  (k). . .  0+1)  ]  ^  j  / (r  J  (A) 


and  j  =  k,  k  -  2,  k  -  4, . . .  4,  2  if  k  is  even 
j  =  k,  k  -  2,  k  -  4, . . .  3,  1  if  k  is  odd  . 

The  quantity  "A"  is  defined  by 

4r  2 

A  = _ 2 _ 

^  4  4 

L  cos  <p 
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7.1. 1.1  (Cont'd) 

The  particular  solutions  for  5 '  are  given  in  non-dimensional  form  in  the  following  table 
for  monomials  (Cj^(r/r^)  )  up  to  k  =  4. 

TABLE  7.1. 1.1-1 

Particular  Soluticns  for  6' ,  Corresponding  to  Mcnomial  Radial  Pressure  Distributions 


k 

r  Pu 

0  h 

Eh 

«’k 

"oCk 

0 

Co 

/  \2 
(t) 

1 

c  — 

Cl  r 

0 

i-0  -3(^) 

2 

(0 

o  0  0 

3 

it)'  t 

4 

(tf 

and 


To  illustrate  the  application  of  Eq.  (7),  consider  the  particular  case  k  =  2.  Then 


V2 


-(-1)”4  (3^)  (2)  ^  -7^ 

3  A  3. 

r„  A  r  A 

o  o 


so  that  in  non-dimensional  form 
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7. 1.1.1  (Cont’d) 


^  =(.f-f  -  18('^-^)'(f)' 


The  solutions  of  Table  7. 1. 1. 1-1  are  shown  graphically  in  Figures  7. 1. 1. 1-2 

(a)  and  (b). 

Once  6'  has  been  determined  as  above,  the  internal  shell  loads,  moments,  and 
deflections  corresponding  to  this  particular  solution  can  be  obtained  from  Eqs.  (4).  The  re¬ 
sults  in  non-dimensional  form  are  summarized  in  Table  7. 1. 1. 1-2. 
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7. 1.1. 2  Solution  for  Edge  Loading 

When  the  conical  shell  is  subject  only  to  an  end  moment  and  end  force  as  in 
Figure  7. 1. 1. 2-1,  then  for  a  shell  of  lateral  length  greater  than  three  times  the  attenuation 
length,  it  is  permissible  to  consider  the  shell  as  infinite.  Assuming  this  condition  to  hold, 
it  is  only  necessary  to  satisfy  the  homogeneous  form  of  Eq.  (2)  of  Paragraph  7. 1. 1. 1 
(Pj^  =  0)  subject  to  the  boundary  conditions 


M  (0)  =?n. 

H  (0) 

M  (00)  =  0 

H{oo)=  0  . 

FIGURE  7,1. 1.2-1  SELF- EQUILIBRATING  LOADS  AND  MOMENTS  V  AND/J»&AT  A 
CONICAL  SHELL  EDGE 


Recognizing  that  these  are  short  range  edge  effects,  the  variation  of  r/r^  in  the 
region  of  significant  stresses  (i.e. ,  r/r^tn  1)  are  ignored.  Under  these  conditions  the  solu¬ 
tion  of  the  edge  loading  problem  may  be  written  as 
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7. 1.1.2  (C<mt’d) 


_  1^^±_  [  :^  F3  +  ^^(sin  ^)  F4  ] 

[>tF4  +  ?)t.e(8ln,#,)Fj  ] 

'7n.Fj^+  (sin  (|))  Fg 

-4M2_  +  ^^F. 

sin  4» 


Hg  sin  <f) 


Hg  cos  4) 


r 

X  r  N 

/  - 
’'o  L 


l/N_ 

e  e 


^  sin  0  +  cos  0  dx  , 


where  the  functions  Fj^  are  given  by 

--x-lZ  /  \ 

Fj  =  ^2"  (e)  cos  ( J  -  f  ) 

-x/CS 

F2  =  (e)  sin  ^ 

F3  =  -yr  fer^i^d-j) 


F^  =  (e)  cos  ^  . 


The  above  functions  are  damped  sinusoidals  which  cause  the  boundary  loads  to  attenuate 
with  distance  from  the  edge  as  e~^'Z  ^  They  are  plotted  in  Figure  7. 1. 1. 2-2  for  the  range 

0  <  5  <  4. 0. 
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7, 1.1.2  (Cont'd) 


To  illustrate  the  application  of  the  preceding  equations,  consider  the  radial  (hori¬ 
zontal)  loading  problem  for  the  conical  shell  of  Figure  7. 1. 1. 2-3. 


30" 


FIGURE  7. 1.1. 2-3  CONICAL  SHELL  UNDER  UNIFORM  RADIAL  LOADING 


The  top  and  boi.t''ja  edges  of  the  shell  are  unrestrained  (free),  the  radial  pressure 

is  constant  it  P.  =  500  and 
^  in^ 


r  =  20" 
o 

II 

XI 

DT 

•HOO  \ 
in 

h  =  1" 

E  = 

30  (10)6  psi 

ft 

in 

II 

V  = 

0.30 

30(10)®(1)^ 

=  2. 75  (10 

D  - 

^  2 

12(1-  .3^) 

Nex^it  is  necessary  to  obtain  the  solution  for  the  stresses  and  deflections  in  the 
vicinity  d  the  bottom  of  the  shell.  The  first  step  is  to  obtain  the  particular  soluti(m. 

From  Eq.  (5),  since  k  =  0, 


o  h  _  ^ 

Eh  ^0  ’ 
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so  that 


=  =  3.33(10)-" 

“  30  (10)'’(1) 


Then  from  Table  7. 1. 1. 1-1 , 

v2 

o 

or 


r  =(tf 


.  3. 33(10)- V  ,  ,  ^2  -6 

r  20  '  ' 

o 


Also,  from  Table  7. 1. 1. 1-2,  for  k  =  0, 


-e'  tan  (f»  „  1 

<=0  ' 

-  r  M*  sin  <6 
° 

/  *^o  *"0  \  /  sin  <i) 

O 

Cq  D  cos  <P 

^  "=0“ 

-H’  r  ^  sin^c^ 
o 

-tt'  r/  ^ 

Cq  D  cos^  ^ 

^  ^  4 

Cq  D  cos  <P 

N  ' 

e  r 

CqEI*  ■  "o  ' 

-Q’  r^  sin  <f) 
CqD  cos^  <f> 


Substituting  the  known  quantities  into  the  above  expressions. 


&  = 

-33.33  r (10) 

M'  = 

-  64.8 

in-lb 

in 

II 

-  19.4 

in-lb 

in 

H'  = 

-  64.7 

lb 

r 

in 

II 

Q'  =  : 

45.7 

r 

II 

-® 

500  r 

lb 

In  ' 

in 
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7. 1.1.2  (C<Mit’d) 


From  the  second  and  fourth  expressions  of  <b),  the  particular  solution  yields  moments  and 
horizontal  loads  at  the  shell  edges  (r^  =  20",  r ^  =  50")  as  shown  in  Figure  7. 1. 1. 2-4(a). 

To  obtain  the  solution  for  the  shell  problem  with  free  edges  (-^2=  0),  superpose 

on  the  particular  solution  given  by  expressions  (a)  and  (b),  the  solution  of  the  edge  loa^ng 
problem  for  equal  and  opposite  edge  loads  and  moments  (Figure  7. 1. 1. 2-4(b)). 


In  the  edge  loading  problem.the  attenuation  length  (Eq.  (3)  of  Paragraph  7. 1.1.1) 
for  the  bottom  edge  of  the  shell  is 


/  =  .778.y^^  =  4. 15  in 


and 


'hv  =  64.  8 


in-lb 


in 


n  =  a.24  |6- 


(Positive  directions  are  as  shown  in 
Figure  7. 1.  1.  2-1) 


Thus,  from  Eqs.  (1)  , 


-(4. 15)^707) 
2  (2.  75)(10)® 


[  (64. 8)  Fg  +  (4. 15)  (.  707)  (3.  24)  F^  j 


e 


-4. 15 


2.  75(10)' 


6  [  (64. 8)  F^  +(^)(.  707)  (3.  24)  Fj  ] 


M 


64. 8  F^  +  3. 24  (4. 15)  (.  707)  Fg 


-2(64. 8)  p  +  3  24  F 
4.  15  (.707)  '2  **•'^^^3 


or 


-6, 


-(143.5  X  10  '')  Fg  -  (21  X  10  '')  F^ 


e„ 


(97. 8  X  10"®)  F^  -  (7. 15  x  10~®)  F^ 


(c) 


M. 


64.8  Fj^  +  8.5  Fg 


H. 


-44.  2  Fg  3.  24  Fg  , 
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in  -  lb 


1.30iH 


3.24  -g- 
in-lb 


64.8  M 
in 

3. 24  ^ 
in 


FIGURE  7. 1. 1. 2-4  (a)  EDGE  FORCES  AND  MOMENTS  CORRESPONDING  TO  THE 

PARTICULAR  SOLUTION 

(b)  EDGE  LOADING  EQUAL  IN  MAGNITUDE  BUT  OPPOSITE 
IN  DIRECTION  TO  THE  PARTICULAR  SOLUTION  EDGE 
LOADING 
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and  from  Eqs.  (2)  , 


=  19. 5  Fj  +  2. 85  Fg 


=  N  =  31.  2  F„  +  2.  29  F, 

^  d 

=  -  i  (  4300  F„  +  630  F.  )  . 


where  Fj  (i  =  1,2, 3, 4)  are  functions  of  x/  ■£. 

The  final  solution  for  the  deflections  and  stresses  in  the  vicinity  of  the  bottom  of  the 
shell  is  then  obtained  by  adding  e}q)ressions  (a)  and  (b)  to  e;q>ressions  (c)  and  (d). 

The  results  for  the  meridional  moment  M  =  M'  +  M  and  the  radial  load  H  =  H'  +  H 

e  e 

(in  the  vicinity  of  the  base)  are  plotted  in  Figure  7. 1. 1. 2-5. 

The  stresses  can  be  obtained  from  the  equations 


= 


7. 1. 2  Meridional  Loading  -  Membrane  Analysis 


An  analysis  for  radial  (horizontal)  axitymmetric  loading  components  was  presented 
in  Paragraph  7. 1. 1.  The  present  paragraph  presents  a  membrane  analysis  for  the  meridional 
components  of  the  general  axisymmetric  loading  (Figure  7. 1. 2-1).  Having  done  this,  the  pro¬ 
blem  of  a  general  axitymmetric  distributed  loading  can  be  treated  by  resolving  the  loading 
into  radial  (horizontal)  and  meridional  components;  the  effects  of  radial  loading  are  then  evalu¬ 
ated  Ity  the  hoopring  approximation  of  Paragraph  7. 1. 1  and  the  effects  of  meridional  loadingare 
evaluated  by  the  following  membrane  analysis. 
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FIGURE  7. 1. 1.  2-5  MERIDIONAL  MOMENT  AND  RADIAL  LOAD  MEASURED 

FROM  BASE  OF  THE  SHELL  SHOWN  IN  HGURE  7. 1. 1. 2-4 
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(C(mt’ d) 


FIGURE  7. 1.2-1  MERIDIONAL  LOADING  ON  A  CONICAL  SHELL 


For  the  membrane  analysis,  the  moments  M**  and  are  considered  negligible. 
The  meridional  and  radial  equilibrium  and  the  stress  strain  relations  then  give  the  required 
internal  loads  and  deflections  as 


q‘^  =  M°=M°  =-.H®  =  C  , 
y 


where  r  =  r^  +  x  cos  <p  and  superscript  ”0”  refers  to  membrane  effects. 

If  the  membrane  deflections  and  rotations  as  given  by  the  above  equations  do  not  satisfy 
prescribed  conditions  at  the  edges,  then  horizontal  edge  loads  and  restraining  moments  must 
be  applied  such  that  the  edge  bounilary  conditions  are  satisfied.  The  effects  of  these  edge  load¬ 
ings,  discussed  in  Paragraph  7. 1. 1,  are  then  superposed  on  the  me.nbrane  effects  to  give  the 
required  solution. 
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(Cont'd) 


The  following  illuBtratlve  problem  demonstrates  the  computational  techniques  for 
solution  of  a  conical  shell  (Figure  7. 1.2-2)  sni^rting  a  weight  W.  This  solution  requires 
the  determination  of  the  stresses  at  the  fixedbottomof  the  shell  (a  similar  procedure  can 
be  employed  at  the  top). 


W  =  1,000,000  lb. 


E  =  30  X  10®  psi 
.30 


FIGURE  7. 1.2-2  CONICAL  SHELL  UNDER  VERTICAL  LOADING 


Assume  first  that  the  bottom  of  the  shell  is  unrestrained.  Then  for  vertical 
equilibrium,  the  statically  determinate  meridional  membrane  reaction  at  the  base  is 


*»?  =  - 


W 


2irr^8in</» 


\,000>000  =  .  9200  ^ 

2ir(20)(.866)  in 


and  the  significant  parameters  are 


D  = 


£  = 


Eh' 


3  '**3 


12(1-V 
.  778  J 


=  -  =  2. 74(10)®  in  lb 


37 

sin  <f> 


=  .778 


A 

D 


2. 74  (10) 
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866 

6  in-lb 


=  3. 74  in 
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(Cont'd) 


From  the  first  and  third  of  Eqs.  (1),  with  P  =  0  and  N  =  "*7 ,  the  membrane  deflection  and 
slope  at  the  base  of  the  shell  are  ^ 


_1L-  (-rn)  =  »ao  (20)  (9200) 


30  (10)“  (1) 


=  .  00184  in 


0^ 


cos  <t>  ^  -9200  (.  500) 

Eh  sm  <l>  30^io)®{l)(.  866) 


=  000177  radians. 


Since  the  base  of  the  shell  is  fixed,  an  edge  radial  load,  9^  and  moment  7^  must 
be  applied  such  that 


I 


6  =«  +6g  =  0 


4 


i.e.. 


e  =  e  +  0  =  0  , 
a 


(a) 


i 


The  values  of  9^  and  ^are  then  obtained  by  inverting  the  first  two  equations 
from  (1)  of.  ParagrajA  7. 1. 1. 2.  where  6  and  0  are  ^ven  above  by  (a)  and  x  =  0.  This 
leads  to  e  e 


1 

I 


and 


20  z(j _ 

■’*'  ■■  "  0t^/D)sin  0 


26 


2  0°  ,  46° 


/^^sin  +  -g -  . 

(£^A>)sin^ 


I 

55 


or 


and 


^  =  .-g(:  000177)  _  ,  _2(._001.84) _ _  in  lb 

1  OfT/ 1  r»\— K/o  rtA\i  i.v»I7v 


1.37(10)“®  ■  l,37(10)-»(3.74)(.866) 


3in  0  =  .2  (^000177)  ,  - IkQOlBij _ 

1. 37(10)"°  1. 37  (10)"®(3. 74)(.  866) 


m 


=  1920  1b 


9^ 


^920  .. 

(3.74)(.866)  '  in 


■s. 

A 

•i 


I 
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The  final  results  are  now  obtained  by  siunming  up  the  effects  of  membrane  action 
due  to  7} ,  plus  edge  load  action  due  to  7^  and  V ,  or, 

N  =  N°  +  N 

X  XX 

e 

Ne  =  « 

M  =  0  +M 

e 

Me  =  0 

But  from  Eq.  (1), 

\  =  —  v 


and  from  Eqs.  (1)  and  (2)  of  Paragraph  7. 1. 1. 2  , 


”  ^^^2  cos  <i)  «/  „ 

— 7i —  ~i — T"  +  yr  F„  cos  d> 

£  sin  0  3  ^ 


-Eh 


<f>  (  ■2>t’Fg+  9/ X Sin  Ip  ) 


Mg  =  ^  Fj  +  V-X  sin  0  F2  > 

where  F^  ...  F^  are  the  known  edge  loading  functions  of^  (Eqs.  (3)  of  Paragpraph  7. 1. 1. 2). 

Substituting  the  known  values  of  ^  ,  "hx,,  7l^ ,  ip  ,  r^,  D,  E,  X  and  h  into  the  above,  and 
making  use  of  the  relation  r  =  r^  +  x  cos  <p,  the  following  is  obtained: 

^2  *  296  F, 

■>9  °  l^.sWr,)  F3  -  6400  F,) 

M  =  -  1090  Fj  +  1920  Fg 
Mq  =  -  330  F^  +  580  Fg  • 

The  stresses  at  the  extreme  fibers  are  given  by  the  expressions 


‘^x  =  -h-  *  h2  %  = 
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In  particular,  for  the  edge  x  =  0  , 


Fi  =  F3  =  F4  =  1 


F2  =  0 


so  that  the  stresses  at  the  edge  x  =  0  become 

{-  15500  psi  outer  fiber 

-  2400  psi  inner  fiber 


=  -2770  ±  (-1980)  =  • 


j -800  psi  inner  fiber 
[-4750 psi  outer  fiber 


In  the  present  problem,  the  maximum  stresses  in  the  vicinity  of  the  base  occur  at  the  edge 
X  =  0  as  given  above.  This  is  usually  the  case  when  the  functions  Fj  and  Fg  are  of  the  opposite 

sign.  However,  in  problems  where  the  F  j  and  Fg  terms  appear  with  the  same  signs  in  the 
moment  expression,  the  location  of  maximiun  stress  will  often  be  at  a  small  distance  from  the 
edge,  usually  within  ^ . 

2 


7. 1.3 


Meridional  Temperature  Variation 


The  purpose  of  the  following  is  to  reduce  the  problem  of  a  truncated  conical  shell 
with  a  meridional  temperature  variation  (Figure  7. 1.3- 1(a))  to  an  equivalent  mechanical  loading 
problem,  which  can  then  be  treated  by  the  methods  present^  in  Paragraph  7. 1. 1  (Radial  Load¬ 
ing). 

To  this  end,  consider  the  shell  to  be  sliced  into  elemental  rings  in  which  free  thermal 
expansions  take  place  (Figure  7. 1. 3-l(b)).  'ITie  free  thermal  strains  in  the  meridional  and  radial 
strains  are 

^x  = 

Under  these  c<xiditions,  since  AT  varies  with  the  element,  the  edges  of  adjacent 
rings  do  not  match.  To  reestablish  radial  continuity  of  the  rings,  a  radial  distributed  pressure 


r 

Ph  = 


is  applied  (Figure  7. 1. 3-l(c))  which  negates  the  radial  thermal  expansion  of  each  ring,  but 
causes  an  axial  extension  of 

dA*  =  (1  +v  )  dx  sin  <p 


=  (1  4  V  )  a  AT  dx  sin0 

A*  =  (1 ’■v  )  sin0  /  otATdx. 

Ja 
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(Conf  d) 


Since  the  radial  pressures  are  really  absent,  a  radial  pressure  Pj^  ie 

applied  to  the  rejoined,  continuous  shell  (Figure  7. 1. 3-l(d))  which  negates  Pj^  ,  or 


so  that 


Ph  ^  ^h  =  « 


Ph  =  -Ph 


hoop  forces 


The  total  stress  in  the  shell  is  then  obtained  by  superpositicm  of  the  restoring 


N  *  =  P.  *  r  =  -  E  h  Of  A  T 
0  h 


produced  by  Pj^  in  rejoining  the  rings,  and  the  stress  distribution  which  results  from  the 
radial,  distributed  pressure  P^^  in  the  continuous  shell,  where 


P.  =  ^  oAT. 
h  r 


The  solution  of  this  latter  problem  was  presented  in  Paragraph  7. 1. 1. 

Thus,  in  summary,  to  obtain  the  solution  for  the  truncated  opnical  shell  with  a 
meridional  temperature  variation  AT(x): 

(1)  Find  the  hoop  force  N0  from  £q.  (5)  and  the  axial  extension  A  from  £q.  (3). 
If  the  shell  is  free  to  elongate  axially,  then  this  latter  quantity  is  of  no  interest. 

(2)  The  total  solution  is  obtained  by  superposing  on  the  above  effects  the  solution 
of  the  radial  (horizontal)  loading  problem  (Paragraph  7. 1. 1)  for  P,  given  by 
£q.  (6). 


7.2  APPROXIMATE  SOLUTION  FOR  NON-CONICAL  AXISYMMETRIC  SHELLS 

When  an  axisymmetric  shell  with  axisymmetric  loading  is  non-c<mical,  the  approxi¬ 
mate  solutions  previously  stated  may  still  be  used.  The  shell  structure  can  most  often  be  ap¬ 
proximated  by  a  series  of  separate  conical  shells  (Figure  7. 2-l(a))  and  a  spherical  cap  "O" 

(the  theory  of  shallow  spherical  caps  is  given  in  Reference  7-2).  The  individual  shell  sections 
can  first  be  analyzed  by  the  hoopring  and  membrane  approximations  of  Sub-section  7. 1.  The 
common  edges  of  adjacent  sections  are  then  joined  (Figure  7. 2- 1(b))  by  satisfying  the  equilib¬ 
rium  requirement  tl^t 

^A  = 

(1) 
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w. 


7. 2  (Cont^d) 

and  the  compatibility  conditions 


*A  - 


(2) 


®A  =  ®B  • 

The  solution  is  thus  obtained  by  superposition. 

To  prevent  interaction  of  the  effects  of  the  edge  loads  and  moments  'Jfl  and  ^  which 
propagate  from  the  upper  and  lower  edges  toward  the  center,  the  meridional  length  I-  of  the 
conical  sections  should  be  made  larger  than  three  times  the  "mean"  attenuation  length  J^  of 
the  sectim.  However,  for  reliable  results  in  a  very  flat  conical  shell  section  (inclinati<Hi 
between  30*  and  45*),  the  meridional  length  should  be  made  very  short  (  L<  3^).  In  this 
case  the  interacticm  between  upper  and  lower  edges  of  the  section  caimot  be  ignored  in  analyz¬ 
ing  each  element  and  the  more  complex  analysis  of  Reference  7-3  must  be  employed. 

7.3  CYLINDRICAL  SHELLS 


The  following  paragraphs  are  concerned  with  the  analysis  of  cylindrical  shells  subject 
to  axisymmetric  thermal  and  mechanical  loads.  A  thermal  analysis  is  presented  in  Paragrapn 
7. 3. 1  for  the  combined  problems  of  normal  pressure  loading  and  temperatures  which  vary  in 
the  axial  direction  only.  The  analysis  is  rigorous  within  the  customary  approximations  of  thin 
shell  theory. 

Paragraph  7. 3. 2  discusses  the  cases  of  thermal  stresses  in  cylindrical  shells  due  to 
a  variation  of  temperature  through  the  thickness  for  both  steady  state  and  transient  problems. 

7.3.1  Cylindrical  Shells  With  Axisymmetric  Loading  and  Meridional  Temperature  Variation 

The  preceding  analysis  becomes  much  simpler  for  the  special  case  of  a  cylindrical  shell 
( <#>  =  90';  r  =  R  =  constant).  Within  the  customary  shell  theory  approximations,  the  hoopring 
and  edge  loading  analysis  of  Paragraph  7. 1. 1  is  rigorous  for  the  thin-walled  cylinder. 

7.3. 1.1  Hoopring  Analysis 

For  the  case  of  the  cylinder,  Eqs.  (2)  through  (4)  of  Paragraph  7. 1. 1. 1  become 


6’  =  R  [  ^  P(x)+  a  AT(x)]  , 


(1) 


where 


.^3{l-v  '^) 

=  .778  ./^ 


=  .30), 


Both  normal  axisymmetric  pressure  loading  and  axisymmetric  temperature  variation  are  in¬ 
cluded  on  the  right  side  cf  Eq.  (1).  The  (Equations  for  the  deflecrtions,  internal  loads,  and 
moments  become 


I 


-I 


i 

s 


i 

jj 


I 


7.30 


7. 3. 1.1  (Ccmt'd) 

ft'-  ^ 
®  ■  dx 

M'  =  -  D  - 


Q’  =  H’  =  -  D 


V“[r  - 


N'  =  0  . 

X 


r*r  ':3. 

"/o['  Eh 


AT  dx. 


where  positive  directiODS  for  the  above  quantities  are  as  shown  in  Figures  7. 1. 1. 1-1  (b)  and 
(c). 

As  in  the  case  of  conical  shells,  it  is  convenient  to  find  a  particular  solution  for 
Eq.  (1)  where  the  pressiure  and  thermal  loading  are  expressed  by  a  polynomial. 

In  general,  this  particular  solution  will  not  satisfy  the  boundary  conditions  at  the 
edges  of  the  cylinder.  As  in  the  case  of  the  conical  shell,  additi(mal  edge  forces  and  edge 
moments  must  be  applied  to  the  cylinder  which,when  superposed  (hi  the  edge  loads  and  moments 
resulting  from  the  particular  solution,  satisfy  the  prescril^  boundary  conditions. 

Following  this  approach,  the  pressure  and  temperature  terms  on  the  right  side 
of  Eq.  (1)  are  expressed  by  a  polynomial  such  that 


If  y 


'  <=o"<=i  5  *  S 


+  . . .  +  C 


/  \N 

rU)  ■ 


A  given  meridional  distribution  can  be  expressed  in  this  manner  by  the  method  of 
Paragraph  4. 1. 2. 3. 1 

The  particular  solutions  for  S '  C3n  then  be  obtained  by  substituting  Eq.  <3)  into 
Eq.  (1)  and  solving  the  differential  equati(n).  The  particular  solutions  for  S '  are  given  in 
nondimensicmai  form  in  Table  7. 3. 1. 1-1  for  monomials  Cy^x/K^  up  to  k  =  4. 
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TABLE  7.3. 1.1-1 


Particular  Solutions  for  6' ,  Corresp<»ding  to  Monomial  Pressure  Distributions 


1^+0, 4T  S'/C^R 


x/R  x/R 


(x/R)^  (x/R)^ 


C,  (x/R)^  (x/R)^ 


C^(x/R)^  (x/R)^-6(^)^ 


Once  the  5 '  has  been  determined  as  above,  the  internal  loads,  moments,  slopes 
and  axial  deflections  corresponding  to  this  particular  solution,  can  be  obtained  from  Eqs.  (2). 

7. 3. 1. 2  Solution  for  Edge  Loading 


When  the  cylindrical  shell  is  subjected  only  to  an  end  moment  and  end  load  as 
shown  in  Figure  7, 3. 1.  2-1  and  the  longitudinal  length  of  the  shell  is  greater  than  three  times 
the  attenuation  length,  the  edge  loading  equations  (Eqs.  (1)  and  (2)  of  Paragraph  7. 1. 1.  2) 
become 


"4  [  ^^4*  I  *'■^''1] 


%  =  J 


"x  -  » 

e 


=  /[■*'%! 

0  - -  ' 

t-  ITU  J 
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where  the  Fj^'  s  are  those  functions  of  x/^  given  by  Eqs.  (3)  of  Paragraph  7. 1. 1. 2. 


M^  +  dM 
e  e 


Qe-dQe 


FIGURE  7. 3. 1.2-1  SELF-EQUILIBRATING  LOADS  AND  MOMENTS  AND  AT 
A  CYLINDER  EDGE 


Ihe  following  illustrative  problem  demonstrates  the  solution  for  a  cylinder  subjected 
to  an  axi83rmmetric  temperature  distribution.  The  infinitely  long  cylinder  of  Figure 
7.3. 1.2-2  has  a  radius  of  R  =  a  and  is  subjected  to  a  temperature  distributiOD  given  by 


A  T  =  T'  when  x  <  0 
=  0  when  x  >  0. 


Find  the  deflections  and  stresses  due  to  this  thermal  loading. 


The  boundaiy  conditions  are 
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7.3. 1.2  (COTt'd) 
and 


6  = 
e  = 


HGURE  7.3. 1.2-2  INFINITELY  LONG  CYLINDER  WITH  DISCONTINUOUS  AXISYM- 
METRIC  TEMPERATURE  DISTRIBUTION 


To  begin  with,  the  continuous  shell  is  cut  into  upper  and  lower  portions  at  x  =  0 
All  the  stresses  and  deflecti<»s  in  the  upper  half  are  identically  zero  (no  loading  or  temper¬ 
ature  exists  in  the  uj^r  half). 

The  loading  for  the  lower  half  is  defined  by 

P  =  0 


or  AT  =  aT' . 
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Therefore,  from  Table  7.3. 1. 1-1,  otT’  =  C„  and  the  particular  solution  of 
Eq.  (1)  of  Paragraph  7. 3. 1. 1  becomes 

-,  _  p  „  _  rpt  (this  is  easily  seen  to  be  simply 

*^0  the  thermal  strain  times  the 

cylinder  radius) 

where  the  upper  and  lower  halves  are  now  denoted  by  +  and  -  ,  respectively. 

Since  6 '  is  a  constant,  Eqs.  (2)  of  Paragraph  7. 3. 1. 1  give 

0'  =  M'  =  M’  =  N'  =  N'  =  0  , 

0  0  X  * 

or  the  slope  and  stresses  are  identically  zero  everywhere  in  the  unrestrained  lower  half  of 
the  qrlinder.  Thus  in  this  case,  the  particular  solution  satisfies  the  boundary  conditions 
identically. 

In  general,  it  may  be  stated  that  a  AT  variations  which  vary  linearly  with 
Cartesian  coordinates  in  the  form 

ofAT  =  A  +  Bx  +  Cy  +  Dz 

cause  no  stresses  if  the  displacements  are  unrestrained  externally. 

Compatibility  at  the  cut  edges  requires  that 
+ 

6  (0)  =  6  (0) 

+ 

0  (0)  =  0  (0)  . 

Di  other  words, 

«•  (0)  +  6g(0)  =  5'  (0)+6g(0) 

0'  (0)  +  9g  (0)  =  0’  (0)  +  0g  (0) 

but 

+ 

6'  (0)  =  0 
«'  (0)  =  ac^' 

0'  (0)  =  0'  (0)  =  0, 

therefore 

+ 

«e(0)  =  aQ.T'  +6g(0) 

®e  ®e  • 


WADD  TR  60-517 


7.35 


,;^V 


FIGURE  7.3. 1.2-3  HORIZONTAL  LOADS  AND  MOMENTS  AT  CUT  EDGES 


gives 


Ejqjressing  the  edge  deflections  and  slopes  by  Eqs.  (1)  with 

(0)  =  Fg  (0)  =  F4  (0)  =  1 


- 4[^*  t''*]’  -  4  T^]- 
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Solution  of  the  above  yields 

7?l  =  0 

o/  _  -aceT'  D 

/3  • 

The  deflection  for  x>0  then  becomes 


J.s'4^.o+(^^)  (  =|i 


and  for  x<0, 


S  =«•  +«g=aQT'  - 


"F,(|-).aaT’  1-1  F,(^) 


The  slopes,  moments  and  hoop  forces  can  be  obtained  in  a  similar  manner  from 
Eqs.  (1)  and  (2).  The  stresses  are  then  dstained  from 

,  6M 

-X-  -jir 


N 

e  ^  6y  M 
^  h" 


(Since  M_  =vM) 


The  resulting  radial  deflection  6  and  stresses  a  ,  at  extreme  fibers  are 
plotted  in  Figure  7. 3. 1.  2-4.  * 

7. 3.  2  Cylindrical  Shells  with  Temperature  Gradient  Through  the  Thickness 

Design  nomographs  and  analysis  are  presented  for  the  solution  of  the  steacfy  state 
thermal  stress  problem.  Cylinders  with  free  and  completely  fixed  ends  are  both  considered. 

The  transient  problem  for  long  unrestrained  solid  and  hollow  (flinders  follows. 
Tables  and  curves  are  given  for  the  determination  of  the  stresses  in  nondimensional  form. 

7.  3.  2. 1  Cylindrical  Tube  -  Steady  State  Heat  Flow  in  Radiai  Direction 


The  temperature  distribution  in  the  instance  of  a  steacfy  state  radial  temperature 
distribution  in  a  (ylindrical  tube  (Figure  7. 3. 2.  l-l(a))  is 


■  "Si) 
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FIGURE  7. 3. 2. 1-1 :  (a)  SHELL  GEOMETRY 

(b)  VARIATION  OF  STRESSES  THROUGH  THE  CYLINDER  THICKNESS 
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where  Tj  and  are  the  temperatures  In  the  inside  (r=a)  and  outside  (r=b),  respectively. 

The  stress  components  in  the  radial,  tangential,  and  longitudinal  directions 
are  as  follows  for  the  case  when  the  tube  is  completely  unrestrained. 


Ea(T.  -  T^) 
^rr  ~  2(l-i/)log(b^) 


,2  2 
b  -a 


(2) 


F.a(T.  -  T^) 


^00  2(i-i^)log(b/a) 


[  l-log|  - 


,2  2 

b  -a 


(1  + 


(3) 


E0!(Tj  -  T^) 

^zz  ~  2(1-1' )log(b/a) 


[  I  ]  • 


(4) 


NOTE:  a  ,  =  „  max.  and  max.  occurs  at  r  -  b. 

ZZ  FF  ZZ  C70 

The  results  given  in  Eqs.  (2)  through  (4)  are  accurate  away  from  the  ends  of  the 
tube  since  the  boimdary  conditions  of  zero  traction  at  the  ends  are  not  satisfied  pointwise. 
Instead,  the  average  value  of  the  normal  stress  is  zero. 


The  character  of  the  stress  distribution  in  a  thick-walled  tube  in  steacfy  heat  con¬ 
duction  with  temperature  varying  only  radially  (corresponding  to  Eqs.  (2)  through  (4))  is  shown 
in  Figure  7. 3. 2.  l-l(b). 

The  following  tabulation  gives  the  signs  of  the  stresses  for  internal  heating 

(Tj>T^): 


Stress 


Radius 


Kind  of  Stress 


Tangential 

Tangential 

Longitudinal 

Longitudinal 

Radial 


Inside 
Outside 
Inside 
Outside 
All  Radii 


Compression 

Tension 

Compression 

Tension 

Compression 


For  external  heating,  T  >T.,  the  signs  of  all  the  stresses 
are  changed,  ° 

Figures  7. 3. 2. 1-2  through  5  are  alignment  charts  giving  values  of  the  above  stress 
components  in  terms  of  the  geometry  and  the  physical  constants  for  one  degree  fahrenheit  dif¬ 
ferential  between  the  outside  and  inside  surfaces.  For  a  temperature  difference  of  T  degrees 
Fahrenheit,  results  found  by  the  nomograph  must  be  multiplied  by  T. 
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FIGURE  7. 3. 2. 1-2  MAXIMUM  TANGENTIAL  AND  Ll  IGITUDINAL  STRESS  IN 

CYLINDER  PER  'F  TEMPERATU  E  DIFFERENCE  BETWEEN 
THE  OUTER  AND  INNER  RADF 
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7. 3. 2.1  (Cont'd) 
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FIGURE  7. 3. 2. 1-4  MAXIMUM  RADIAL  STRESS  PER  “F  TEMPERATURE  DIFFERENCE 

BETWEEN  THE  OUTER  AND  INNER  RADU 
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FIGURE  7. 3. 2, 1-5  LOCATION  OF  THE  POSITION  OF  MAXIMUM  RADIAL  STRESS 
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7.3.2.}.  (Cont’d) 

Stress  formulas  for  unrestrained  thin-walled  cylindrical  tubes  are  now  presented. 

If  the  thickness  of  the  wall  "b-a"  is  small  in  comparison  with  the  inner  radius  "a"  of  the 
cylinder,  then b  ,  .  b-a  where  b-a  Therefore,  log  ^  _  log  <l  -t- ,  b-a 

a-1-"  —  — a  a  a 

so  that  for  a  thin-walled  imrestrained  cylindrical  tube  the  stress  at  the  boundaries  are  given 
approximately  by 


^°^zz'r=a' 


-Ea{T.  -  T^) 
'  2(1-:/) 


(-1?) 


^‘^00  W  ^zzV=b' 


Ea;(T.  -  T  )  ,  ,  v 

^  1  o'  (  1  _  b-a  1 

2(1-*/)  V  3a  y  ’ 


where  is  negligible. 


It  is  now  assumed  that  end  displacement  is  completely  prevented.  This  condition 
is  exemplified  by  a  cylinder  with  completely  restrained  ends.  The  formulas  for  the  radial 
and  tangential  stress  components  are  the  same  as  for  the  unrestrained  case.  The  axial  stress 
is  modified  by  the  stress  necessary  to  prevent  axial  displacements.  The  additional  stress  "K" 
necessary  to  prevent  axial  displacements  is 


-Ea(T.  - 


f  1- 

log  I  L  ^ 


and  the  total  stress  is  o 


=  K  +  CT  where  a  is  given  by  Eq.  (4). 

Total 


7. 3. 2. 2  Transient  Thermal  Stresses  in  Circular  C?ylinders 


This  paragraph  presents  the  determination  of  transient  thermal  stresses  in  long 
unrestrained  cylinders  subject  to  temperatures  which  vary  only  with  the  radial  coordinate  and 
the  time  t  ,  and  where  inertia  effects  are  ignored. 

For  solid  cylinders,  the  following  results  are  presented: 

The  radial  and  tangential  stresses  for  a  solid  cylinder  (Reference  7-4)  are 


-  Ea.  r  JL 

Eg  1 

®e©  l-v  2  j 
a  o 


rTdr  + 


■  ?/: 
*  ^/: 


rTdr  -  T 


where  a  is  the  radius  of  the  cylinder,  E  is  Young's  Modulus,  v  Poisson' s  Ratio,  or  the 
coefficient  of  linear  expansion  of  the  solid,  and  T  its  temperature  at  radius  r. 
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zero,  then 


SLnce  the  resultant  of  the  normal  forces  over  the  cross  section  of  the  cylinder  is 


*^zz  *^rr  ^  ^00 

The  direct  application  of  Eqs.  (1)  and  (2)  would  require  a  knowledge  of  the  temperature  dis¬ 
tribution.  liie  heat  transfer  problem  from  which  the  temperature  distribution  is  determined 
will  not  be  considered  here. 

The  temperature  distributions  and  the  non-dimensional  stresses  for  the  following 
transient  problem  are  found  in  Reference  7-5, 

Case  L  Thermal  stress  in  the  cylinder  o<r<a  initially  at  constant  temperature  T 
whose  surface  is  kept  at  temperature  T^  for  t>o. 

Tables  7. 3. 2. 2-1  and  7. 3. 2. 2-2  give  values  of  )‘^rr  ^nd  ^^°^00 

Eq<T^-Tj)  Ea(T^-Tj) 

Kt 

as  functions  of  the  dimensionless  parameters  r/a  and  where  K  is  the  ther  al 
diffusivity  of  the  material  and  is  defined  by  sl 

„  _  (thermal  conductivity) _ 

(mass  density)  (specific  heat) 

Case  H:  Thermal  stresses  in  the  cylinder  o<  r  <  a,  initially  at  uniform  temperature  T 

with  heat  transfer  between  the  cylinder  and  a  medium  at  temperature  T^  for  t  >  o.  ’ 

It  is  assumed  that  the  normal  gradient  of  temperature  at  the  surface  is  directly 
proportional  to  the  difference  between  the  surface  temperature  and  the  medium.  This  relation 
is  expressed  by 

t(T-Tj)]^  .  0  (3) 

9T  I 

NOTES;  (1)  h  =  0  corresponds  to  no  heat  transfer  (complete  insulation),  =  0 

(2)  h  =  00  corresponds  to  infinite  heat  transfer,  T|  Tj  (Case  I) 

Therefore,  the  results  will  involve  three  dimensionless  parameters  which  are 
most  conveniently  taken  as  — i,  —  and  ah.  In  Figures  7, 3. 2. 2-1  and  7. 3. 2.  2-2,  respectively , 


the  values  of  _t)  Ea(T  -T,) 

'  o  1  o  1 

ah  =  5  and  values  of  ^  ranging  from  0  to  1. 0. 


as  functions  of  are  shown  for 

SL 


To  illustrate  the  way  in  which  the  stresses  vary  with  ah,  the  variation  with 

r 

of  the  surface  tangential  stress,  cr  for  -  =  1,  is  shown  in  Figure  7.3. 2. 2-3  for  ah 
values  of  0.2,  0.5,  1,  2,  5,  10,  20,  and  oo. 
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FIGURE  7. 3. 2. 2-2  NONDIMENSIONAL  TANGENTIAL  STRESS  AS  FUNCTION 

OF  FOR  THE  CASE  ah  =  5 
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FIGURE  7. 3. 2. 2-3  NONDIMENSIONAL  SURFACES  TANGENTIAL  STRESS  AS 
FUNCTION  OF  WITH  ah  AS  A  PARAMETER 
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FIGURE  7. 3. 2. 2-4  NONDIMENSIONAL  SURFACES  TANGENTIAL  STP.ESS 
FOR  A  HOLLOW  CYLINDLR  WITH  OUTER  SURFACES 
AT  TEMPERATURE  T^  AND  INNER  SURFACE  INSULATED 
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For  hollow  cylinders,  the  solution  of  the  thermal  stresses  is  more  complicated 
than  that  of  solid  cylinders  because  of  the  additional  (inner)  boundary.  A  parametric  study 
becomes  very  unwieldy.  As  an  example,  a  particular  case  of  a  hollow  cylinder  will  be  con¬ 
sidered  in  which  the  outer  surface  (r=b)  is  kept  at  an  elevated  temperature  for  t  >o  and 

9T  i  ^ 

there  is  no  loss  of  heat  from  the  inner  surface =0.  Figure  7.3.2. 2-4  presents 
(1-*'  r-b  2 

the  ordinate  - -  against  Kt/a  for  values  0,  0.25,  0.5,  and  0.75  of  the  ratio 

a/b.  It  appeu's  that  the  values  for  the  solid  cylinder  are  reasonable  approximations  to  those 
for  the  hollow  cylinder  only  in  the  c.i.ie  of  fairly  thick-walled  cylinders. 
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SECTION  8  -  STRUCTURAL  ASSEMBLIES 


Tixe  structural  elements  analyzed  in  this  Manual  are,  in  almost  all  cases,  integral 
components  of  a  complete  structural  assembly.  TTie  beams  analyzed  in  Section  4,  for 
example,  are  usually  components  of  a  larger  frame  or  beam-like  structure;  the  purely 
monocoque  shells  analyzed  in  Section  7  are  components  of  a  larger  semimonocoque  stiffened 
structure. 

In  all  such  cases  the  boundaries  or  edges  of  each  structural  subsystem  are  subject  to 
the  restraint  of  adjacent  structure.  Since  the  over-all  structure  is  an  integral  assembly,  the 
deflections  at  the  boundaries  of  adjacent  structural  components  must  be  compatible  with  each 
other.  This  section  considers  the  mutual  interaction  of  these  components,  thereby  providing 
the  tools  necessary  for  the  over-all  structural  analysis. 

The  following  symbols  are  used  throughout  this  section: 

f  hifluence  coefficient 

h  Thickness 

r  Radial  coordinate 

Eh^ 

D  Flexural  rigidity  = - ^ 

I2{l-v  ) 

E  Young'  6  modulus 

H  hiteraction  force  per  unit  of  length 

M  Interaction  moment  per  unit  of  length 

P  Uniform  normal  pressure  on  bulkhead 

O'  Coefficient  of  linear  thermal  expansion 

5  Radial  deflection 

6  Rotation 

0  Angle  between  the  normal  to  shell  surface  and  axis  of  revolution 

AT  Elevated  temperature  with  respect  to  base 

Subscripts 

1 , 2  Shells 

B  Bulkhead 

H,M  Due  to  edge  interaction  loads  and  moments,  respectively. 
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8.1  SHELLS  OF  REVOLUTION  WITH  BULKHEADS 

This  sub-section  considers  the  interaction  of  shells  of  revolution,  under  axi- 
symmetrlc  loading  (mechanical  and  thermal),  with  transverse  circular  bulkheads  lying 
perpendicular  to  the  axis  of  revolution  (Figure  8. 1-1  (a)). 

For  general  shells  of  revolution,  the  analysis  Is  approximate,  giving  reliable 
results  within  the  limitations  spelled  out  in  Sub-sections  7.1  and  7.2.  For  cylindrical 
shells,  die  analysis  is  rigorous  according  to  thin  shell  theory. 

hi  order  to  determine  die  interaction  stresses  at  the  junction  of  shell  and  bulk¬ 
head  components,  the  deflections  and  slopes  at  the  unjoined  shell  and  bulkhead  edges  are 
first  determined  (Figure  8. 1-1  (b)). 

The  deflections  and  slopes  6' ,  6’  and  ,  0*  at  the  unjoined  shell  edges,  due 
to  axisymmetric  thermal  and  mechamcal  loads,  cw  be  aetermlned  1^  the  methods  of 
Section  7.  The  bulkhead  is  considered  to  be  a  circular  plate  (with  or  without  a  concentric 
hole).  Its  edge  slope  and  deflection,  ©^  and  6^,  for  radially  symmetric  transverse  lohd 

may  be  determined  from  a  plate  bending  analysis.  Hius,  as  shown  by  Tlmoskenko,  ♦  for  a 
uniformly  loaded  solid  circular  plate  free  to  rotate  at  the  outer  edges  (Figure  8.1-2), 


®’b  = 


and  5*  rv»0. 


After  the  unjoined  edge  deflections  have  been  determined  as  above,  edge  moments 
and  loads  are  applied  (Figure  8.1-l(c)),  such  that  the  radial  deflections  and  changes  in  edge 
slopes  of  the  shell  components  and  the  bulkhead  are  all  equal,  and  the  joint  is  in  equilibrium. 
These  conditicHis  require  that 

"  «1  =  «B  ^  «2  <2) 

©1  ^  e"i=  ^®B  =  ®2^  ®2  ’ 


Mj  +  Mg  +  Mg  =  0 


«1  "  «B  "  »2  =  «  • 

where  the  double  primes  refer  to  the  effects  of  the  edge  interaction  loads  (M,  H).  However, 
the  edge  deflections  and  rotations  due  to  the  interaction  loads  can  be  written  as 


II 

*c 

^IH 

«1 

+ 

'iM 

Ml 

©«  = 

^H 

«1 

+ 

^1m 

Ml 

(4) 

«2  = 

^2H 

»2 

+ 

^2M 

“2 

♦  Timoskenko,  S. ,  "Theory  of  Plates  and  Shells, "  McGraw-Hill  Book  Co. ,  Inc. 
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8.3 


8.1  (Cont'd) 


(a)  Integral  Shells  and  Bulkhead 


6’ 


4>.  n 


(h)  Deflections  of  Unjoined  Shell  and  Bulkhead  Edges 


Hi  Hg 


M„ 


(c)  Interaction  Loads  at  Joined  Shell  and  Bulkhead  Edges 

FIGURE  8. 1-1  DEFLECTIONS,  LOADS  AND  MOMENTS  AT  A  SHELL  AND 
BULKHEAD  JUNCTION 
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8.1  (Cont’d) 


0"  =  f*  •  M 
B  BM  “3 


where,  from  Paragraph  7.1.1,  for  1/  =  .30 


2.571  .  .1/2  .  r  .3/2 


EDGE  ROTATION  OF  SOLID  CIRCULAR 
BULKHEAD  DUE  TO  UNIFORM  PRESSURE 
LOADING 


(4) 

cont' d 


8.5 


8.1  (Cont'd) 

and  from  Timoshenko*  and  Figure  8. 1-1  (a), 

r  2  2  1 

+  r. 

f«„  =  I  - j  -  .30 

-  rf 


2  .  2 


r  2  ,  z  -I  T 

r  +  r, 

^BM  ""  ~2  2  ~ 

-^hJ  J 


Inserting  Eqs.  (4)  into  (2)  and  (3)  and  combining  equations,  results  in 


<flH"W  «1 

+ 

^^Bh)  «2  ^ 

(flM)  Ml 

+  0 

=  (6^-6-) 

^^BH^  **1 

+ 

^^2H  *  ^BH^  “2  ^ 

0 

M2  =(6^-6*) 

«1 

+ 

0  + 

^^IM  ^  ^BM^  Mj 

M2  =(e^-ep 

+  0 

•f* 

(f^n)  *^2 

(fj^j^)  Mj 

^^^'2M'*’^'bM^M2  "  ■  ®2^ 

Mg  =  -(Mj  +  Mg) 

Hg  =  -(Hj  -  Hg)  . 

Thus,  once  the  deflections  and  slopes  at  the  unjoined  shell  and  bulkhead  edges 
(corresponding  to  the  right  side  of  Eqs.  (7))  are  determined,  (7)  and  (8)  provide  six 
algebraic  simultaneous  equations  for  the  determination  of  the  three  interaction  forces 
(Hj,  Hg,  Hg)  and  moments  (M^,  Mg,  Mg). 

8.2  DETERMINATION  OF  INTERACTION  FORCES  AND  MOMENTS 

The  long  cylinder  shown  in  Figure  8.2-1  is  heated  to  a  uniform  temperature  of 
AT,  while  die  bulkheads  remain  unheated  (ATg  =  0).  Find  the  restraining  forces  at  the 
interior  and  end  bulkheads. 


♦  Timoshenko,  S. ,  "Theory  of  Plates  and  Shells,"  McGraw-Hill  Book  Ck). ,  Inc. 
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8.2  (Ctont'd) 


FIGURE  8,2-1  LONG  CYLINDER  WITH  INTERIOR  AND  END  BULKHEADS 


8.2.1  Solution  for  the  Interior  Bulkhead  (Figure  8.2. 1-H 


Hie  free  expansions  due  to  the  uniform  temperature  elevation  are 
=  dg  ~  raAT 

=  0*  =  e-  =  =  0  . 

Also  firom  the  ^mmetry  of  the  problem 

Mj  =  -Mg  =  M 

«B  '  ^ 

“l  -  “2  =  -  V2  =  “  ■ 

Substituting  the  above  in  Eqs.  (7)  of  Paragraph  8.1  yields  the  independent  equat-ions 


^IH  ^  2fBH)  H  +  (fij„)M  =  -raAT 


(fin)  H  +  (fiM>  ^  =  ® 

Solving  Hie  above  equations  results  in 
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8.7 


8.2-1  (Cont»d) 


^IH  '*' 


-raAT 


^BH  ■  ^IH  f' 


M  =  ^  H  . 

*1M 

where  the  influence  coefihcients  f.T  are  determined  from  Eqs.  (5)  and  (6)  of  Pamgrai^  8. 1. 


2H 

^  1 

■I  I 


-i) 


FIGURE  8. 2. 1-1  INTERIOR  BULKHEAD 


8. 2. 2  Solution  for  the  External-  Bultvhead  (Figure  8. 2. 2-1) 


As  in  the  case  of  the  interior  bulkhead, 

=  raAT 

6^  =  e*  =  =  0  . 

Also,  for  equilibrium  of  the  joint  (Eqs.  (8)  of  Paragraph  8. 1) 

Ml  =  -Mg  =  M 
Hi  =  -Hg  =  H 

Substituting  the  above  in  Eqs.  (7)  of  Paragraph  8.1  yields  the  independent  equations 
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SECTION  8  -  STABILITY  OF  STRUCTURES 


Hie  solution  of  the  structural  problem  requires  the  determination  of  the  displacement 
due  to  a  given  loading.  As  the  magnitude  of  compressive  loading  Is  increased  a  limiting 
value  is  approached  at  which  a  small  lateral  force  will  produce  considerable  lateral  deflec¬ 
tion.  This  limiting  value  Is  called  a  critical  Ruckling)  load  at  which  the  structure  becomes 
metastable.  This  section  is  concerned  with  a  discussion  of  the  criteria  of  stablli^  and  the 
characteristic  deformation  modes  of  structures  (eigenvectors).  Methods  to  calculate  the 
budding  load  from  the  eigenvectors  or  to  approximate  the  budding  load  by  detersnlning  u^Jer 
and  lower  bounds  are  presented.  The  effect  of  neglecting  vai'ious  flexibilities  is  discussed 
and  formulations  are  presented.  The  effects  of  eccentricity,  plasticity  and  temperature  are 
discussed  qualitatively.  Non-dimensional  buckling  curves  and  examples  which  include  the 
effects  cS  uniform  temperature  and  creep  are  also  presented. 

The  following  symbols  are  used  throughout  this  section; 


Sj  Coefficients  of  eigenvectors  defining  the  lateral  deflection 

b  Length  of  half  wave  of  buckle  (length  of  pin-connected  colunm,  width  of  plate) 

e  Distance  from  shear  center  to  line  of  action  of  transverse  shear  V. 

f  Deflection  pattern  or  eigenvector;  Average  thickness  of  sandwich  faces 

h  Thickness  of  plate;  Centroldal  thickness  of  sandwich  plate 

h^  'Ihlckness  of  sandwich  core 

k  Stability  constant 

1  Length  of  column 

m  Virtual  internal  moment  due  to  a  unit  virtual  force 

q  Lateral  load  Intensity 

r  Distance  from  shear  center 

t  Thickness  of  plate;  Time 

u  Displacement 

Uj  Eigenvector 

w  Lateral  displacement 

Wq  Maximum  lateral  displacement;  Mtial  approximation  of  lateral  displacement 

w  .  Slope  in  j  direction 

f  J 

w  Change  of  slope  (aegatlve  of  curvature) 

f 

x,y,z  Distances  along  coordinate  axes 


Area;  Linear  operator 
Effective  transverse  shear  area 


Constant  coefficient 

Stiffness  of  Isotropic  plate 

Stiffaess  associated  with  the  moment  M. . 

ij 


Initial  (Young' s)  modulus 


Effective  stability  modulus 


Secant  modulus  = 


€  -aT 
a 


E.J,  Tangent  modulus  =  d  €  /do 
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Generalized  I'orce  or  buckling  load 
Buckling  load 

Buckling  load  c  jnaidering  bending  energy  orly 

Buckling  load  considering  transverse  shear  energy  only 

Buckling  load  conside>:ing  torsional  energy  only 

Secant  shear  modulus 

Shear  modulus  of  core 

Moment  of  inertia  of  cross  section 
Non-dimensional  stability  constant 
Potential  energy 
Complementary  energy 
Moment  on  i*^  plane  in  the  j  x  z  direction 
til  til 

Load  on  plane  and  in  j  “  direction 

Torque  acting  on  cross  section 
Temperature 


Change  in  strain  energy  due  to  a  \ix*tual  displacement 
Change  in  coinplsmentary  strain  energy  due  to  a  virtual  force 
Transverse  shear  load  on  cross  section;  '^olume 

Change  in  potential  energy  of  external  loads  due  to  a  virtual  displacement 
Change  in  potential  energy  of  external  displacements  due  to  a  virtual  force 


Transverse  shej-r  stiffness  of  cross  section  =  /  E„dA„ 

r  2  V  s  V 

E,dA 

r  2 

Torsional  stiffness  of  cross  section  -  /  GgT  dA 

Coefficient  of  linear  thermal  expansion 
Kronecker  delta  =  1  if  i  =  j 
=  0  if  i  j 

Strsin 

Strain  component  associated  with  stress  component  o- ; 

Strain  due  to  stresses 

Ratio  of  bending  stiffness 
Curvature  -  rate  of  change  of  sloir; 

Eigenvalue  associated  with  eigenvector  u.  and  buckling  load  F. 

Constant  -  Lagrungian  muUJplier 
Poisson'  8  ratio 

Radius  of  gyratlor.  of  cross  section 
Stress 

•Stress  on  : '  plane  in  j  dJ  rectiou 

Shear  stress 

Subscript,  denoting  critical  value 


Bending  stiffness  of  cross  section  = 
Axial  stiffness  of  cross  section  =  J 
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9.3 


9. 1  STABILITY  CRITERIA 

A  structure  will  deform  under  given  loading  and  boundary  conditions  in  such  a  manner 
as  to  make  the  potential  energy  stationary.  As  the  load  is  increased,  the  structure  deforms 
more  and  more  into  one  of  its  characteristic  buckling  patterns.  The  buckling  pattern  for 
which  the  strain  energy  is  a  minimum  for  given  boimdary  displacements  is  called  the  lowest 
eigenvector  of  the  stnicture  and  corresponds  to  the  lowest  buckling  load  (or  eigenvalue). 

More  generally,  the  eigenvectors  are  those  deformation  patterns  for  which  the  potential 
energy  is  stationary  with  respect  to  an  arbitrary  virtual  displacement.  Consequently,  the 
eigenvectors  also  satisfy  the  Euler  Equilibrium  Equation.  This  equation  is  obtained  by  a 
calculus  of  variation  procedure  which  makes  the  potential  energy  stationary. 

Any  initial  eccentricities  of  the  structure  can  be  e3q)ressed  as  the  sum  of  eigenvectors. 

As  the  load  is  applied  and.  increased,  the  magnitudes  of  the  eigenvectors  (which  define  the  dis- 
ulacement  of  the  structure)  will  increase.  The  percentage  increase  (of  the  order  of  1  ) 

1-f/Fj 

is  greatest  for  the  smallest  eigenvector  (corresponding  to  the  smallest  characteristic  loadF.  =  Fj) 


and  becomes  exceedingly  large  as  F 


Thus  the  structure  will  tend  to  buckle  in  the 


lowest  eigenvector  mode  no  matter  what  initial  eccentricities  exist.  (The  eccentricify  can 
even  be  in  the  form  of  a  small  lateral  disturbance  to  a  straight  column. ) 

It  is  possible  to  investigate  the  stability  of  a  structure  by  examining  the  change  in  the 
potential  energy  (5L  =  5  U  -  6W),  defined  in  Paragraph  1.  7.  2. 1,  due  to  an  arbitrary  virtual 
displacement  which  satisfies  -'•estraining  displacement  boundary  conditions. 

Consider  an  eccentric  column  (Figure  9.  l-l(a))  which  Is  in  stable  equilibrium  under  the 
force  and  displacement  ^sterns  Fj^,  u^.  For  an  arbitrary  virtual  displacement  the  re¬ 
ciprocal  theorem  (Paiagraph  1. 7. 1)  yields 

dL  =  0  .  (la) 

Further,  since  the  column  is  in  a  state  of  stable  equilibrium,  then  according  to  the  minimum 
potential  energy  theorem  (Paragraph  1.  7. 2. 3), 

5^L>  0  .  (lb) 

When  the  load  on  the  column  becomes  equal  to  the  so-called  buckling  load  F^^  (Figure 9.  l-l(b)), 
♦.he  column  deflectione  can  vary  over  a  wide  range  with  only  small  variations  of  this  load.  To 
all  intents  and  purposes,  the  deflections  Ug  are  arbitrary  and  the  column  is  considered  to  be 

in  a  state  of  nietastable  equilibrium ,  for  which 

=  0  .  (Ic) 

Another  form  of  metastable  eqtiilibrium,  involving  the  complementary  potential,  occurs 

if  a  stop  is  placed  imder  one  end  of  the  column  (Figure  9.  l-l(c).  ir.  this  case,  additional  load 
l3  absorbed  ry  the  stop,  and  the  forces  F„  for  a  given  deflection  u„  are  abitrary ,  with  the  re¬ 
sult  that 

6L*  ==0  .  (Id) 

If  the  column  is  initially  straight  (actually,  this  can  never  be  achieved)  and  a  load  F^,  greater 
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9.1  (Cont'd) 

than  F  is  applied  (Figure  9. 1-l(d)'.,  a  small  lateral  displacement  5u^  will  cause  the 

column  to  buckle.  The  straight  colunrn,  in  this  case,  is  considered  to  be  in  a  state  of  un¬ 
stable  equilibrium,  for  which 

5L  =  0 

5  <  0  . 

The  criteria  of  stability  are  summarized  below. 


Stable  Equilibrium 


6h  =0;5  L>0 

dL*  =  0;  «\*>0 


Metastable  Equilibrium: 

(a)  Arbitrary  Displacement 

(b)  Arbitrary  Forces 


dL  =5  L=0 
«L*  =a^  L*=0 


Unstable  Equilibrium 
-  Deflections 


5L  =0;  6  L<  0 


2  2 
where  dL,  6  L  are  varlatluis  due  to  virtual  displacements  5u,  and  dL*,  d  L*  are  variations 

due  to  virtual  forces  (or  stresses)  5  F. 

Employing  Eq.  (4)  will  result  in  the  solution  for  the  buckling  load  provided  u  is  the 
eigenvector.  If  u  is  not  the  eigenvector,  then  employing  Eg.  (4)  results  in  a  buckling  load 
for  a  stiffer  structure  (d  U  expressed  in  terms  of  displacements)  which  is  higher  than  the 
buckling  load  of  the  actual  structure.  Employing  Eq.  (5)  results  in  a  displacement  for  a  more 
flexible  structure  (d  U*  expressed  in  terms  of  the  forces)  which  can  be  utilized  to  obtain  a 
buckling  load  lower  than  that  of  the  actual  structure. 

The  first  variation  (d  L)  can  be  viewed  as  the  difference  in  potential  energy  between  a 
system  defined  by  the  true  forces  and  displacements  and  a  system  defined  by  the  true  forces 
but  assumed  displacement  (which  is  the  true  one  modified  by  a  virtual  displacement).  The 
variation  (6  L)  is  zero  (and  the  potential  Is  stationary)  when  the  assumed  displacement  happens 
to  be  the  true  displacement.  The  second  variation  (d^L)  can  similarly  be  envisioned  as  the 
change  in  potential  for  the  system  of  the  true  loads  and  fee  assumed  displacements  when  sub¬ 
jected  to  a  similar  virtual  displacement.  Thus  fee  stability  of  a  structure  can  be  investigated 
by  assuming  a  deflection  pattern  and  evaluating  fee  change  in  potential  of  such  a  system  when 
subjected  to  a  virtual  displacement  having  the  same  pattern  as  the  assumed  displacement.  In 
such  a  case,  this  change  in  potential  energy  6  L  is  in  effect  a  second  variation  upon  fee  true 
potential  energy.  Similar  arguments  can  be  applied  to  the  complementary  potential  (L*). 

The  conditions  for  metastable  equilibrium  as  defined  by  Eqs.  (4)  and  (5)  can  be  redefined 


au  =6W  (J) 

6U*  =  6W*, 

where  6  U  is  in  terms  of  the  assumed  strain  pattern  and  6  is  in  terms  of  the  assumed  stress 
pattern. 
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9. 1. 1  Stability  By  Eigenvectors 

The  Euler  Equilibrium  Equation,  which  expresses  the  internal  equilibrium  of  the 
structure  in  terms  of  the  displacements,  is  obtained  by  determining  the  condition  that  the 
displacements  must  satisfy  in  order  to  make  the  potential  energy  stationary.  The  method 
of  obtaining  the  Euler  Equation  is  shown  in  Paragraph  9. 1. 1. 1.  The  solutions  to  these  equa¬ 
tions  are  the  possible  deflection  modes  of  the  structure  and  are  called  eigenvectors. 

The  solution  of  the  Euler  Equilibrium  Equation  for  the  eigenvectors  "Uj"  contains  an 
eigenvalue  "X.”  which  is  a  function  of  the  buckling  load.  Techniques  for  obtaining  the  buck¬ 
ling  load  are  ^shown  in  Paragraph  9. 1. 1. 2.  The  buckling  load  depends  upon  the  boundary 
conditions  (types  of  supports,  aspect  ratio)  and  the  loading  conditions.  The  exact  solution  for 
the  eigenvalues  can  only  be  obtained  in  a  limited  number  of  cases  in  which  the  exact  solution 
of  the  Euler  Equilibriiun  Equation  can  be  obtained.  Solutions  for  rectangi^lar  plates  with 
various  types  of  boundary  conditions  and  loadings  are  shown  in  Figures  2  and  14  to  26  of  Re¬ 
ference  9-1.  These  solutions  as  well  as  solutions  for  other  geometries  and  loadings  can  be 
found  throughout  the  literature;  for  example  References  9-2  and  9-3.  This  information  should 
be  utilized  in  a  manner  described  in  Sub-section  9. 2  to  determine  the  buckling  stress. 

In  general  the  solutions  are  quite  complex,  and  approximate  methods  are  attempted 
which  place  upper  and  lower  bounds  upon  the  buckling  load.  Properties  of  the  eigenvectors  and 
the  eigenvalues  are  described  in  Paragraph  9. 1. 3.  Some  approximate  methods  and  the  effects 
of  these  approximations  will  be  discussed  in  Paragraph  9. 1. 4  These  methods  utilize  the  energy 
principles  ^scussed  previously. 

9. 1. 1. 1  Euler  Equilibrium  Equation 

The  method  for  obtaining  the  equilibrium  equation  for  a  rectangular  plate,  with  trans¬ 
verse  shear  energy  neglected,  is  indicated  in  the  following.  The  potential  is  minimized  by  a 
fimction  defined  by  the  equilibrium  equation.  Symbols  are  defined  below  and  in  Figure  9. 1. 1.1-L 

a..  Stress  component  acting  on  i*^  plane  (plane  perpendicular  to  i^^  direction)  and 

y  actbig  in  j  direction 

Nonnal  stress  on  x  plane  acting  in  x  direction 

a  Shear  stress  on  x  plane  acting  in  y  direction 

e,.  Strain  component  associated  with  stress  component  cr.. 

*3  til  th 

Ny  Load  per  unit  of  length  acting  on  i  “  plane  and  in  j  “  direction 

Normal  load  per  unit  of  length  on  x  plane  and  in  x  direction 

N  Shear  load  per  unit  of  length  on  x  plane  and  in  y  direction 

xy 

w  Deflection  in  z  direction 

q  Lateral  load  per  unit  of  area  in  z  direction 

My  Moment  per  imit  of  length  action  on  ith  plane  in  the  j  x  z  direction 

M^  Moment  per  unit  of  length  acting  on  x  plane  and  in  x  x  z  =  -y  direction, 

causes  rotation  (bending)  about  the  y  axis 

M  Moment  per  imit  of  length  acting  on  x  plane  and  in  y  x  z  =  x  direction; 

^  causes  rotation  (twist)  about  the  x  axis 

2 

9  w 

w  ,,  Negative  of  curvature  = 
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9.1.1. 1  (Cont’d) 


dxdy 


+  -- 


(-1) 


8°  M_ 

8x“  ^.xx...x 


(2) 

Cont*  d 


Therefore, 


0=  -l-C^W  ,)  ,-(N^»y),,-(N,g,».)y-%V,y»[D„‘»,«''‘'",w>]  , 


XX 


[2(l-w)D  w  +  D  (w  +v  w  ) 

'  '  xy  ,xy  L  yy'  .yy  .x^J  . 


(3a) 


yy 


Let 
I  = 


-q  =  lateral  load 

n  =  -(N  w  )  -  (N  w  )  -  (N  w  )  -  (N  w  ) 

XX  ,x,x  xy  ,y  ,x  '  ^y  ,y\y  '  yy  ,y',y 

=  lateral  contribution  of  in-plane  loads  when  plate  deforms  (first  derivative  c  '  shear). 


where 

na  = 


-N _ w  _ -2N  w  -N  w 

XX  ,xx  xy  ,xy  yy  ,yy 


=  contribution  for  non-changing  in-plane  loads 


nb  = 


-w  (N_  +  N  )  -  w  (N  +  N  ) 

,x'  xx,x  xy,y'  ,y '  yy,y  xy,x' 


=  contribution  for  changing  in-plane  loads 


ffl  = 


M  2M  +  M 

xx,xx  xy.jy  yy,yy 


=  effects  of  lateral  contribution  of  moment, (second  derivative  of  moment). 


where 
TTTa  = 


D  w  _ +  2D  w  +D  w 

XX  ,xxxx  xy  ,XJQ^  yy  ,yy 


=  moment  effects  for  isotropic  plate 

mb  =  vv  _  f  D  -  2D  +  D  1 

,X3Qry  [  XX  Jy  yyj 
=  effects  due  to  v  (zero  for  isotropic  plate) 

me  =  I  2D  w  _ +D  w  +D  w,  +2 

L  xx,x  ,xxx  xy,y  ,xyx  jgr.x  ’xyy 

=  effects  of  changes  in  stimiess  and  curvature 

[D  w  -D  w  -D  w  +  D  w  _ 1  2  v 

xx,x  ,yyx  3Qr,y  ,;^x  j^,x  ,xyy  yy,y  ,X3yJ 

=  effects  of  V  for  changes  in  stifbiess  and  curvature 


w  ] 

.y  .yyyj 


md  = 


WADD  TR  60-517 


9.10 


9. 1. 1. 1  (Cont'd) 


nie  =  D _ w  +  2D  w  +  D  w  I 

L  xx.xx  ,xx  xy>^  .39^  yy.yy  *3^  J 

=  effects  due  to  change  in  stl^ess 

nif  =1/(0  w  -2D  w  +D  w  1 
■'L  x*.xx  .yy  jy.xy  yy.yy 

=  effects  due  to  v  for  changes  in  stlffoess. 


o=i  +  n  +  in 

o  =  i  +  na  +  iib  +  ma  +  mb  +  me  +  md  +  me+  mf . 

The  linear  elastic  isotropic  plate  with  constant  loads  results  in  the  simple  form 
0  =  I  +  Ha  +  ma 


where 


0=-q-  N _ w  -  2N  w  -N  w  +DV  w 

^  XU  , XX  Jy  yy  ,yy 


4 

V  w  =  w  +  2w  +  w 

,xxxx  ,X30ry  ,yyyy 


12(1-1/2)' 

The  problem  of  a  non-linear  anisotropic  plate  results  in  an  exceedingly  complex  equation 
with  ncm-linear  coefficients  and  recourse  must  be  made  to  approximate  procedures. 

9. 1. 1. 2  Budding  Load 

The  buckling  load  of  a  structure  can  be  found  by  determining  the  eigenvalue  which 
permits  ncm-trivial  solutions  to  the  Euler  Equilibriinn  Equation.  The  lowest  load  which  satis¬ 
fies  an  eigenvalue  is  the  buckling  load  of  the  structure. 

The  technique  is  illustrated  for  a  pin-ended  column  of  cemstant  stiffiiess.  More  com¬ 
plex  illustraticms  can  be  found  in  various  texts,  including  References  9-2,  9-3,  and  9-4. 

Example:  Simply  supported  column  of  constant  stiffiiess  (neglecting  shear  energy) 


nCURE  9. 1.1. 2-1  PIN -ENDED  COLUMN 
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Equation  <4b)  of  Paragraph  9. 1.1.1  is  used  where  D  =  El,  =  F  &  q 
Nyy  =  0  and  deflection  w  is  independent  of  y. 

Hie  Euler  Equilibrium  Equation  becomes 

.2„ 

El  +  F  =  0  , 


N  = 
xy 


where 


General  Solution : 


w  =  (Cj^  +  C2X)  +  Cg  cos^  X  sin  x 


(Simple  Sqiports): 


w(9)  =  w  (1)  =  0 

4.2  4.2 


=  Cg  =  Cg  =  0  and.yx  =  nx/l  ^isanint^er) 


•'•A,  =i 


for  a  non-trivial  soluticm. 


F  2  2 

\  =  ^  ° 2^- -  (Eigenvalue) 


*n^  ^  (Critical  Loads) 

x^EI 

F,  =  — 5 —  =  Budding  Load  =  Lowest  Critical  Load 
1 


Successive  eigenvectors  and  corresponding  critical  loads  are  listed  in  Figure 
9. 1.1. 2-2.  Note  that  the  deflecticm  amplitudes  w^^^  —  w^g  are  undetermined. 
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9.1.2  Stability  by  Virtual  Work 

It  has  been  shown  that  when  the  structure  buckles,  it  buckles  in  the  eigenvector  shape. 
For  this  situation,  changes  in  virtual  strain  energy  (dU)  are  equal  to  the  changes  in  virtual 
work  (6W).  Ihe  principle  is  again  illustrated  for  this  coliunn: 


Let 

where 

and 

Then 


w  =  w^f;  fiw  =  fiw^f 

Wq  =  maximum  deflection 
f  =  eigenvector  of  the  structure. 


V*o/,  El  ff„  dx.FWo«''o/^ 


ft 


=  F  =  buckling  load  . 


(3b) 


(3c) 


SimilaiV,  expressing  the  moment  and  change  in  curvatures  for  a  pin-ended  column 
(M  =  -Fw,  w(0)  w  j^(0)  =  0,  w(l)  =  w  j^(l)  =  0). 

The  following  is  obtained: 
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and  integrating  by  parts  the  following  alternate  expression  is  obtained: 

n 


F  =  -■ 


f  f  ^dx 

iXX 


f  11 

'O  El 


Note  that  this  is  true  only  if  f  symbolizes  the  eigenvectors.  For  a  pin-ended 
column  fj  =  sin  ,  which  yields  the  critical  loads 
2  2  - 

F  =  T - >  (Eq.  (4a)  of  Paragraph  9. 1. 1. 2) 

11 

llie  same  critical  loads  would  result  if  an  initial  eccentricity  is  assumed. 

Tlie  eigenvector  f  (which  is  obtained  by  solving  the  Euler  Equilibrium  Equation) 
may  be  exceedingly  difficult  to  obtain.  However,  one  can  use  the  properties  of  eigenvalues 
(P^agraph  9. 1.3)  or  the  energy  principles  to  obtain  aoproximate  solutions  to  the  buckling 
load. 

9.1.3  Properties  of  Eigenvectors  (Deflection  Modes)  and  Eigenvalues  (Critical  Loads) 


The  following  properties  of  eigenvectors  and  eigenvalues  are  of  use  in  the  determination 
of  the  stability  of  structures  by  direct  or  approximate  procedures.  The  properties  are  illus¬ 
trated  for  a  one-dimensional  problem  but  can  be  extsnded  to  the  two-dimensional  case. 

(1)  An  eigenvector  is  a  deformation  pattern  compatible  with  the  boundar3  .:onditions  of  the 
stmcture  which  makes  the  potential  energy  of  the  structure  stationary,  i. e. ,  p  Lj  ^  =  0. 

(2)  The  eigenvectors  of  a  structure  with  homogeneous  boundary  conditions  are  orthogonal 
to  the  curvatures  of  the  eigenvectors.  When  the  eigenvectors  are  orthonormal  (weir¬ 
ing  functicm  is  unity),  then 

/u.  u.  dx  =  6.. 

1  J  y 

(3)  Associated  with  each  eigenvector  is  an  eigenvalue  which  is  associated  with  a  buckling  load 
of  the  structure-  The  eigenvalues  are  non-decreasing  for  the  structural  problems  con¬ 
sidered. 


(4)  Restricting  the  possible  (admissible)  classes  of  functions  which  can  be  eigenvectors  cannot 
result  in  a  reduction  of  the  buckling  load.  This  is  equivalent  to  saying  that  additional  re¬ 
straints  at  the  boundary  can  only  increase  the  stability  of  the  structure.  The  less  re¬ 
strained  the  boundary,  the  lower  the  buckling  load,  which  increases  as  boundary  goes 
from  free,  to  simple  supported,  and  to  clamped. 

(5)  The  addition  of  restrictions  within  the  structure  is  equivalent  to  stiffening  the  boimdary 
conditions  Oproperty  4).  Thus  the  addition  of  another  support  at  the  center  of  a  column 
can  increase  the  stability  four-fold. 

(6)  If  two  structures  have  the  same  cross-sectional  stiffiaess  and  boundary  conditions  but  the 
size  of  one  is  smaller  than  the  other,  then  the  eigenvalue  of  the  first  is  never  less  than  the 
second.  Urns,  the  stability  of  structures  with  identical  boundary'  conditions  is  never  less 
for  the  smaller  structure.  A  short  column  is  more  stable  than  a  long  column  and  a  square 
shear  panel  is  more  stable  than  a  rectangular  shear  panel  that  has  the  same  boundary  con¬ 
ditions  and  smaller  side  equal  to  that  of  the  square. 
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(7)  If  two  structures  have  the  same  geometry  aud  boundary  conditions  but  the  sti^esses  of 
one  structure  is  greater  at  each  corresponding  point  than  the  other  structure,  then  the 
buckling  load  of  the  first  is  at  least  as  great  as  the  second.  Thus  if  the  bending  sti^ess 
of  a  column  varied,  the  critical  load  for  this  column  would  lie  between  the  critical  loads 
for  similar  columns  with  constant  bending  stifbiesscs  equal  to  the  largest  and  smallest 
value  of  the  bending  stiffness  of  the  colunm  in  question. 

(8)  The  Uj  eigenvector  has  J-1  nodes  in  the  interior  of  the  structure.  The  sub-division  of  a 

structure  into  elements  bounded  by  nodes  permits  analysis  of  the  sub-structure  without 
considering  compatibility  of  deflections. 


(9)  A  continuous  (compatible)  deflection  can  be  taken  as  a  sum  of  weighted  orthonormal 
eigenvectors. 

w  =  2  Uj  where  a^  =  J*w  u.  dx 

(10)  The  orthonormality  of  the  eigenvectors  simplifies  operations  upon  a  function  which  is 
expressc  1  in  terms  of  the  eigenvectors.  Continued  operations  (iterations)  causes  the 
resulting  function  to  be  heavily  weighted  in  favor  of  the  extreme  eigenvalue.  If  the 
extreme  eigenvector  is  not  known,  then  any  arbitrary  smooth  function  (it  is  assumed  that 
the  sought  after  eigenvector  is  the  extreme  component  of  this  function)  will,  upon  iteration, 
approximate  the  eigenvector.  The  eigenvalue,  or  buckling  load,  can  &en  be  found. 


Let  A  be  any  non-singular  operation  where 


AUi  =  ^i  ^  Ui  &  ^i  Ui  -  A~^  Uj 


(e.g. ,  let  A  Uj  = 


_  d^Uj 


,  A 


dx 


=  -jju.dxdx,\j  =  -jg|-). 


LetWo  -  Z  a.  u^  ,wherewQ  =  initial  approximation  of  the  lateral  der°^tion. 


Aw_ 


=  A  Z  (aj  Uj)  =  Z  a^  (Aup  =  Z  (a^  A^"^)  u^  =  w^ 


A(Aw^)  =  =  2  aj  Aj  ^  (Auj)  =  Z  (Sj  X~'^)  Uj  =  w^ 

a“wq  =  Z  (ajXj““)Uj  =  Wjj  Oi  =  0,  1,  2....  ) 


-2. 


(la) 


(lb) 


w 


w. 


Z  ai  Xj  “  Uj 


n+1  Z  aj  Xj 


-(B+1) 


^  Xj^  Z  aj  Uj  +  Z  a^  Uj  (X^  ~  ) 

Z  a.  Uj  +  Z  aj  Uj  (Xj"“"^  -  X"“"^) 


ac) 


For  tile  structural  problems  considered  it  is  assumed  that  Xj<  X^  .  Consequently, 


lim  ^n 


n>a>  w. 


n+1 


-  Xj  . 


(Id) 
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OperaUag  upon  an  atisumed  deflection  pattern  resulta  Ic  a  calculated  deflection  pattern 
which  is  closer  to  the  true  buckling  pattern.  If  the  assumed  deflection  patteru  is  the 
true  one,  then  t^e  opeAatlon  gives  the  eigenvector  modified  by  a  constant  Au,  =  u.. 

Thus  if  Wjj  were  exactly  a^  u^  then 


w. 


=  \  • 


lie) 


w 


The  ratio 


w. 


n+1 


will  vary  along  the  length  of  the  column  (except  when  w  is  an  eigen¬ 


vector).  Tbis  ratio  will  have  a  maximum  and  minimum  value  for  different  values  of  x. 
It  is  noted  in  paragraph  16  of  Reference  9-2  that 


V-'n^ 


F  /  w 

<  _e?.  <  __a„ 

Min  ^  ~  Vn+l 


Max 


(If) 


A  lov/er  boimd  on  the  buckling  load  can  be  found  by  employing  this  principle.  The 
technique  is  to  assume  an  initial  eccentricity  of  the  column  Wq  and  determine  the  deflec¬ 
tion  w.  due  to  an  axial  load  F  F~!!!o  dxdx  with  applicable  boundary  conditions) 

.  The  ratio  at  the  point  of 


'0  *0  El 

and  determine  the  maximum  and  minimum  ratio  of 


w. 


maximum  deflection  usually  results  In  a  lower  oound  on  the  buckling  load.  Closer 
approximations  will  result  if  the  process  is  repeated  with  the  new  deflection  patiem. 


(11)  An  upper  bound  can  be  obtained  by  a  scalar  product  method  as  follows  since  A 

J  (A~^  Uj^)  (up  dx  J A,  Uj’ 


-1 


A.  u. ,  the  following  ic  obtained: 
i  1  " 


u.  = 
1 


dx 


Similarly, 


J’(«P  (up 

I 


==  A 


dx 


(A  w)  w  dx 
(w)  (w)  dx 


dx 


i  * 


J(S  A~^  aj  up  (2  a.  up  dx 

/  2(aj  up  2  (aj  up  dx 
/ (2  a,  A.  u.)  (2  a.  u.)  dx 
^2  (a^  up  2  up  dx 

A^  2  +  2  (A^  -  Ap 


(2a) 


2ap 


(2b) 


since  a^^  (A^  -  A^)  >  0  . 

.  /  (A~^  w)  (w)  dx 

/  (w)  (w)  dx  - 


-  1 


(2c) 


If  A  ^  w  = 


dV 


dx 
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then  from  Eq.  (2c) 


(2d) 


dx 


> 


Assuming  any  w,  and  operating  upon  the  assumed  function  as  shown  in  Eq.  (2c),  results 
in  a  value  which  is  never  less  than  the  lowest  eigenvalue.  The  evaluation  of  the  eigen¬ 
value  Ruckling  load)  is  relatively  insensitive  to  the  inaccuracy  of  the  assumed  deflection 
In  both  cases  (10  and  11),  equality  results  when  the  assumed  value  w  is  the  eigenvector 
Sj  and  the  difference  is  small  when  w  is  approximately  a^^  . 

9.1.4  Approximate  Methods  of  Determining  Stability 


The  solution  to  the  differential  equilibrium  equation  may  be  quite  difficult  to  determine 
directly.  Approximate  solutions  are  obtain  from  energy  considerations.  The  physical  argu¬ 
ments  parallel  the  properties  of  eigenvalues  noted  in  Paragraph  9.1.3.  A  deflection  pattern 
(w)  is  chosen,  corresponding  to  the  given  boundary  conditions,  and  is  hoped  to  be  a  good  approx¬ 
imation  to  the  first  eigenvector.  This  corresponds  to  applying  a  virtual  displacement  to  the 
a'tual  structure.  The  solutions  are  presented  for  the  colunm  but  the  technique  can  be  extended 
to  all  structures .  Ihe  stiffness  (El)  is  retained  inside  the  integral  sign  to  permit  equations  to  be 
applied  to  structures  of  variable  stiffness  such  as  occur  when  structures  are  subjected  to  variations 
-’I  temperature. 


The  deflection  can  be  assumed  as  a  single  function  or  a  sum  of  such  functions.  The 
assumed  deflection  can  be  employed  to  produce  a  upper  and  lower  bounds  on  the  stability  by 
appropiate  manipulations.  A  sum  of  tunctions  with  undetermined  coefficients  provides  a  means 
whereby  the  upper  and  lower  bound  solutions  may  be  made  to  approach  each  otoer  as  closely  as 
desired.  The  closer  the  assumed  deflection  curve  is  to  the  true  deflection  curve,  the  closer 
the  approximation  to  the  buckling  load. 


9. 1.4.1  Single  Functions 


Assuming  a  displacement  pattern  Is  equivalent  to  increasing  the  stiffness  of  a  structure 
by  adding  additional  restraints.  The  buckling  force  calculated  by  the  Method  of  Virtual  Displace¬ 
ments,  where  the  strain  energy  is  expressed  in  terms  of  the  assumed  deflection,  will  be  greater 
than  the  actual  buckling  force.  Employing  the  Method  of  Virtual  Forces,  where  the  complementary 
strain  energy  is  expressed  in  terms  of  the  actual  force,  would  result  in  an  overestimate  of  the 
deflection  (flexibility)  of  the  structure  and  a  lower  bound  on  the  buckling  load. 

9. 1.4. 1.1  Upper  Bound 

Assuming  a  compatible  displacement  pattern  with  the  corresponding  strain  distribu¬ 
tion  results  in  a  larger  estimate  of  the  strain  energy  when  expressed  in  terms  of  the  displace¬ 
ments.  The  buckling  load  in  this  case  will  be  an  upper  bound  on  the  actual  buckling  load. 

5U  >  6W 


Let  w  =  w^f  where  f  need  not  be  the  eigenvector. 


Ihen 


j. 


XX 

dx 


dx 


>  F. 


a) 
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This  equation  is  identical  to  £q.  (2d)  of  Paragraph  9.1.3  and  becomes  Eq.  (3c)  of  Paragraph 
9. 1.2  when  the  assumed  deflection  pattern  is  the  eigenvector. 


Similarly  it  can  be  concluded  for  the  usual  boimdary  condition  where  (1)  (f  )  is 


identically  zero  at  the  boundaries  (e.g. ,  simple  or  clamped)  that 


>  F  . 


f 

f  dx 

i 

dx 

,xx 

J 

.X 

f2 

El 

■  dx 

r  f2 

El 

dx 

(2a)  and  (2b) 


The  inequality  e^qpressed  by  Eqs.  (2a)  and  (2b)  is  usually  smaller  than  £q.  (1)  and 
should  be  employed  in  obtaining  an  upper  bound.  The  approximation  of  the  derivatives  of  the 
sissumed  deflection  pattern  to  the  derivatives  of  the  eigenvector  pattern  becomes  more  in¬ 
accurate  as  the  order  of  the  derivatives  increases. 

It  is  important  that  the  assumed  deflection  shape  should  have  no  component  of  de¬ 
flection  modes  which  correspond  to  the  buckling  of  the  structure  with  some  restraints  removed 
The  assumed  deflection  must  satisfy  all  the  boundary  conditions  (restraints)  of  the  structure. 
This  represents  a  structure  with  the  same  or  more  restraint  than  the  actual  structure  and  re¬ 
sults  in  an  upper  bound  on  the  buckling  load.  Thus,  if  a  column  has  a  center  support,  then  the 
assumed  deflection  must  similarly  have  zero  deflection  at  the  center  of  the  column. 

9. 1.4. 1.2  Lower  Bound 

Assuming  a  force  and  stress  distribution  is  equivalent  to  imderestlmating  the  stiff¬ 
nesses  and  overestimating  the  displacements  of  the  structure.  Employing  the  Principle  of 
Virtual  Force  and  expressing  the  complementary  strain  energy  in  terms  of  an  assumed  stress 
distribution  results  in  a  calculated  deflection  which  is  greater  than  the  actual  deflection.  This 
inequality  can  be  employed  to  obtain  a  lower  bound  on  the  buckling  load.  A  closer  bound  is 
obtained  when  the  maximum  deflection  is  computed. 

The  hinged  column  is  analyzed  by  taking  a  virtual  force  at  the  center  of  the  colunm 
and  resisting  it  at  the  hinged  ends. 


FIGURE  9. 1.4. 1.2-1  VIRT*’AL  FORCE  ON  PIN-ENDED  COLUMN 
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The  iacreased  flexibility  due  to  assuming  a  stress  distribution  results  in  an  over¬ 
estimate  of  the  deflection. 


.  • .  6  U*  (F)  >  6  W* 

J-k6  U  >  Wq6  F 

.  Fw  { 

‘  ‘  El  V* 


0-x)if  >  w„6F 


Since  w  =  w^f  where Wq=  deflection  at  the  center,  the  following  is  obtained: 


•dx  + 


El 


In  general 


TT 


where  f  is  the  assumed  deflection  mode  =  1  at  point  of  virtual  load  and  where  mis  the  virtual 
internal  moment  on  the  structure  due  to  virtual  unit  load. 

Equation  (1)  is  the  ratio  of  the  deflection  at  the  center  before  and  after  the  axial 
load  is  applied.  Tbe  resulting  deflection  pattern  is  closer  to  the  actual  eigenvector  than  the 
original  assumed  value.  This  deflection  pattern  can  be  obtained  by  integrating  the  curvature 
w  =  w^  f  fl.e. ,  f.,  =  //  f  dxdx  and  f-  (1/2)  =  1)  and  employing  the  new  deflection 

mode  in  Eq.  (2b)  of  Paragraph  9. 1.4. 1.1  and  Eq.  (2)  of  this  paragraph,  to  obtain  closer  boimds. 
Ilus  can  be  continued  until  the  difference  between  &e  upper  and  lower  bounds  is  within  acceptable 
limits  (the  upper  bound  is  usually  the  closer  of  the  two). 

The  lower  bound  technique  described  above  is  mathematically  similiar  to  the  pro¬ 
cedure  shown  in  Paragraph  16  of  Reference  9-2. 

Example:  Pin  ended  column  of  constant  El 


Let  w 


,  (zero  deflection  at  ends  x  =  0,  1  but  with 
“2  *  curvature  at  the  ends  representing  some 

^  moment  restraint) 

=  X  a-x) 


=  (fAl  a-2x) 
=  -8/1^  . 
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Ui^r  Bound: 

Using  Sq.  (2b)  of  Paragraph  9. 1.4. 1.1, 


ae/i^)/^  V 


^  (1-4/2  ^4/ 


ae/i  ) 


x2fl-x) 


Lower  Bound: 


Using  Eq.  (2), 


/•1/2  /•! 

/  -i-  dx  +/ 

jo  l2  El  ‘^ji/2i2 


El  \  3  4  5/ 


El  \24  64 


9.6EI 


9.6EI  .  „  ^  10.0  El 

•  •  —  S  !-„  <  . 

. .  TT^  El  9.8697  El 

Ihe  buckling  load  =  - 5 - =  - 5 - 

r  r 


Closer  Bounds: 

4x 

A  loading  of  Fw^^  =  F  -^(I-x)Wj^q,  upon  integration  results  in 

w  =  J6x  i  w 

^^2  51  j2  ^  ^20' 

Repeating  the  above  operations  with  the  closer  approximation  results  in 


9.836  El 

,2 


<  F  < 
cr 


9.871  El 


Closer  bounds  are  more  probable  if  the  assumed  deflection  pattern  matches  the 
boundaiy  conditions  identically.  The  upper  boimd  procedure  is  a  Rayleigh-Ritz  method  in 
which  a  fimction  with  a  limited  number  of  undetermined  coefficients  is  assumed,  llie  coeffi¬ 
cients  can  be  uniquely  determined  by  satisfying  the  boundaiy  conditions  identically.  The 
function  _  _ 


96 

31 


satisfies  the  requirements  of  zero  deflection  and  moment  at  the  ends  x=0,  I  and  would  result 
in  upper  and  lower  bounds  which  are  quite  close 
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9. 1.4. 2  Multiple  Functions 

Hie  closer  the  assumed  deflection  pattern  is  to  the  true  deflection  pattern,  the  closer 
is  the  approximation  (see  example  In  Paragraph  9. 1.4. 1.2).  It  is  convenient  to  take  the  assumed 
deflected  shape  as  a  sum  of  functions,  with  undetermined  coefficients,  which  correspond  to  known 
eigenvector  solutions  of  the  equilibrium  equation  for  structures  which  are  similar  to  the  actual 
structure  (e.g. ,  slightly  different  boundary  conditions).  Since  the  eigenvectors  are  orthogonal, 
the  energy  is  easily  calculated  as  a  function  of  the  squares  of  undetermined  coefficients  (a^^). 

The  coefficients  (relative  weight)  to  be  assigned  «^o  the  functions  are  determined  by  making  the 
potential  stationary  with  respect  to  the  undetermined  coefficients  f  9L  =  q\  if  the  energy  is 

\9aj^  ' 

expressed  in  terms  of  the  displacements  and  the  functions  satisfy  boundary  conditions  which  are 
the  same  or  more  restrained  than  the  actual  structure,  then  the  resulting  solution  must  be  an 
upper  bound.  (See  Eq.  (2a)  of  Paragraph  9.1.3).  An  adequate  number  of  terms  representing  the 
deflection,  each  with  less  restrained  boundary  conditions  would  result  in  a  lower  bound.  If  the 
individual  functions  do  not  satisfy  the  actual  boundary  conditions,  then  a  constraint  (Lagrangian 
Multiplier)  relationship  can  be  imposed  among  the  coefficients  (in  additional  to  _  qj  gQ 

3a. 

the  total  assumed  deflection  (2^u.)  satisfies  the  boundary  conditions.  It  is  shown^in  Reference 
9-4  that  a  termwise  matching  oi  tfie  higher  derivatives  (e.g. ,  slope  w  ^)  with  an  over-all  matching 
of  the  lower  derivatives  (e.g. ,  deflection  w)  results  in  a  more  rapid  cbnvergence  (closer  bounds). 
Some  methods  of  obtaining  an  upper  bound  by  assuming  functions  which  satisfy  boundary  conditions 
of  equal  or  greater  restraint  are  known  as  the  Rayleigh-Ritz  and  Galerkin  Methods.  The  upper 
bound  is  the  solution  of  a  structure  which  is  stiffer  (more  restrained)  than  the  actual  structure. 

The  "Rayleigh-Ritz  Method"  is  an  extension  of  Eqs.  (1)  and  (2)  of  Paragraph  9. 1.4. 1 
to  multiple  functions  where  the  coefficients  are  selected  to  minimize  the  potential  energy.  The 
"Galerkin  Method"  is  an  application  of  the  principle  of  virtual  work.  If  the  lateral  displacement 
n 

is  w  =  2  a,  Uj,  then  the  stationary  property  of  the  potential  (6  L  =  0)  requires  that  the  virtual 
i=l  ^  ^ 

energy  of  the  virtual  lateral  displacement  6w  =  u.  6  a.  acting  over  the  equivalent  lateral  load  as 

^  ^  4  2 

expressed  by  the  equilibrium  equation,  Eq.  (3)  of  Paragraph  9. 1.1.1,  (i.e.  DV  w  -  NV  w  -  q  =  0) 
must  be  zero: 


j (DV^ w  -  N  •  V^w  -  q)  6  (a.  u.) j  dxdy  =  0 
J*{dV^  (2  a.up  -  N  •  (2  ajUj)  -  q  )u.  dxdy  =  0. 


Equation  (lb)  is  a  set  of  n  simultaneous  equations  which  determines  the  best  value  of  the  coeffi¬ 
cients  of  tte  n  functions  for  obtaining  a  close  upper  bound.  ITie  Galerkin  Method  usually  results 
in  a  closer  or  more  rapidly  convergent  upper  bound. 

The  Trefftz  Method  obtains  upper  and  lower  bounds  by  assuming  deflection  patterns 
which  represent  less  restraint  at  the  boundaries.  Selecting  coefficients  which  make  the  potential 
stationary  and  simultaneously  satisfy  the  given  boundary  (constraint)  conditions  results  in  a  com¬ 
puted  upper  bound  upon  the  buckling  of  the  structure.  Ignoring  some  of  the  boundary  constraint 
conditions  results  in  a  new  computed  stabilify  which  is  less  than  the  originally  computed  one. 

Care  must  be  taken  with  the  Trefftz  Method  since  a  sufficiently  large  number  of  functions  must  be 
employed  before  the  lower  value  can  be  assumed  to  be  a  lower  bound.  The  deflection  pattern  must 
be  fairly  accurate  or  it  is  possible  that  the  computed  buckling  load  with  the  less  restrained  boundary 
may  overestimate  the  stabilify.  Employing  only  a  few  terms  may  overestimate  the  internal  energy 
within  the  boundary  to  overcompensate  for  the  lower  energy  in  the  region  of  the  boundary. 
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The  computational  techniques  for  multiple  fimctions  are  illustrated  in  two  very  simple 
examples.  These  techniques,  though  powerful,  cannot  be  shown  advantageously  in  the  simple 
problems  presented. 


Example  of  Rayleigh-Ritz  Method  -  Column  of  non-constant  sti^ess  with  pin  ends: 


El  =  "J;  D,  0  <  X  <  1/2  where  17  <  1 
El  =  D,  l/2<  X  <  1 


FIGURE  9. 1.4. 2-1  PIN-ENDED  COLUMN  WITH  VARIABLE  STIFFNESS 


Assume  a  deflection  w  =  S  ao_  ,  sin 

n=l  ^ 


_  IT  „  .  (2n-l)7rx 

^x  ■  1  (2n-l)  a2^_j  cos  ^  j 

11=1 


w 

dx2 


,.2  .  (2n-l)7ix 

2  (2n-l)  a  sm-i-j-L_ 

1  n=l 


Each  term  of  this  deflection  pattern  satisfies  boundary  condition 


w(o)  =  w(l)  =  0 


and  is  a  eigenvector  for  columns  of  constant  EL  They  are  orthogonal  in  the  region  0  to  1/2. 


For  an  elastic  structure 


2L  =J  El 


'2  \2 
d  w  \ 


«1  .  4 
2L=J  D  ^  a^_j  sin^  —  dx  ^  (7}-l)  D  -^(2n-l)^  sin^ 


0  1 


,2  (2n-l  )irx 


dx 
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9. 1.4. 2  (Cont’d) 
Since 


f'  P°-»)»?  dx  =  r*  008^  ■(^■f>*=‘  dx  =  I/2 

•'o  *  *'0 

•'0  ^ 


.*.  2L  =  -^^-r  ^  <2ii-ir  +  -^(77  -1)  D^  2  (2n-l)-’  ^^n-i 


.4  2 


T 

1^ 


‘^2 


2L  = 


--^^i-^<2n-l)"4-l  • 

3  2:  (2n-l)^  -  4'  ^  ^  <2n-l)2 


21 


and 


8L 

*2n-l 


ir^  1+17  4  2 

^  D-V^<2n-l)%2„_j  --^  F  (2n-l)2  a2^_,  =  0  ; 


1 


&2a-i  ~  ®  ^  ~  (2n-l) 


F  min  occurs  at  n  =  1. 


JL_  kn  ^ 

j2  2 


F  = 


D 


AjLV 


1" 


and  0  =  ag  =  Hg  = 


Hie  calculated  critical  load  is  the  same  as  that  for  a  column  of  constant  average 
stiffiiess  which  is  an  upper  bound  to  the  true  solution  with  increasing  inaccuracy  for  smaller 
values  of  77  .  ignoring  the  even  eigenvectors  ^or  computation  simplicity)  is  justified  by  the 
lower  internal  energy  level  of  the  first  eigenvector  but  permits  only  symmetrical  buckling 
modes.  The  error  is  an  overestimate  of  the  stability  due  to  the  fact  that  the  actual  deflection 
is  not  fully  described  by  the  odd  eigenvectors  alone  (when77  1 . ) 

Ebcample  of  the  Trefftz  Method  -  Clamped  column  widi  constant  £1,  determination  of 
upper  bound: 


FIGURE  9.1. 4. 2-2  CLAMPED  COLUMN 


Let 


Then 


w 


=  2  a^  cos 


(2i-l)7PC 

1 


w  ^  =  -2  (2i-l) aj  sin 


■s 

¥. 


I 


I 


I 


1 


.5 


I 


J 
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9.1.4. 2  (Ctont'd) 
where 


k  = 


EIt 


=  ratio  of  buckling  load  to  Euler  buckling  load. 


1" 


Solving  the  above  equation  for  n  =  2,  3,  4.  5,  ...  gives  an>roximate  value  F  =  5  Fg,  4.63  Fg, 

4—2  PT 

4.45  Fg,  4.35  Fg,  ...  which  converges  to  F  =  4  Fg  =  - - — . 

More  rapid  convergence  would  occur  if  the  slopes  at  x  =  ±1/2  were  satisfied 
identically  by  employing  an  odd  sine  series  and  a  constraint  condition  on  the  deflections 

(2  a.  sin  P-~P—  =  01.  Tills  would  result  In 
.  i  1  n  1 

1=1  E  - TTJ^ - 2 - i  =  ®* 

[(2i-ir-  kj 


9.1.5 


1=1  (21-1)2 
Shear  Energies 


Ignoring  the  strain  energy  due  to  shear  is  equivalent  to  overestimating  the  stijffiiess 
of  the  structure  and  results  in  hi^er  calculated  buckling  load.  Ignoring  the  axial  strain  energy 
does  not  affect  the  stability  calculations  if  the  axial  work  of  external  loads  is  ignored.  These 
conclusicxis  become  obvious  upon  examination  of  the  potential  of  the  column  in  which  the  trans¬ 
verse  shear  and  torsional  energies  should  be  considered. 


n 


1 


a 


i 


i 


I 


-a 

I 

I 

I 


■I 


When  a  column  is  axially  loaded,  it  deflects  laterally  due  to  initial  eccentricities. 

The  slope  (w  )  of  the  column  gives  rise  to  a  transverse  shear  load  as  shown  in  Figure  9. 1.5-1. 

The  equivalent  transverse  shear  load  (V)  acts  with  the  equivalent  axial  force  F  at  the  centroid 
of  the  effective  areas  of  the  cross  section.  Twisting  due  to  a  torsional  moment  Q  will  occur 
if  the  transverse  shear  vector,  acting  in  the  direction  of  the  lateral  deflection,  does  not  pass 
through  the  shear  center  of  the  cross  section.  The  loads  acting  upon  the  cross  section  can  be 
defined  as  follows: 


M  =-Fw 
V  =  Fw 

Q  =  eFw  . 

9  ^ 


aa) 

ab) 

(Ic) 


a? 


Examining  the  change  in  potential  due  to  a  virtual  displacement, 

=  «U- «W=  aUjj +6U„ +  5u^ +6U4  -  (6W„ +6W^ +6W„)  -  6W4  =  0, 


M 


Q 


where 


6  =  change  in  bending  strain  energy 

5  Uq  =  change  in  torsional  strain  energy 

6  Uy  =  change  in  transverse  shear  strain  energy 

5 =  change  in  axial  strain  energy 
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+  6Wy)  -  6W 

> 

II 

© 

II 

o> 

(#) 

dx 

II 

Oi 

{-kj 

dx 

Jv5 

(^) 

dx 

=  Jf« 

(^) 

dx 

(2a) 


i 

1 

,  I 
I 


9.1.5  (Cont'd) 
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9,1.5  (Cont'd) 


^  ^MQV  ~  ''^M  ^  ^  ^Q  ^  ^  ''^V  ~  ^  potential  energy  of  the  external  loads  (assuming  in¬ 


extensibility) 


=  ^ »  [/t  (-f )  ->*] 


6  W .  =  change  in  potential  energy  of  external  loads  due  to  axial  deform- 
ation  of  the  cross  section  =  F  6  J 


e  =  distance  from  shear  center  to  line  of  action  of  the  transverse 
shear  V 

M  =  moment  acting  on  cross  section  =-Fw  ^ 

V  =  transverse  shear  load  on  cross  section  =  F  -3 — 

dw 

Q  =  torque  acting  on  cross  section  =  ®  ^ 


El  =  bending  stiffness 


JG  =  torsional  stif&iess 


=  jEgZ  dA 
=  Gg  r'^  dA 


A^G=  transverse  shear  stiffness 


=  Gg  times  effective  shear  area 


Eg  =  secant  modulus 


e  -  aT 


The  changes  in  axial  energy  are  exactly  equal  since 


'>Ua-«»'a'  a  «(^)  <fc-  F  «  /f-  dx  =  F  6/(^  -  -i-)  d*  =  0- 


Equation  (2a)  becomes 


6Uj^.6U^.6Uq-6W^q^  =  0. 


Substituting  the  equivalent  expression  containing  F  into  Eq.  (2c)  results  in 


-  F  6 


(i  ”.x)} 


dx  =  0 


''or  = 


,x  (a^  '  ■fe')}*  ■  ^/”.x  «”,x  *  '  "■ 

_ /t,x  dx _ 

7-^^/‘,x(46  * 


f‘.l  ^  f\l  ^ 


The  bending  solution  always  overestimates  the  stability  of  the  structure  since  it 
assumes  infinite  shear  stiffness  A,^G  and  JG.  Comparing  stability  Eq.  (4a)  of  Paragrah  9.1.2 
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9.1.5  (Cont'd) 

with  £q.  (3b)  above  indicates  that  the  true  stability  is  smaller  since 


is  a  non- 


JG 

is  constant,  i 

to 

**? 

■  ,X 

"M 

J 

IT  ^ 

=  buckling  of  column  with  infinite  shear 
stif&ess , 


1-^-1— ^£- 


2 


‘or  F„  ■ 

1  .-M  t  ^ 

fy  "-Q 

Tnis  is  analagous  to  springs  in  series  where  F  is  the  effective  stiffness  of  the  thre«  springs  and 


Fj^  is  die  stiffness  of  the  bending  spring  =  — ^ - .  Fy  is  the  stiffness  of  the  transverse 

shear  spring  =  CyAyG.  Fq  is  the  stiffness  ol  the  torsion  spring  =  — ^ —  JG. 

Cm  (EIA^ 

^  =  — c — ; - r-^ - — rr~ 

Cy  Cq  jg  (,  i  j 

If  any  spring  is  very  flexible  as  compared  to  the  other  springs  then  the  effective  stiffness  of  the 
springs  in  series  is  approximately  equal  to,  but  slightly  less  than,  the  stiffness  of  the  very  flex¬ 
ible  spring.  Thus  when  the  shear  and  torsional  springs  are  very  stiff,  the  bending  solution  pre¬ 
sents  a  good  upper  bound  approximation  to  the  stability  of  the  structure.  Similarly,  if  a  structure 
is  relatively  weak  in  shear  (e.g. ,  a  sandwich  construction  with  a  soft  core),  when  the  value  AyG 

represents  a  good  upper  bound  upon  the  stability.  The  torsional  effect  is  usually  Insignificant  for 
closed  sections  (large  J)  or  sections  symmetrical  about  the  axis  perpendicular  to  the  bending 
axis  (e  =  0). 


9.1.6 


Plasticity  and  Eccentricit 


The  Euler  equation  becomes  non-linear  when  the  bending  stiffness  becomes  a  function 
of  the  applied  load  N  and  the  deflection  w  and  its  derivatives.  The  lateral  deflections  w  increases 
with  load,  and  the  moment  acting  on  the  section  increases  at  a  much  greater  rate  than  the  load. 
Instability  occurs  when  the  rate  of  increase  of  external  moment  becomes  greater  than  the  struc¬ 
ture  can  generate  by  an  increase  in  internal  moment  (bending  stiffness  times  curvature).  The 
load  and  moment  on  the  cross  section  tend  to  reduce  the  bending  stiffness  when  the  stresses 
exceed  the  proportional  limit.  The  computed  stability  of  the  structure  with  elastic  properties 
must  be  an  overestimate.  Tne  effect  of  the  plasticity  of  the  material  can  only  reduce  the  stabi¬ 
lity  and  can  only  be  approximated  (References  9-1  through  -6)  at  the  present  state  of  the  art. 
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Preliminary  investigations  (References  9-1  through  -8)  have  indicated  that  for 
structures  of  small  initial  eccentricities,  an  upper  bound  on  stability  is  obtained  when  the 
stif&ess  is  computed  assuming  an  effective  m^ulus  of  the  material  equal  to  the  secant 
modulus  (Eg)  of  the  mean  stress  on  the  cross  section.  A  lower  bound  is  obtained  when  the 

effective  modulus  is  the  tangent  modulus  (E.p).  When  the  initial  eccentricity  is  large,  how¬ 
ever,  the  stability  can  be  below  the  cangent  modulus  load.  References  9-5  and  -6  consider  the 
case  of  plates  and  columns  of  small  initial  eccentricities  where  the  bending  stiffnesses  (D^^, 

D  )  are  assumed  to  have  an  effective  modulus  of  E.„  and  the  twisting  stiffnesses  (D  =  D  )  are 

YS  T  ^  '  xy  yx' 

assumed  to  have  an  effective  modulus  of  Eg.  The  relative  weight  of  the  moduli  is  determined  by 

the  boundary  conditions  and  the  resulting  (assumed)  deflection  patterns  (w  ..  and  w  ..).  The 

» 

solutions  are  dependent  upon  an  assumption  of  isotropy  of  the  material  defined  by  an  octhohedrai 
stress-strain  law  (Section  3)  and  a  constant  Poisson  ratio  of .  5  (which  slightly  overestimatJS  the 
stability).  The  stability  criteria  obtained  in  this  manner  are  presented  in  non-dimensiona’  form 
in  subsection  9.2. 


The  effect  of  eccentricity  is  quite  pronounced  since  it  initiates  plasticity  at  an  earlier 
load  and  causes  the  bending  stiffness  to  decrease  more  rapidly.  The  bending  stiffness  is  reduced 
by  the  high  stresses  and  the  shifting  of  the  neutral  axis.  Both  these  effects  reduce  the  slabii’ty 
of  the  structure.  The  eccentricity  can  cause  large  deflections  of  the  structure  which  can  change 
the  initial  geometry  and  cause  rapid  buckling  towards  a  lower  buckling  mode  as  exemplified  by 
some  shell  structures. 

The  effect  of  curvature  on  the  stability  is  qualitatively  described  below .  The  quanti¬ 
tative  effect  of  initial  conditions  upon  the  stability  of  the  structure  remains  to  be  determined. 

The  effect  is  discussed  for  a  pin-ended  column  but  can  be  applied  to  most  structural  problems. 

d^w 

For  a  pin-ended  column  M  =  El  — =  =  El  w  and  M  =  -  Fw.  As  tiie  load  increases, 

dx*^ 

the  change  in  internal  moment  6  (El  w  )  must  equal  the  change  in  external  moment  6  (Fw). 


El  6  w  ^  +  w  _ 6  (El)  =  F6w  +  w6F  . 

,xx  ,xx 


When  the  column  buckles,  6 F  =  0. 


6w 


F  = 

EI 

,xx 

6w 

6w 

,xx 

6w 

+  w 

,xx 

= 

El 

+  w 

,xx 

II 

Ui 

EI 

♦  w 

,xx 

6EI  \ 
6w  ) 

.XX  , 


MEI) 

6w 

6(E1)- 

6w 

,xx 

6w 


For  i:;a  independent  of  the  loading  it  can  be  shown  that 


F  = 
M 


/eI  f  dx 
-  J  |XX 


Ei(x)  6w 


6w 


,  XX 


6w 


/‘.X 


,xx 


dx 


6w 


(la) 


(lb) 


(10) 


Thus,  for  an  EI  which  varies  with  ♦he  loading,  a  comparison  of  Eqs.  (lb)  and  (Ic)  leads  to 


WsSc^^Sg^S.’s;-  sJ.:«5^«i!Si®p«SiiJ-»<¥ra^^^  *'^'^|^ 


9.1.6  (Ck)at‘d) 


#2  . 
^xx  ^ 


M 


dx 


(2) 


where  w  =  w^f . 


Employing  D  for  El  generalizes  the  results.  When  the  structure  is  linear  elastic 

«-  -o), 

6D 


6w 


the  classical  residt  is  obtained.  If  the  stnicture  is  not  linear  elastic,  then 


,xx 


Dmustbe  modified  by  the  fcctor  AD  =  w  r-v~ — .  which  is  always  negative.  The  value  of  AD 

,xx  6cw^^> 


depends  upon  the  curvature  and  bending  stlf&ess,  which  in  turn  are  dependent  upon  the  load  level 
and  the  eccentricity. 


D  is  reduced  as  the  material  is  stressed  beyond  tha  proportional  limit;  this  reduces  the 
effective  modulus  aod  shifts  the  bending  axis.  If  the  eccentricities  are  small,  then  the  expx-ession 
in  the  bracket  (D  +  AD)  can  be  approximated  by  moduli  corresponding  to  the  average  stress  (e.g., 
£.jj  is  a  lower  bound  for  a  colunm).  If  the  eccentric!^/  fs  not  small  (this  may  occur  due  to  thermal 
deflections),  then  the  stability  may  be  below  the  ''Tangent  Modulus  Stability. " 


Temperature 


The  application  of  hent  to  a  structuru  reduces  the  stlf&iess  of  the  structure,  causes  de¬ 
formations.  end  may  cause  compatibility  forces  at  the  boundaries  and  internal  stresses.  These 
effects  in  general  will  reduce  the  stability  of  the  structure. 


For  thermal  loads  it  is  essential  to  define  the  axial  stiffness,  as  well  as  the  rotational 
and  lateral  stiffnesses,  of  the  supports  since  the  temperature  will  try  to  make  the  supports  move 
relac've  to  each  other  and  wili  generate  boundary  forces  to  satisfy  compatibility  at  the  boundary, 
dxese  compatibiilty  forces  will  affect  the  stability  of  the  structure. 


If  the  axial  and  rotational  stifteesses  of  the  supports  are  zero  (unrestrained),  then  the 
temperature  reduces  tb^  moduli  of  the  material,  changes  the  initial  eccentricity  of  the  structure, 
and  may  generate  internal  stresses  to  enforce  the  internal  compatibility  condition  that  strains  in 
a  cross  section  be  in  a  plane. 


Calculation  of  the  buckling  load  is  quite  simple  if  it  is  assumed  that  the  structure  re¬ 
mains  elasti.c  up  to  die  buckling  load.  In  that  case  the  bending  stif&iess  is  simply  computed  at 
each  crose  section  where  the  modulus  varies  (due  io  temperature)  at  every  point  in  the  cross 
sectiGit  (Paragraph  4.1.!  illustrates  tb.e  computation  tectoique.)  lire  over-all  stability  is  then 
computed  as  a  structure  with  a  space  variable  stif&iesa 

Jk  '2 

fe.g-.  F„  =  — 


M 


dx 


J  Ei 


dx 


The  result  will  be  lower  than  for  the  structure  wt&out  temperature  since  the  bending  otiffiiess  is 
reduced  The  effects  of  additional  eccentricities  and  internal  stresses  cannot  be  evaluated  at  the 
present  time  but  (he  probable  effect  will  be  to  further  reduce  the  stability.  For  small  eccentri¬ 
cities,  the  stress-strain  curve  of  the  material  at  temp;irature  can  be  employed  to  approxim-ate  the 
efioct  of  plasticity. 
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9.3i 


9.1.7  (Cont’d) 

If  the  axial  and  rotational  stif&esses  of  the  supports  are  not  zero,  then  compatibility 
forces  and  deformation  will  be  generated  which  may  limit  the  usability  of  the  structure.  The 
determination  of  the  compatibility  forces  and  deformation  is  quite  complex.  For  example,  a 
column  might  be  visualized  as  an  axial  and  a  bending  spring  in  series.  Compatibility  is  satis¬ 
fied  by  a  combination  of  axial  strains  and  lateral  deflections.  The  amount  of  axial  strain  (and 
load)  depends  upon  the  eccentricity  ratio  (w^/p)  and  the  slenderness  ratio  (1/p).  If  these 
ratios  are  very  small  (e.g. ,  w^  =  0  for  a  sfralght  column),  compatibility  will  be  satisfied  pri¬ 
marily  by  axial  strains,  hi  this  case  the  buckling  temperature  of  the  structure  can  be  calculated 
by  computing  the  temperature  which  will  cause  the  equivalent  buckling  strain  as  defined  in 
Paragraph  9.2.1,  i.e. ,  ^1 

_  io 


('i-VfB.Va. 

vv  w 


where  the  above  parameters  are  defined  in  Paragp’aph  9. 2. 1.  "Hie  structure  is  never  perfectly 
straight  and  the  bending  stiffness  is  usually  less  than  the  axial  stifhiess.  The  non-straight  ^ 
structure  satisfies  compatibility  at  the  boundaries  by  deflecting  laterally  (e.g. ,  u  =  f — L  w  dx) 

whenever  the  temperature  increases.  This  is  accompanied  by  an  increase  of  load  which  is  much 
smaller  than  would  occiu*  with  a  perfectly  straight  structure.  The  change  in  load  is  a  function  of 
the  initial  eccentricity.  The  non-straight  structure  never  actually  buckles  but  continues  to  de¬ 
flect.  £hap  buckles  are  probably  due  to  a  change  of  the  deflection  pattern  from  the  thermally 
induced  pattern  to  the  buckling  (eigenvector)  mode. 

Depending  upon  the  Initial  boundary  conditions  and  geometries,  there  is  a  temperature 
corresponding  to  a  given  maximum  deflection  but  this  is  essentially  different  (and  higher)  than  a 
buckling  temperature  corresponding  to  the  temperature  which  will  generate  the  mechanical  buck¬ 
ling  load  in  a  perfectly  flat  structure.  The  problem  is  graphically  represented  in  Figure  9. 1. 7-1 
which  indicates  that  the  boundary  load  may  never  attain  the  mechanic^  "stability"  load  and  that 
excessiw  deflections  which  violate  the  original  assumptions  or  destroy  the  utility  of  the  structure 
may  occur  well  before  a  "stability"  load  is  attained.  The  general  problem  is  complex  and  a  ex¬ 
position  of  analytical  techniques  that  consider  compatibility  forces,  deflections,  eccentricities, 
and  plasticity  must  be  deferred. 

9.2  Non-Dimensional  Buckling  Curves 

The  present  state  of  the  art  indicates  that  sufficiently  accurate  stability  predictions  can 
be  obtained  by  utiliziag  the  stress-strain  curve  of  the  material  at  the  given  temperature  with  some 
combination  of  the  secant  modulus  (representing  twisting)  and  the  tangent  modulus  (representing 
bending)  as  indicated  in  Paragraph  9.1.6.  Thie  immense  number  of  structural  materials  and 
operating  temperatures  makes  it  imperative  to  employ  a  non-dimensional  stress-strain  law  and 
stability  criteria.  The  non-dimensional  stress-strain  law  is  presented  in  Section  3.  The  non- 
dimensional  stability  criteria  is  developed  below  and  could  be  extended  to  include,  as  a  first 
approximation,  the  creep  buckling  of  a  structure. 


9.2.1 


Non-Dimensional  Stabilit 


The  stability  equation  can  always  be  presented  in  the  following  form: 
„  KD  ^ 


which  defines  the  condition  of  stationary  potential  for  adjacant  deflection  patterns. 
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9.2.1  (Ctont'd) 


where 


^  ®R  is 


-21=  JZ_  fs.  =^('_fs\  ^  K 
Er  "  Er  -^\eJ  -  ^  ^2 


N  =  axial  load  oer  inch  of  width 

K  =  stability  constant  defined  by  linear  elastic  parameters 
I  =  inertia  of  structure  per  inch  of  width 

b  =  length  of  buckle  (length  of  column,  width  of  plate,  etc.) 

Ej^  =  effective  stability  modulus 

Eg  =  secant  modulus 

E^  =  Apparent  initial  modulus 

A  =  area  per  inch  of  width 

D  =  bending  stif&iess  per  inch  of  width. 

The  function  on  the  right  is  a  function  of  the  non-dimensional  K,  (which  is  a  function 
of  boundary  conditions,  type  of  loading,  and  the  aspect  ratio)  and  the  non-dimensional  geometry 
parameter  1/Mr  (which  is  equivalent  to  the  slenderness  ratio  for  column  and  thickness  ratio 
for  plates).  It  is  Independent  of  the  material.  The  non-dimensional  expression  on  the  left  is 
a  function  of  the  stress-strain  curve  of  the  material,  the  magnitude  of  the  stresses  and  the 
boundary  conditions  (and  to  some  degree  on  the  geometry  of  the  cross  section).  Values  of 
Eg/Ejj^  can  be  foimd  in  References  9-1,  9-3,  9-5  and  9-6  and  Table  9. 2. 1-1. 

Since  the  secant  modulus  is  an  upper  bound  on  the  stability  (with  the  possible  expection 
for  creep  at  low  stresses), 

^  ^ 

€  <  K  I/Ab^  .  (4) 

llius,  the  median  strain  of  the  cross  section  is  never  greater  than  a  number  which 
depends  upc/tx  boundary  conditions,  type  of  loading,  aspect  ratio,  and  geometry  but  not  upon  the 
material. 

The  variation  dw  can  be  viewed  as  a  time-induced  phenomenon  which  does  not  alter 
the  equilibrium  equation  or  the  relationship  (Eq.  (3))  derived  from  energy  considerations. 

Creep  buckling  can  be  investigated  by  employing  a  strain  relationship  which  includes  time  as 
well  as  stress  and  temperature.  Instability  can  be  approximated  by  whatever  stimulations  of 
stress,  temperature  and  time  applied  to  the  material  will  cause  this  critical  strain.  A  strain 
relationship  which  includes  the  effects  of  temperature  and  time  as  well  as  stress  was  presented 
in  Section  3  and  was  employed  with  Eq.  (3)  to  obtain  the  curves  shown  in  Figures  9. 2. 1-1  through 
-5.  These  curves  should  give  approximate  results  even  when  the  stiucture  is  subjected  to 
elevated  temperatures  for  extended  times. 

Figures  9. 2. 1-1  through  -5  are  obtained  in  non-dimensional  form 
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FIGURE  9.2.1-l(a)  STABILITY  OF  SIMPLE  FREE  FLANGE.  SHEAR  PANEL,  OR  SHELLS 


9.2.1  (Coat'd) 
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-2(b)  STABILITY  OF  COLUMN  OR  PLATE  COLUMN 


9.2.1  (C<Mit*d) 


FIGURE  9.  l-3(a)  STABILITY  OF  SIMPLE-SIMPLE  PLATE 
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9.2.1  (Cont’d) 
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FIGURE  9.2.1-3(b)  STABILITY  OF  SIMPLE-SIMPLE  PLATE 


FIGURE  9.  2.  1-4  STABILITY  OF  CLAMPED-FREE  PLATE 
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FIGURE  9.2.  1-5  STABILITY  OF  CLAMPED-CLAMPED  PLATE 


9.2.1 


(Cont’d) 


E. 


from 


“R  0 

and  the  non-dlmecsional  stress-strain  law, 

E* 


(#) 


(5) 


=  (1  -  /3)  a/o-  +  p  sinh  ct/o-^  (Eq.  (2a> of  Paragraph  3. 2.1), 


In  the  following  manner. 

a) 


(2) 


(4) 


The  effective  modulus  depends  upon  the  boimdary  conditions  and  type  of  loading 
and  is  expressed  as  a  function  of  the  secant  (Eg)  and  tai\gent  moduli  (E.^)  as  tab¬ 
ulated  in  Reference  9-5  and  Table  9. 2. 1-1. 


The  stress-strain  law  of  the  material  is  assumed  to  be  characterized  by  the  three 
parameters  E^,  Oy,  and  fs;  which  can  be  obtained  from  simple  unlax 

and  long  time  tests  as  described  in  Paragraph  3.2.2.  The  value  cf 


is  computed  for  various  values  of  ff/o^  for  a  given  p;  this  value  is 


£)  / 

(3)  A  plot  of  I -g^-)  (-^)  =  !  •— }  {— x  1  versus  o/cr.  for  various  p  is  shown  in 

\%nAby  0 


Figures  9. 2. 1-1  through  -5,  The  curves  are  then  employed  to  obtain  the  stability 
of  a  structure  as  illustrated  in  the  examples  shown  below,  hi  Figures  9. 2. 1-1 
through  -3  two  graphs  for  each  effective  modulus  are  presented  to  improve  the 
accuracy  in  reading  the  curves. 


The  values  of  the  critical  strain  parameter  (KI/Ab'^)  is  defined  below  for  various 
^rpes  of  constructions. 


(a)  Column 


/  KL  \ 

O 

o 

1 

w  1 

where  C 

Q 

=  end  fixify  of  column 

P 

=  radius  of  gyration  =  y/l/A 

1 

=  Isng^  of  column 

(+)  t] 


(6) 


(b)  Plate  or  Shell 


Ab  /, 


^  &  (^) 


P 

where  k 


1  + 


\m-v)j  \  b  / 


(7) 


t 

b 


stability  constant  evaluated  in  various  texts, 
such  as  References  9-1,  -2,  -3,  and  -8. 
plate  thickness 
width  of  plate 
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9.2.1 


(Cont'd) 


(c) 


Sandwich  Constructloa  _ 

V  k 


. «  2 
4a-  V  ) 


1  + 


2  u 
T  k 

2(L-v)^ 


where  k 
h 
f 


stability  constant 

centroidal  distance  between  faces 

average  thickness  of  faces 

modulus  of  faces 

thickness  of  core 

shear  modulus  of  core 


(8) 


TABLE  9. 2. 1-1 

EFFECTIVE  MODULUS  OF  PLASTIC  STRUCTURES 
(References  9-5  and  9-6) 


IMloaded  Ends 

Type 

F  /V 

Ikiaxiai  Load 

Free  -  Free 

Column  or  Long  Plate 

Short  Plate 

(Eg/E^  [1/4  +3/4  (E^Eg)] 

Square  Plate 

V®A  L 

.134  +  .886 

Simple  -  Free 

Long  Flange 

1 

Clamped  -  Free 

Long  Flange 

<V'^A> 

.428  +  .572  -VlM  +3/4  (Ey'Sg)] 

Simple  -  Simple 

Long  Panel 

1/2  +  1/2  V  1/4  +  3/4  (E^/Es)  ] 

Clamped-  Clampled 

Long  Panel 

(Eg/E^)  [.352  +  .e4S>/l/4 +3/4  (E,j/Eg)j 

Shear 

Simple  -  Simple 

Shear  Panel 

1 

V®A 

Clamped  -  Clamped 

Clamped  Shear  Panel 

V^A 

9.2.1  (Ccnt'd) 

llie  use  of  the  non-dimensional  buckling  curves  is  illustr?.ted  in  the  following 

examples 

Example  1  -  Column  with  Shear  and  Twisiinf; 

A  sheet  stringer  whose  cross  section  is  shown  in  Figure  9. 2. 1-6  is  assumed  to  be 
hinged  at  the  ends  and  forced  to  bend  about  the  y-y  ax's  due  to  the  planar  stiffness  of  the  sheet. 


Shear 

Center 


.1  ’ 


>  ^ 

A  = 

(1.2  +  1.2)  .1  =  .24 

\  _ 
■■■'v  “ 

(1.2)  .1  =  .12 

- -J — r 

I  = 

(1.2)(.1)(.3)^  +  (1.2)(.1)( 

.3)^  + 

Bending  [ 

= 

.0108  +  .0108  +  .0144  = 

.0360 

Axis  ^ 

1  .a 

:.g.  1.2 

J  = 

(1.2  +1.2)  (.1)-  =  .0008 

— He=.»-'-' 


=  I/A  = 

1  =  31.62 

C  =  i.O 
c 


=  .15 
,2 


1  =  1000 
1/  =  .3 


FIGURE  9. 2. 1-6  SHEET  STRINGER  CROSS  S.ECTION 
Static  Buckling : 

From  Eo.  6 


(r.\ 
\  1  / 


xl 

L  V  i  / 

1  1 

J  J 

(  .15 

Viwio"/ 


7  .IS  ^ 

,  .24 

.  /  -03  \ 

"t  1  <-.0078+.  105 
.  036  1 

V iodo  ) 

'  .12 

■  \1000  / 

.0003  J 

=  .00135. 


ITie  above  calculations  a:e  independent  of  the  material  and  depend  upon  the  geometry, 
alone.  In  the  above  example,  the  transverse  sfc.ecr  has  little  effect  upon  the  stability  param.-^ar 
but  the  torsional  shear  reduces  the  stability  parameter  by  10%.  This  is  an  exceptional  case 
since  the  cross  section  is  usually  symmetrical  (e=0)  or  closed  (laege  •)). 

The  following  material  nrofievtief  can  be  assumed,  if  the  'natei'ial  is  2024ST81  al¬ 
uminum  alloy  a£  30C’F: 


E  -  lO'  psi;  i/-^3;  o  =  5  (lOr  psi  .0001 


(-^2) 

/Vb 


^  (.00135)  =  2.7 
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9.2.1  (Cont'd) 

From  Figure  9.2.1-2(a)  or  -2(b) 
a/a^  =  2.7  . 

The  stress  Is  linear  elastic  since 


KI 


Ab 


The  buciding  stress  cr  is  obtained  as 
cr 


cr  or 
o 


cr^  =  (2.7)  5(10)  =  13,500  psi. 


Creep  Buckling: 

Equation  (6)  is  modified  to  Equation  (6a)  to  account  for  the  smaller  shear  energy 
under  the  creep  load.  This  modification  is  usually  quite  small  and  in  view  of  the  inaccuracies 
of  creep  buckling  the  denominator  can  usually  be  assumed  to  be  equal  to  1 . 


£  = 


KI 


2 

(pA)  ' 


^  ♦  (-f-)"  i]  F/F 


cr 


(6a) 


where  F  =  applied  creep  load 

F^^  =  short  time  buckling  load  , 


I^t 


and 


F  =  1620 

a  =  4-  = 


1620 

.24 


=  6750  psi 


=  .000675  ^rom  stress-strain  data) 


e  =  .0001  in/in  hr  (assumed  creep  rate) 

.0015 


e  = 


1  +  1^.0078  +  .105j 


6750 


=  .00143 


t  =  = 

cr  € 


13500 

.00143  -  .000675 

.0001 


=  7.55  hours. 
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9,2.1  (Cont'd) 

Example  2  -  Simply  Supported  Sandwich  Panel  (Figure  9. 2. 1-7): 
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9.2,1  (ContM) 

From  Figure  9.2.1-3(a)  or  3(b). 


-  =  10.05  (Plastic  since  o/a  — — 

a  Off 

o  o 


jg_ 

Ab2 


=  (o/ff^)  ff^  =  (10.05)  5000  =  50,250  psi 

N  =  (2f)  CT  =  (.040)  50,250  =  2010  Ib/in  , 
cr  '  '  cr 


4.0 


Shear  Loading  (k~5.34+— ^ „  =  6.34): 

®  (a^r 


From  Eq.  (8), 


y~s 


7r^(6.34) 

4a-.3^ 


(iir 


Ab^  1  +  ^r^(6.34)  2 (.02)  ^35 


4  a-.  3)" 
.0157 


1  +  (.0157)^8) 


.3 


=  .00823 


V. 

Ab^ 


=  a. 73) 


(ml, 

5ao)‘ 


.00823  =  28.5  . 


;S 

i 


1 


From  Figure  9, 2. 1-1  (a)  or  1(b), 


=  12.5  (Plastic) 


=  2fT  =  2(.  020)36100  =  1444  Ib/in. 


I 

I 


I 


9.3 


CURVED  PLATES  AND  SHELLS 


Ilie  stability  of  plates  assumes  that  the  lateral  loads  (q)  are  resisted  by  bending  in 
the  plate  since  the  boundaries  are  free  to  move  in  the  plane  of  the  plate.  If  the  boundaries  are 
restrained  or  the  geometry  of  the  structure  is  capable  of  resisting  these  lateral  loads,  then 
membrane  type  stresses  coupled  with  the  curvature  of  the  structure  can  resist  the  lateral 
load.  Die  ability  of  a  structure  to  provide  more  than  one  load  path  cannot  decrease  the  stability 
of  the  structure.  The  load  will  be  ^stributed  in  accordance  with  the  stiffnesses  of  the  load 
paths  so  as  to  minimize  the  strain  energy.  Die  additional  load  path  is  analagous  to  an  addi¬ 
tional  restraint  which  cannot  decrease  the  stability.  The  shell  therefore  is  inherently  more 
stable  than  the  flat  plate.  IMfortunately  the  energy  functions  and  the  equilibrium  equations 
are  more  complicated  because  of  the  interaction  of  the  membrane  and  bending  stif&esses. 
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ii 

-S 


I 


9.3  (Cont'd) 


Hie  equilibrium  equation  for  small  elastic  deflections  has  been  derived  by  Donnell  (cited 
in  Reference  9-8)  and  can  be  expressed  as 


V®w  +  D. 


V^w  +  (N  '  V^w  +  q)  =  0 


'M  '  "  ‘'A 

and  can  be  employed  to  obtain  eigenvalues,  where  =  bending  stiffness  ‘ 


Er 


12(1-1/  ) 


and  =  axial  stifbiess 


Et. 


The  assumption  of  small  deflections  and  a  stiff  load  path  by  membrane  action  is  not 
usually  met  by  a  curved  plate  due  to  significant  initial  eccentricities  and  changes  in  geometry 
with  loading.  The  curved  panel  can  buckle  at  a  load  significantly  below  that  predicted  by  the 
membrane-bending  model;  and  may  even  fail  suddenly  if  the  deflection  pattern  changes  under 
load  and  the  membrane  action  becomes  limited.  This  can  be  visualized  as  equilibrium  existing 
for  the  initial  loadings  and  small  deflection  eigenvector  modes.  As  loading  is  continued,  the 
shell  deforms  along  the  original  eigenvector  but  apporach  a  crest  similar  to  Figure  9.1-l(d) 
and  becomes  unstable,  deforming  to  a  different  eigenvector  representing  a  solution  with  smaller 
membrane  action.  Ihe  geometry  may  be  changing  simultaneously  so  that  the  structure  could 
suddenly  deflect  to  the  different  eigenvector  with  a  lower  eigenvalue.  The  amount  of  initial 
eccentricity  can  significantly  aiiVct  the  load  at  which  this  cross  over  can  occur.  Radially 
outward  pressures  should  forests.  1  this  phenomenon  to  some  degree  whereas  inward  pressure 
should  precipitate  it  at  an  earlier  loading. 

The  stability  of  the  curved  oanel  and  shells  will  depend  upon  its  bending  stiffness  Dj^, 
its  axial  stiffiiess  D*,  the  boundary  conditions,  the  initial  condition  (geometry,  eccentricities, 
etc.),  and  the  matenal  properties.  It  is  recommended  that  the  present  analysis  of  the  curved 
plates  be  based  on  semi-empirical  stability  criteria  shown  in  Reference  9-8  (e.g.  ,  C(Et/r)  or 

k  E  2 

- ^  (t/r)  ).  The  stabilify  coefficients  are  based  on  theoretical  cosiderations  and 

12(1-1/  ) 

modified  by  the  statistics  of  available  experimental  data.  The  stability  coefficients  should  be 
used  in  the  manner  described  in  Subsection  9.2  except  that  the  correction  for  shear  is  not 
warranted  in  view  of  empiricism  of  the  coefficients.  The  effective  modulus  is  assumed  to  be 
Eg  (which  slightly  overestimates  the  stability)  since  the  twisting  and  axial  stiffnesses  should 
pmy  a  more  significant  role  than  for  flat  plates. 

The  stability  of  a  shell  is  illustrated  in  Uie  following  .- 

Example.!  A  cylinder  shown  in  Figure  9.3-1  is  loaded  with  a  uniform  compression 
loading  along  the  edges.  The  edges  are  simply  supported. 

From  Reference  9-8, 


9.3  (Cont'd) 


Assuming  2024ST81  aluminum  alloy  at  300°F, 
E^  =  lo"psi,  =  saO)^, 


p  =  .0001 


^nd 


o  *  5(10) 

From  Figure  9.2. 1-1  (a)  or  -1(b), 


C  4-  =  (.0063)  =  12.6  . 


(7 

O 


=  10.6 


=  10.6  (5000)  =  53,000  psi 

^cr  ^  ^  ^  53,000  (.15)  =  7950  Ib/in 

F  =  crA  =  N  (27rr)  =  500,000  lb. 
cr  or  '  ' 


9.4 


REFERENCES 


9-1  Gerard,  G.  and  Becker,  H.,  Buckling  of  Flat  Plates,  NACA  TN  3781,  July 
1957. 


9-2  Timoshenko,  S. ,  Tlieory  of  Elastic  Stability,  McGraw-Hill  Book  Co. ,  Inc., 
1936. 


WADD  TR  60-517 


9.50 


S.4 


(Cont'd) 

9-3  Bleich,  F. ,  Buckling  Strength  of  Metal  Structures,  McGraw-Hill  Book 
Co.,  Inc.,  1952. 

9-4  Budiansky.  B.  and  Hu  Pai,  C. ,  Lagrangian  Multiplier  Method  of  Finding 
l^per  and  Lower  Limits  to  Critical  Stresses  of  Clamped  Plate,  NACA 
Report  848,  1946. 

9-5  Stowell,  E.Z..  A  IMfied  Theory  of  Plastic  Buckling  of  Colunms  and  Plates, 
NACA  Report  898,  1948. 

9-6  Stowell,  E.  Z. ,  Critical  Shear  Stress  of  an  Infinitely  Long  Plate  in  the  Plastic 
Region,  NACA  TN  1681,  1948. 

9-7  Gerard,  G. ,  A  Creep  Buckling  H3^othesis,  Journal  of  Aeronautical  Sciences, 
Vol.  23,  No.  9,  September  1956,  p.  879. 

9-8  Gerard,  G. ,  and  Becker,  H. ,  Buckling  of  Curved  Plates  and  Shells,  NACA 
TN  3783,  August  1957. 

9-9  Switzky,  H. ,  Design  of  Stable  Structures,  Republic  Aviation  Corporation, 
Report  No.  ESAM-30,  October  1958. 


WADD  TR  60-517 


9.51 


